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1. Introduction

The Reggeon field theorv (RPT') has been first formulated
by Gribov and Migdal in refs.(1'3] . A further progress in this
field has been achieved in works by Migdal, Polyekcv and Ter-
Hartirosyan[4] , Abarbanel and Bronzan[5’6], In these works the
infrared behaviour of RFT was investigated using the technique
of renormalization group and € -expansion. It was shown that
in 80 doing one may obta.n the asymptotié behaviour of the
Green function and other values of physical interest. Later or
this technique has been developed in refs.(7-13), purther fo1-
lowed a large series of works dealing with this problem (see
reviews [10,13] end the works cited there).

However, all these works contained one essential shoricom-
ing. All the calculations were carried out at the space dimen-
sion D=4~ ¢, after which they were expanded in the powers of
€ 20 and later a.n analytical continuation to the physical va-
lue € =2 was carried out. In refs. [2'9] tne difficulties aris
‘ug at this approach were analyzed and the anelytical transi-

from € =0 to € =2 was shown to be lacking. Besides, aftef.
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calculations in the two-loop appreximation[14'21I it turmed out
that the expension in powers of € was a very poorly converg-
ing series, and, therefore, the results obtained for critical
exponents gave rise to serious doubta[13].

The elternative to this is the direct calculation of all
the diagrams of the theory immediately at D=2, which, however,
encounters serious difficulties connected with the infrared di-
vergence of theory. This opportunity wes considered in detail
in refs. (8-10, 15-17,°20-231 .14 ip o r previous papers on
this subject242%k we shall, therefore, not dwell on the
gzrounds of this approach,

Besides the infrared problem an ultraviolet one appears at
any D connected with the integrals divergence over ihe momentum
¥ransfer in tue upper limit which is eliminated in the theory
with D=4~ £ by means of dimensional regularization. However,
this problem has a purely formal character, since it is.well
known[27’28] that in the real RPT there exist réggeon produc-
tion thresholds. The minimum possible rapidity différence along
the reggeon is determined by the production threshold
§°= Qn(ml/s.Jz 2. Therefore, there ;s.ppears a8 need to consider
the threshold effects in RFT. As shown in [22'24’26’29’30J,
the consideration of thresholds must not affect the asymptotic
behaviour of critical exponents, but their introduction proves
useful for carrying out the smooth matching of the perturbation
theory and asymptotic solutions, they facilitate the perturba-
tion theory calculations at D=2, eliminating the ultraviolet
divergences of theory and, the most important, they ﬁrovide thg

enalyticity of £ -expamsinn at £ =2, More details om this will
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be found in our work[zel.

" In the present work we shall keep to the following scheme
grounded in detail in refs.L8'1o’ 24'261. In the one-loop ap- |
proximation at D=2 the pomeron renormelization-group propagator

r" ’is calculated'and the obtained propagator is expanded in
sevies of perturbation theory. The expansion term /v'lgfwill
contain the sum of contribﬁtions of the first order "bubble"
aﬁd intercept renormalization counterterm. Doing the calcule—
tions in the iwo-loop approximation, in all diagrams where such
a "bubble" occurs as a block, we .shell use instead of it the
expression contdining the sum of the "bubble" end intercept re-
20rmelizaetion counterterm. Then no problems connected with the
livergences w111 arlse and this procedure may be repeatnd any
aumber of times. It is indeed possible to construct in thls way
a complete two-dimensional'theory, and that is what we are go-
ing to do in the present work. '

In the second section seme definitions and basic results
"obtained in the one-~loop eﬁproximation in ref.[24] will be gi-
ven. The third eection deulsﬂwith“the pomeron Green function
in the two~loop approximation. in the fourth section we have
derived the integral representation for the pomeron propagator
in tﬁe two-loop epproximation. In the fifth section the observ-
- ed values ere celculated and the results connected with the

asymptotically large energies are dipcussed.

