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2 настоящей работе показывается, что учет порогов рождения

редаеонов!
в
*6п,(М/5

с
]*2в реджеонной теории поля приводит к

тоцу, что t - разложение становится аналитическим при £ = 2 ,

и появляется возможность одновременного предельного перехода к

t—£и Е * О , что соответствует физической размерности прост-

ранства в пределе асимптотических энергий. Введение порогов

облегчает проведение теоретико-воз:]ущекческих расчетов при!) -2

устраняя ультрафиолетовые расходимости теории, и оказывается

полезным для проведения гладкой сшивки теоретико-возцртценческогс

ж асимптотического решений.
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• 1. Introduction

The Reggeon field theory (RPT) has been first formulated

in the works of Gribov and Migdal i- ~^J. Later on the field

i

;' theory techniques has been used to calculate the critical ex-

ponents of RPT in infrared limit L
4
~ ] which define the be-

f haviour of pomeron propagator at asymptotic energies.

• ;? All these calculations were carried out in a space with

ji a dimension ])* Ц-t, after which the expansion in powers

;
. 6 = 0 was made and later it v/ao necessary to carry out on

analytical continuation to the physical value £ = ei .It

% has however turned out that in KPT there is no analyticity in

у С . Several works were devoted to the analysis of this question.

% For example, in refs.L'
1
 J the general structure of perturba-

Щ tion theory diagrams contributing in the proper self-energy

& part of pomeron was discussed. In the general case the inter-

I' action between pomerons will lead to the shift of their inter-

;: cept. This may be compensated by adding a counterterm renorma-

*j lizing the intercept directly into an interaction Lagrangian,

just like adding a mass counterterm in usual field theories.
•hha ргитпотч-т Hirtorrtiapt i я bflloff U n i t , nns .Щау SO. cbDQSe п.



counterterm that the inxercept takes its physical vmue. How-

ever, when the intercept lies above unit, a branch point emer-

ges in the counterterm at the zero value of coupling constant>

which makes the intercept renormalization in each order of

perturbation theory impossible. Another difficulty in the per-

turbation theory is the fact that when the pomeron intercept

tends to unit, already in the one-loop approximation in the

propagator there appears a tachyon (a pole in j-plane right

of unit). This false pole vanishes only after summing an infi-

nite number of diagrams. It is shown, in this work that one can

avoid all the above difficulties if | ^ £ a ( M 2 / 5 0 )
 x 2

reggeon production thresholds are introduced in RET. i>.s shown

in refs. L -J>1^J , in the real Reggeon theory there should ne-

cessarily exist thresholds which are defined by the rapidity

minimum possible difference along the reggeon, lower which it

is impossible to speak about a reggeon. As shown in refs Л• ~ *•

the consideration of thresholds must not affect the asymptotio.

behaviour of critical exponents, but their introduction proves

to be useful for carrying out a smooth matching of perturba-

tion-theory and asymptotic solutions. Besides, they facilitate

the carrying out of perturbation theory calculations at D
 s
 2

eliminating the ultraviolet divergences of the theory. And

finally, the most important thing, they will result in the

fact that the £ -expansion becomes analytical even at £ = 2

and a simultaneous limiting transition to &~*"3 and £ -*• О

becomes possible.



^ f f i K ^

2. Perturbation theory and analytical continuation in £

In RFT reggeons are treated as quasi-particles consistent

with the following' equation of motion

where E - f — > and d0 (- K)are the bare trajectory

function of the reggeon. It is commonly assumed that the pome-

ron bare trajectory function is linear and has the form

(2)

xhea, according to

in the form

, the free Lagrangian density is givelri

(3)

Here ф
о
(Х, t ) is the poraeron bare field and 5

O
 = i~d

o
 (o)

is the bare shift of the pomeron intercept. The density of th*-

interaction Lagrangian is nonhermitian and is taken in the fork

(4)

where Z
0
 is the bare triple-pomeron vertex, 5 A is the

intercept renormalization counterterm and it must have a struc

ture to enable the shift of the intercept S
o
 to preserve

its physical value.

Further on we shall need for comparison the results ob-

tained in refs.17»
8
J without consideration of the pomeron pro-

luction thresholds. Therefore, in order to make the presenta- j
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tion complete, v/e shall give in the next chapter, along with

>ur results, the basic results obtained in refs.L ' J at 9e~ 0
n,m _»

Y7e want to construct the Green function (•}• /£. /< • )

for n -incoming and (П -outgoing poraerons. Bach separate

Feynman graph making a contribution in Q ' /f. ft A is defin-

ed in accord with the following rules:

1. To each poraeroii with the momentum К and energy E

corresponds a bare propogator

2. For each triple-pomeron vortex put a factor of

3. For each intercept renormalizu.tion counteterm put a fac-

tor of [S Д

4- iiach two-poraeron loop with both momenta, in the same

lirection is multiplied by %,

5. Energy and momentum at all the vertices are conserved.

6. Integration fcĵ K d E ^
a
 carried out round each

closed loop.

Let us start with the study of the pomeron propagator

structure in the perturbation theory. He have

+ 5 Д

where X (E- K
e
) *

s t n e
 irreducible proper self-energy part

of the pomeron. A lower order diagram of perturbation theory

contributing in 21 (E , K
S
) hau the'form



(8)

According to the above rules of Reggeon diugraw technique we

have

Integrating by £' and substituting the variable we shall have

г r
У (Е к

г
)-- **«

20

For a further integration the dimensional regularization

should be used. All the further occuring integrals are deter-

mined at £ > 2 • After carrying out the integration the an-

swer holds? for every value of £ that we are interested in.

Prom L J we have

Substituting (11) in (10) v/e shall finally obtain

where

C- n-f+e/aj (13)

From the requirement that the pomeron intercept should remain

in ot(o) it follows obviously that



r
V
(<5

e
, 0)= О, (н)

which leads to the condition

) 1 " £ / % б* (15)

i Ыапу of the difficulties of perturbution theory arise already
i

;
 \j in the one-loop approximation. Let's first of all mention that

the limits 6* —*• 0 and 6—*• О do not commute. Indeed at 5„= О

i and €. ?"' 2. it is impossible to choose such а (5Д
е
 that eq.

(15) be satisfied. Besides, if we substitute the obtained so-

lution (15) in eq. (7), it will turn out that it has two more

false solutions for equation

Г
< / 1

(Е,О) = О (16)

one at E •< 2So , when ( 25
O
) < (" 1

 +
 t/г ) С to and a

second one at E < 0 when {ZSo)
t
^< ~ CZl(B.' '- 1). The

second solution corresponds to a tachyon, i.e. to a pole in

j-plane lying right of j = 1. It waa shown (see e.g. L •» ) that

juch a tachyon is absent in the complete perturbation theory

solution of the field theory. However its presence in the one-

loop approximation points to the fact that the tendency О,,-*" О

should be carried out with great care. In the higher orders of

pei-luxujulion theory there will appear tachyon-tachyon and

tachyon-pomeron cuts and only after summing an infinite number

of juch diagrams the tachyon pole will vanish froia the complete

i solution.

Let's see now what will change in this picture after

introducing a poiaeron production threshold |
e
 . after, follow-

ing ref3. LJ» "J
 f
 taking it into account. Then the rule 1

of the above геякеоп diagram t«»nhnique (RDT) will have the

8



following form:

1. To each pomeron with the'momentum К and energy E

corresponds a bare propagator

;

And, besides, the contplete non-renormalized inverse propagator

of the pomeron will look like

1Г
<1
\Е.К

ж
)-(Е-5.-ы;.К*)е • %6Д-Е(Е,К

г
;, (17b)

At the same time in the theory there will appear new dimen-

sionlesa values

According to the new rule, the diagram (8) will be written not

in the form (9) but in the form

£ IF A lit ("A'dE Wp{l.[E- 2So-<*; (КЧ (К*- ffllj (19)
*-

{
 ' '~ 2(23r)»*

1
J(E'-ol'oK

li
-S

0
*ifc)(E-E;-^'o(K"-R'')

a
-<Se+tt'

Integrating by E and making the corresponding substitution

of variables we shall obtain

To use the dimensional regularization method we shall now need

instead of the integral (11), the integral

i



where ̂  (OU, b) К) is the second type confluent hyper&eometric

function. Using (21) we shall obtain

The function ^ at J) i 2 may be presented in the

following form

( 2 3 )

a
 -^-[eEi(-x)-|-^Lr] •

Substituting (23) ia (22) v/e shall obtain

(-0 к !
• " ' K « O

kl
"

 г У <
 (24)

к

where

T««K • (26)

The direct calculations at В
a
 2

 a n d
 f

 e
 - О give

where Л is the cut-off parameter at integrating by the trans-

10
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fered Momentum in the in tegra l (10). V/hen ^ o ф 0 , at J ) s g

v/e obtain

expansion

)
к * *t

and making a s u b s t i t u t i o n in (28)

v/e 3hall obtain to within the pov/eru by }£ terms the formula

(27) • Besides, it ia ueen fi"o::i (24) «hat if v/c let £, tend to

2, then cq. (24) cxs-cLly truns/огма into cq. (28) from v/hê e

it -
:
.з pocsible to i.iake lutor a ti-aiiaronniition to cq. (2V),

'.j eq. (12) ut liiuitini: transfor.;ia!;ion d = 2 bccorica

tJU due to the polo appearing in P -function. Thu..