2. Basic results of the 6ne-loop approximation

" We shall further follow. the plan and the notatlons present-

»4 in refs. (24 26]. The pomoron bare anP“SB propagator has the

5



form . a
~E (E-%aK-§,)

54 L bty ’ .
e, x=0[6G'] = (E-ookt-5,+i€) 2 .
The bare pomeron trajectory is given as
Kok = (0)-0, k2= {-§, - Ol,’Kz, (2)
wheTre
go = i - 0, (0) (3)

is the bare shift of the pomeron intercept. The rules of the

Reggeon diagram technique are described in detail in ref. [24].
The pomeron production threshold %, in eq.(1) is teken into
account according to ref. (27]. The pomeron complete non-renor-

malized propagator has the rorm(24] ,
| B (E-So-0toK

{ Pi'(LE, Kt =0 [G“ce,x‘)]'f—.(e-s.-a:k’).c + 5A- 3 ()W)
where 2. ia the pomeron proper self-energy part, and §A is
the intercept renormalization counterterm.

It can be shown[819+24128) 130t the RPT Langrangian has a
renormalization-group invariance. Let's introduce thé renorma-
lization constants z it for the corresponding parameters of

theory
nm ) (’0;"/2 a,m - ,
r: (E;.?;;a;S,t;E,,Kf,}= 23 r' (Ein K.‘.;aoosox .‘o,, (5)

OL'=Z;LOI,', : £=258,; 1= 2:/22[‘1, . (6)

The renormalisation constants Z, { are defined proceed-

ing from the cdndit:l.ona on the renormalized propagator and the

vertex function, which, when the threshold S 1is taken into
account, have the following form [24]

o
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e !

i,L ’ 4,2
i fe (E,K“}le",‘o:O; r' (€, x) I.v = @ ;

54 1.4 '
: 2 - - ,2__ ; ' 21 -
'aaE’ ilq (E,KJ, o'a, ; §5¢ e (e, x )L- Sa‘,(,”

S (L+h+E)
@ =[1+8 (t+h+$1] g 7

£,2

- /2
[ (E,E,E;R%,7, )] = 'Z{_(ZE' .
E=R2E=2E=-E, Ke28 = 2Ky =K,

Here and later on we shall work in the generalized renormaliza
tion point N ( E=-Evana k%= an ) . The first condition
requires that the renormalized pomeron intercept should lie at
j = 1. The second condition defines the renormalization cons-
tant 23 , the rest serve ass definitions of renormalié.ed Ol-', 5
and T ., A . .
| According to [11’12’22'24‘1; the theory cont'ain:s. the fol-~

lowing dimensionless parameters
1.2 . ’ ' . 2
3 \] E = a = ’ P‘ 8 ;§~=E.E”; §g=§o¥k”; §s=§°8(8)
-~ En i

Here ﬁ’ ie the renormalizéd diman.sionless coupiling copstq.qt.
It is connected with the non-renormalized constant § by the
following rela.tioh '

3/2 Yo o

"Za v .
g ZJg g U,EM ; 'Zf.-?. 22_ 2 . (9)

The renomalizat:.on constants are balculé.‘bed by means of
the following equations:

T e i s e
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-4 3/2. 4,2 '
Z =07 | . % e gie 2. (10

LB, =2Ey=—-Ey; K= 2K =
To obtain the renuvrmalization-group equations in multipa-
rameter RFT, one shonld differentiate F"'M with respect to
Ex, K,% ana § [1:12] 1, & doing one obtains a set of three
renormelization~group equations, each one of which will be de-
termined by four renormalization-group functions of the follow

ing fom[11’12’24]:

24n2, 262, oy 202
{e = gg:E, = aﬁnx:la.: Is = ‘Ts! , (118)

- 2'\21 . o an ) - ?Eﬂaz
Te=- >0nEn ’BE'T* 'az..le G =" lt Bs» , 1w

Se = 2&25 E o3 Bx* ?bz‘fla.‘";i }_.Zggla;,("”

fu = -ag,‘e,lpe ? gg,,K,,e»,L fs ’BLS lﬁs (11d)

where

b":{'zo’ut:x E,v;»g.‘,fsl’; .BE'—‘{B)k:)So&;
5"::{5'5”’5"} ) BS?‘{B;E”)K;&}.

The renormalization constants can depend on the diméntionless
parameters j ) ,P and ;, only. The calculations of Z
are presented in deteil in [241

As a result rwe have obtained

! _ 8 - . ,
2y = _QxP[JdI?’J(j’)/F(gl)i ; 2, ,QXF{:{JJ 'J“."(j)/f(i)}’.

’r;/" ”_'—()
2= oty GuFes ol [y},
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Ak Sl e

wiiere J i and F are the generalized renormalization-group

functions in multiparameter RFT. They have the following :L’ornf‘?la
=gl Bt ze)-wn] o p [ w2,
- f'f'g(.f.‘ 25)} + 555 [Z.K(Ts‘i) - (L +,) (Z’E—‘()_} ’

X = XE [(1+‘z‘n)(i*ts)" 'Z’sza.g}-'L KK [U'-TE,)(_(*'ZSJ _
- TS(‘('%E)]‘* (rs['Z»‘z('fe-il-(h-cr.‘)(%E_iﬂ (14)

J
fa = (Te T (1+35) + 74 (1-5c - Bu) %)
X'S = (Be+Be)($+ )+ Bu(d-Te - 74) (16)

gg’ 7p g (w3 -g ], an

Later on we shall keep to the following scheme [11’12’24]:
4,0 R
1. Calculate the values F and F by the perturba-

tion theory.

2. By means of eq.(10) calculate the perturbation thecry
ZL in the finite type form in powers of go .

3. By means of these perturbatio;n theory 2 i calculé.te
the renormalization-group functions (13)=(17), egein in the fi-
nite type form in powqrs of £ .

4. Determine the relation between jo and 3. by means
of the formulae (9), and substitute it in the rencrmalization-
group functions (13)-(17) calculated according to point 3.
They will then adopt the form of finite series already in

powers of g . -

9
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5« And, finally, by the formulae (12) calculate the renor
maiization—group Zi and not the perturbation theory ones, end
Me no approximations. The series of exact perturbation t-eory
Z; must transform into formulae (12). New, rencrmalization-
group Ezi are infinite power sSeries which are singular at
those values of g where ? is zero. These are the singula-
rities that define the infrared behaviour of the theory. The
transition from the finite series of perturbation theory to the
infinite ones is simply & more complete use of information
contained in the perturbation theory.

For the further advance and in order to obtain the integ-
ral represeantation for the pomeron propagator, we shall need
the EZE obtained from the perturbation theory. Let's now turn
to the calculation of . 21 in the one-lo0p approximation;

The lower order diagram contributing into the proper self-

energy part of the pomeron propagatc: (4) has the form

>, (Ex¥ = (18)

The calculations of the contribution of this graph are given
in [24’261. Meking use of these results we obtain for the per-

turbation theory Zi. in the one-loop approximation
2

-4 2 - g |
2, =4-&a; 2,=2,(1-35%); a9

z
2, =2,({-&a),
where -%,(2+ i“\“’-}P)
Q=+ 5+ a= % A 5 A0)=L(20)

T a,(+EU+he )

10
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The vertex function in the one-loop approximation has the form24

£, 2 2
r; (En,Kn} = (27}5/2 b= “4 (21)

where b is calculated in[24] and we are not going tb preaent
2
it here. At Eo =K'= $50,=0 b=z\2-From (10) we obtain

-4 2 .
2 i-glb/em. @)
To within the accuracy of terms of the order of 32 we have
3 = j[_{+{jz/_52f)'(iéb—-§a_)] . (23)
°

Let's now pass on to the calculation of the renormaliza-
tion-group functions. Differentiating 2;. from (19) and (22),
replacing g' by j by eq.(23), we obtain generalized re-
nomalization-group fu.nctions

X”Xs =- m- Xa _ 32»7
-t R bty
2

where j determines the pos:Ltion of the zerc of ? -funciion.