in the absence of thresholds there exisi,^ no analytic contiiiun-

tion in S, , and the introduction оГ thresholds results iu

analytic!by in 6- •

This result i3 the uousuquence оГ the fact, thu.'« ruiicLion

the analytic function of its indicef; at J) ? "\ -aid

X ^ O »'J-
e
« S

2
 fror.i (22) may be determined at any reu-

sonable vtilue of D , und ai-iong thea ai, Ъ - 2 . i/he:i «here

are no thresholds, v/e ofctcin for Zl£ the forsnula (12) which

indicates that at £ а
 2 there existо u branch point which

doesn't allow to produce analytic continuation frozn Ъ~А to

the physical dimension D * 2 •

Let us return to eq. (14), when \
о
^ О . Inutoad of eq.

11



(15) we shall obtain

At Sn -*" 0 v/e have

, (32)

at £:& ^(f.M.S.) * М П . * » ) - (33)

At €. < в and 5
O
 -» О there occurs a curious result

6Д..-С. ̂ HU'"^ (34)
г
 .г(в/г) *•

i.e. it turns out that the pomeron intercept renormalization

countertena"is independent of the intercept bare shift£o

and is proportional to the threshold value ^ 0 .

At 6 * 2 and <S0 —"0 we obtain

1 -1/2

5д
г
=:-С

о
6о ta(jtS.)- (35)

Thus the simultaneous limiting transition 5
0
—>~ О and

£. -». £ , impossible in the case of f o
 г
 О , turns here pos-

sible. Hence at ̂  ^ 0 the renormalization of the pomeron

intercept may be carried out in any order of the perturbation

theory, as distinct from the results of refa.L7»
B
J where it Is

Impossible due to ̂ G.Yfe have shown in *• °J that such a renox-

malization of the intercept may be carried out at least in the

first two orders of perturbation theory. We have obtained an

integral representation for the pomeron propagator allowing to

produce an expansion both in the perturbation theory series

and. ajamjatQtic_se_ries, .and, providing the- smooth matching of

12



these two solutions.

Let's now substitute eqs. (35) and (28) in eq. (7). It

turns out that now equation

Г(Е,0)-0

has one Ьазхс solution E
a
5

o
 • Other singularities lie at

E > 6
0

 eja
^
 a r e no

"t essential for the a3ymptotics. Thus, as dia-

tinct from the case so
 =
 ^ there are no false poles and ta-

chyons.
. г.

Consider now the higher terms in the expansion Zj^Cjiv J

and to do this we 3laall use the Raleigh-Schrodinger perturba-

tion theory L'»
3
»"]

 w
hich is a counterpart of carrying out

all the integrations over E . There is conservation of momen-

tum in this theory, but no conservation of energy in each ver-

tex and the integration is carried out only over the loop mo-

mentum. The answer obtained in the Raleigh-Schrodinger theory

will coincide with the covariunt perturbation theory with an

accuracy of logarithmic factors. In each triple-pomeron verte-c

the factors of (17) are written and for each П -pomeron inter-

mediate state an П -pomeron Green function is written

i
 г

 -1

(j (£ к Ka)
 =
 iL^ ~n5

0
 -Ok

0
 &L КI + i€-J , (36)

Consider a 2 П. order diagram on a triple-pomeron constant.

Using the tfeynman identity, according to refs."-'» J
 f
 one may

write for the combination of the Green function denominators

(neglecting the interference terms in the exponent):

13



Here Aii(2) Is the positive symmetrical matrix, Q.(^/
?
О

arid b(.^)^- 2 t̂ all permissible valuer, of 2. . Ijepcndi n£

on the topology of the diagram there niay exial here additional

i'_.ctors '/z arising due to oloaed loopy. Ilote tliat since at

£ > О K?T is a Gupei'renorraaliz.'..blo theory, then Zl
n
(E

t
 К )

as u function of d has no singular!tief; caused by the ultra

red region of integration ( Ki ~ О ) even when 5^- О . Such

infrared singularities arise in relativistic field theories

v;it'?i i;iabsleas scalar particles which makes the aualy3is of

Гу о]

such theories i.iore complicated
 L
 ' J . In our caae the only

singularities o f £ ] ( Е К
г
) аза function of £

v/ill be the poles arising from the ultraviolet divergence at

Consider eq. (37) fir3t at ^ = О • According to

after the integration we obtain

{ э в
,

• П dZiSfi-Z. i
L
) [dct А(г)] [а(г)к+ь^и.-г-гЛ "т-

Due to the general ultraviolet divergence of the diagram at

Ц = О in (38) appears a pole contained in its explicit form

in P-f unction at £= 2. In .If the topology of the diagram is

such that one of the inner lines contains a self-energy insert

of the order 2 m , then there will still be an additional

14



pole at €= 2./m arising due to det A (2) when one or

йоге Уеушдап parameters ure aero. In refs. U *°1 the contriou-

tions of more complicated graphs of the ladder and bubble

chain types were discussed, e.£>

or __^f V^_ (39)

where the cross on the line (signifies the contribution о Г the

intercept renorraalization counterterw. As it has turned out,

Gmpns of such type do not give essentially nev/ results as

compared with the discussed ones, therefore, we shall not spe-

cifically dwell on them.