3/(1617) [16b—5a.+ ( —P)J (25>

At the point gﬂ. ? the F -function is zero and ?(3 }7’0
i.e. is the infrared stable point of the theory in the one-loop
approximé.tion that we have been seeking. In the case of E o= K:=
=§,= O we obtain 1 A

¥ YYuew) = (L6 2~ 5/2) = O.416 (258)

That is ? /(.(GF} is a fairly smell value ¢ 4 it cen serve as an
effectiveparameter of expana:m Z. -is _the function.of _the

11 -
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parameters h , p and €, - Its behaviour, depending on these
led

parameters, ig considered in detail in [“41.

Let's finally calculate the renormalizetion-group Zi.

by eq.(12). We shall obtain
2

o y( TS Ay
2, = 2= (L9785t 2= (a- g,
2= (L-grgn) PTE e

It can be shown that if we expand ¢,.(26) in series of g ana

(26)

again replace j by 30 » We shall obtein the exact expres-
sions for Z;_ in the one-loop approximation of eqs.(19) and
(22). Which means that all the perturbation theory series are
exactly restored from the r‘enormalization-group results (26),
at least in the first order by joz .

Let's now pass on to the construction of integral repre-
sentation for the pomeron propagator. As already mentioned [8,
9’11’12'22’24] , it is the specific character of RFT that name-
ly the bare values, and not the normalization ones, arsg obser-
vable in it. Therefore, later on we shell need the expressions
of ZL versus jf . In the one-loop case the problem becomes

much simpler[zzl , 8ince

Cc
- _ o/ p2 y' B S § 2 L
9=4,818) % q=g g Inghemg]. @
T, end 5 are sma11[24] and we can assume to a fairly good
accuracy that
It has been shown in [24] that at the variations of h and P

from 0 to 10, the exponent C-‘: changes by less than 1%. This

ca”a hes been.first considered in [221, end in [11’12] a me-

12
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thod of obtaining the representation for the propagator in the
case of arbitrary CJ has been suggested. In [24] both these
methods were used and they were shown to give the same results.

From eqs. (27) and (28) we immediately obtain

9 =gU-g77") " 9=9 (4+574)) e
0 4 ) ]

As already mentioned in (10-12, 22,24] , all Z{ are
finite values at fixed 7., Ot;, o ) E, and K: , therefore,
there appears an opportunity to calculate the pomeron propaga-
tor rllll, though, in fact, it is independent of Eu and K:'
Twch a manipulation seems somewhat doubtful.. However, afte~
some analysis [10-12, 22,24] it becomes obvious that all the
vaiues ( Z.,, (:; ’ E,.,, Kx etc.) releted to the renormallzatlon
group may be useu to define the derlvatives of r' s if we
simply replace in them E,—-E , ;— K"

The inverse non—renomalized tdtal propagator, with an
imposed condition (7) that the intercept is a unity, is deter-
mined by integrating eq.(10) over E’ in the limits from O
to E at fixed P and h replacing everywhere ~-Ey—~E
and Ke-- K [10-12, 22,24] o gnaty obtain

4L ,"L" /
l.r (E,Kz) (JE L (E,“I,PJ lﬁ,P ) (20)
where 1,4 it
okl = ?_L'_C +?;‘-F 2k +
,5%’ Lr' (EI“’P)I‘I,P—. E |<7:$ QKL lES 2E ‘slf
{1!
’alr‘ (agc (31)

’aSo {E,KL ’DE ‘L’F
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All the derivatives of r are determined from eq.(10). If

we make in them an inverse replacement — Ex— E and Kn— K>

then
LP(E‘\PJI = a 2 {f. o, 27_.327” 25?&/“}(32)

jince h and p &re now fixed values, it follows from eq.
{18) that K~ and S, must change in such & way, that h end
p Temain fized [10,22,24]

Let's again return to 2;‘, which we shall now consider
not as renoimalization constants but merely as derivatives of
[ "L, and to do this we shell meke in Z; the replacement
Ey,—~E end k:"Kz . Making use of egs.(26) and (29) we
obta:.n |

-C
2= 25 = (L Eo (PJ-)/E) 2,=(L-Eeh/E) " (33)

where

Ca= J(gH) 5 Co= o (51)5 Eolph) = To/(o0 M Sy
As shown in (241, all C; are very weak functions of h, p
and ¥, , therefore, we shall later consider that

Cs(p,h Bu)= Ca(0) =- Cs(o) = - RCp(0) =— 0. 416 (35)
Making use of eqs.(6);, (8) and (33) let's calculate the deri~

vatives of Kz and &, . Substituting them in eqe(32) we fi-
nally obtain(24]

E
[ < {J ' (- Eoton/E) (4 EVEo(p¥) q, -
fL-h(t e (,,,,,) o O AT )ia,; .

U



This is the desirable integral reprecsentation for the pomercn

i propagator in the one-loop approximetion. Though the subinteg-
ral expression in eq.(36) cannot be expanded in series of per-
turbation theory[s’g’zal , the expression for F , obtained
after integration, already can be expanded in such a series,
and moreover; it correctly reproduces the initiel series of
perturbation theories. As it ¥ill be shown in the next section,
not only the terms ~'?.¢,z, but also the terms of the order "i:' .
lacking in the initial series, are reproduced correctly. In

the case whe_h §°E<< { we nave

bt E. (ph) E )
t F (E,K"') =-i-c (— Eo(P:")) {(iﬂw -2—)

. p-c,. -E S
ZE‘(L'Cb’L“Cg, z C;, E—:—(—;::))"" (Czk cs‘g') (37)

C B (trcs, e 2-ey B )
2 L Eo(P,‘i)
where 2.;:1' (CL_,b; c3 1"-‘) iz the ordinary hyrergeometr” ~~1 Gauss-
ien function. The infrared asymptotics of eq.(37) has the form

4-Cy

" b E i P (1-cg)-m
Ceenn =- B2 (- 5] ekt fticafon)

Tn the perturbation theory limit [ /g >> { we obtain

4t / nF L6%oto € '3
]_F(E k*) =E-dbk go"‘_eﬁu [Q"( = (E- J_‘

/,
._( ~c
s+ Y@ -] 4 Tl e
(E-%%- 26.)7" (39)
2 .
The term ~ T, is an exact expression for the value zz"gd

2.



4 i
and the term ~ ' , as it will be shown later, is numerically

equal to the contribution of Eq .

3. Two-loop approximation

Let's continue the investigation of the pomeron propaga-
tor structure in the perturbation theory. Consider the two-
loop contribution in the pomefon Green function F . It has

the form

Zaa"'*‘@"‘ ) quz"@"'

22 * 22

The contribution of these diagrams has been calculated in de~

(40)

teil in rer.{2%],
In accord with the rules of Reggeon diagram technique

i,(EoE, 3%.) _%, a.(Zx‘ + (K- kL)J

2 an, - Z.,_t_ fdzk;;(i& £ 7 2)'1

(‘E‘ fSO‘fuc K‘

Z:LE,:.": -§4
~E+E+5, +0l (k-%,)* | (1)

From {(4) we obtain
L6 (E-5e-0taKk?)

(KD -SA=(E-alkts.)L —ir (42)

where { F from eq.(36) should be expended in series up to
2

- the terms of the order T, . The obtained expression shculd

be substituted in eq.(41) and be integrated. oz

Consider now the two-loop vertex function r; « It hae

16
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;he form

1,2 L. 2

£, 2 L2 _
= e 0 )