A simple count of powers shows that at £ > Q only ultra-

violet divergences can appear in the proper self-energy purt.

Therefore, after the intercept renormalizution all the Green

functions must become finite. Such a reno.malisa.tion may be

carried out in every order of perturbation theory at o0
 > 0

but not at Sa - 0 , which is of practical interest for us. In

order to make sure in this, let's substitute o 0 = 0 in (3S).

We shall have

1 * 1

It is clear L ' i that at П. ̂ - cL /& it is hero iiapossiblo

to choose such 5 Д„ as to have Z2
n
 (0,0) - & &„ ~ 0.

This is a generaliztttion of the difficulty we have encounter

eu iii the one-loop approximation at d ̂  2 • The probleu lie;.

in the fact that when Л
 =
 0 , &Д

 п и з
 ** branch point at

15



1„ = О . Thiu follows from the fact that at S
o
= О the only

remaining value having energy dimension is (*£<> /о(
о
 )

Therefore, 6 Л ic to have the form

where f (£) ic u dimensionless value independent of *Z

Let's now return to the caae wheu E ^ О >

.after somev/hat coraplicutecl calculations, succcssivelj''

using eq. (21), one may obtain that at fairly small (5
0
 tuid E

eq. (37) is reduced to the form

Г(2п-1)

(
42
)

f, г-т

Comparing eqs. (38) and (42) we see that there is no pole in

eq. (42) at t~Zjn . It may also be shown that no addings of

self-energy will make them appear. The intercept renormaliza-

tion may be carried out ia every order of perturbation theory,

even at S
o
- О . Substituting 5

O
 = О and K*= О in (42),

we shall have

(43)

At E —*• О and -=g- > 1 from eq. (4:3) we have

16



It is obvious that at 1 *• ̂/€- one nay always clioose such

Sun. аз to have ZU
n
 (0,0)- б^Лп = 0 . As distinct from

the previous case, here at б
о
* О there remains one more di-

nonsional parameter E
o
 , therefore, eq. (41) con no longer

be written in auch a simple form, and the new 6 Д
п
 ( F

e
)

will have no branch point at T
e
 = 0 •

It follows from the aforesaid, that it is sufficient to

curry out the rsnormalization of the graph from eq. (8), and,

when calculating higher order diagrams, where such bubbles

occur, use the already renormalised value in them instead of

cq. (12) (at ^
o
 - О ) or eq. (22) (at ^

e
 ^ О ). And on so

doing the renormaliztition group techniques nay be applied.

The sequence of actions will then be na follows:

1. In the perturbation theory all one-loop diajjrans are

calculated.

2. Using the renormalization group, the renormalized I

in the one-loop approximation is calculated.

3. The obtained renoriaalination group P ' in expanded in
г

powers of perturbation theory. And the obtained tern ~ Т.
о

will determine the rcnormiilized contribution of the one-loop

diagram from eq. (8).

4. In all following calculations (in two-loop approxima-

tions and higher), wherever a one-loop "bubble" occurs in the

diagram as a block, the value obtained in the point 3 should

be inserted. The then obtained answer will be free from any

divergences even at ^
o
 « О and £, = 2. ,

17



In ref. L
 J
l this рго£р?ша was accomplished for the two-

loop approximation. It has turned out, that ihou£ju at first

si£ht the integral approximation for the propagator docs not

allow any expansion in powers of perturbation theory, never-

theless, the already integrated expression may be expanded in

such a ueriea. And the then obtained expression for the eoun--

terterm coincides well with the ones obtained in ref.i I , as

distinct from the claim L''SJ that it i3 impossible to deter-

mine the countertern in every order of the perturbation theory.

1'or example, if we expand the pomeron Green function obtained

from the renormalination group calculations in ref. I J , in

the perturbation theory series in the limit ?o—*• О » then

v/e «hall obtain for the intercept renonnaliztition countertei'M

the following expression

v/hex
v
e C ^ is the critical exponent of the poineron Green

function and C
a
 = -0.116.

The authors are indebted to A.Ts.Amatuni for his interest

in the work, as well aa to S.G.LIatinyan and G.K.Sawidy for

continuous and fruitful discussions.
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