2A+ AsA-A A AT o
EM"‘“A “AA S -
A-A-A

where

In notations of ref. [25] we shall have

1,2 : _E, (3+
r\; = (21)*/'- {Ei + 2 J (%> ’1) ".} (L, £.4)-
- Sn(3+20) -SN(Z*Z‘P) -E (2 4
.[Q l‘-r‘a I J(z’i 2')2 -+ ‘](2‘)1 i)‘
EN(;,"‘“P) _E ( P) _§’(I gH
',Q — J(i 4, _L)[,Q + 0 ]
_S.(a+Zp) _?,(5_5—+-ipj !
+. J(z L)[Q + £ “ ]S’ s J 4
C=2. (458
L2
l‘é, = (.'lﬁf/" [J (£ 45-500) + J, (L, 45 0,4) + |
t J(BE-L0)+ (4,454 0)] ooy
hx ~Be(3 "P) z i! z 4.4
PREECY R TR SNCS R A G R
-§,(2+2p) L 1 L ig
L 2 4,8 ”- .:. 2
"8t RASHAS! ANAG: 'l45c)

' .
17



‘ L2
All the integrals of Ji and I';l are determined and cal-
culated in ref. [25] ,
Consgider the renormalization constants 2;_ which will

be written in the two-loop approximation in the form
fay- 9l aer + 4 ‘f, 2, o2, (1-g% "/3zi+j*{)
Zs= 2,(4- &+ 54, Zie (- 5 ther + 3

(46)

The index (0) (a.w

and P° » and when passing to the final expressions, these

values should be renormelized (i.e.transform from ho—~h and
r15-171
" *

b ) in (46) implies that they contain h,

h,-’P ). This operation wasn't performed in refs.
The values f; and o ere determined from the follow-
ing equations

)(z—%aaéz"!ﬂ;fzzo%; 2k*® l '1[5 j 35 ,'.

To [; ltﬂﬂﬁ‘zagﬂ"E”

R =26 =2%, = Ko .
o’ o=(27) /z., (l_' +[ Js-(m}’//'z, [, . un

All the values of (47) are calculated in ref. [25] . The fol-
lowing ‘.featu.re turns out: if we plot the terms of the order
'Zf obtained due to expansion of the one-loop Zi from eq.
(26) in series of perturbation theory, on the one and the same
graph, they will exactly coincide with the graphs for -F, ‘fl ) ;S
and Jy& at all values of the parameters h, p and E, .

" The analysis shows that this is exactly what sBould have

18



been in RFT at D=2. In fact, there were diagrams (18) and (21)
in one-loop approximation, and their contribution was calculat
ed exactly, without any apprbximations. They wére then insert-
ed into the renormalization group and the non-perturbation-
theory answer (26) was calculated, which later was expanded
back in series of perturbation theory. At the same time, he-
sides the one-locy Qontribution. the confribﬁtion of all two-
loop diagrams, containing the grephs from (18) and (21) as
compound blocks, should have been reproduced as well. The
Green functio.. fﬂ ’ then is reproduced completely, since in
the two-loop approximation thsre are only two graphs (40) comp-~
lotely constructed of diagrams (18) and (21). The vertex graphs
f;“z from (44a) sre composed of diagrams (21), and ]7;'2 are -
constructed of graphs (18), hence, the renormalization group
4,2 5%
must correctly reproduce the sum f; + r; vie€s C{VG « It is
impossible to construct the diagrams [;fi'from (44c) by means
of the graphs (18) and (21), therefore, in the one-loop appro-
ximation the renormalization group does nci reproduce their
cbntribution,-and, hence, we could have not calculated the
contributions of graphs (40} and (44s8,b) at all, but limit
ourselves to the calculation of ’;'2 from (44c) and add its
.contribution to the perturbation theoxry expansion for 2;1 R
which can be obtained from (26) making use of eqs.(9) and (29).
The obtained total reversibility of the renormalizetion-group
transformations demonstrates the main advantage of the work
et De2, namely a direct connection with the perturbation the-
ory.

Later for f} and vé¢ the expresgions shan1d he usad
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obtained after expanding the formulae (26) in series of per-

turbation theory:

5 a [ h_ |
Q b
{2 =l;—(%67ﬁ-)z {-‘-6‘)— 2a - 20, (i—_ P)-( ? (48b)
| @ 2 (u_p)1,
fs = u%-,)" [16b- 7 - 76,02 P (480)

o’= --5—9,[24b' Q- ah(—"i-f’)] + 0’3: (484)

‘wh'ere CI, is calculeted by the formula (45c).

| At last, calculating all the necessary derivatives, per-
forming the renormalizations of all the values with indices
(0) and substituting all this in eqs.(13)-{17), after fairly
long calculations, we finally obta’in the following expressions
for generalized renormalization-group functions in the two-

~ loop approximation

X_; X -Z- L@ [Q (P“") ENP—.[ (49a)

Lei (167?)
z. | ¢
_ -?
Jd- '—32F0°+(16*’ [m (-] (P %)] (49Db)
'3
v _ 3 _s 2@t [E(r7) -
L

%o 4] - 27%ds

20



P =90 s,

where

L - '
fo=- i [6b-Fe gk (40 (51)

Saz = l/ds-(ii%),_ [a-t (p-)- 3, (p-—fj—)] - T, 2

b
2
T & [boplicbgoekch-netng-

- 2ah} - 7B [ R g + £, (Fflafsny

Vo=V =-d q. I AP
o 05T TLew % Xoto T &
- (=
—— ¢ M |
jo_'%f (igb—-fq,) - lj ds (54)

- %
Go = gL T partdig' b

Hence, whin a._]_.l the ad«_i_itional parameters of theory are equal
to zero J 5 Ja, and X Ps are equal to their one-~loop values
(24), and (Yj and F gainl'ain addition due to the contribu-
tion of nonplanar graphs F g -+ Nemely due %o the fact that
‘& etc. ere equal to their one-loop values, and the addition-
al terms (except C(, ) in eq.(49) occur only due to the renor-
melizations of additional parameters, the expansion of one-
loop results in series of perturba.tiozi theory coincides with
the two-loop calculations with an acéuracy to the terms con-

taining
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Consider now tk_xe obtained two-l_oop 6 ~function of

Gell-llann-Low. Let's first investigate it at zero values of

the parameters §o= kK=8,=E . We have

S’a'o = - — (- j 0432+ ¢- ‘0.0158) (55)

which is in falrly good agreement with the previous results in ‘
[1 5'17] « (In [15’16] a bit larger value was obtained for 0(5 .
since the authors had mulfiplied the contribution of the third
diag-;:‘dm from r';' not by % but by 2. A similar error wes com-
mitted in refs. L 14+18]y,

Prom eq.(55) we See thet in the two-loop approximation |
the F ~function does not have a rezl zero at jz> O . This [S
mustn't be a surprise, since in ell previous works both at
D=2 (15-17] and in & =-expansion (14,18,19] (at € =2) the
two-loop F -function had no zero. In ref. (17] it was obtain- a
ed that in the three-loop approximation -the F ~function had
no zero at the point '3}/165' = 0.13. Besides, it was shown

n {20,21] thet when taking into account the higher order

perturbation theories, the RFT at D=2 should have a stable
infrared point f(j ) with P j ) >0, Therefore, following
ref. [16], we shall look for the zero of F -function with the
help of Pade epproximation. The Pade approximant fbr the é -
function fixed by eq.{(55) has the form _
sty B J (R (56) !
Pt :

with a zero at the point

a___f
j T nA _ (57)
i 8 s 2
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At the zero values of parumeters we obtain
2
jL/j_eﬁ = 0.25 (58a)

which is in excellent egreement with the value

Z“/ieﬁ =0.26% 0.02 (560

obteined in Cardy's v'rorks[zn’z“.1 ‘wh'en higher terms of pertur-
bation theory at D=2 are taken into account., Besides, this va-

lue is in good agreement with the number

2 - A |
g /167 = 0.2+ 0.25 (59)

. obtained in ref. [19] in € -expansion using Pade-Bérel ap~-

)
proximetion. The values j /L6F obteined by means of three
‘ .

so different methods turned out %o be very close to each other.

It follows from here that the present quantity of this value
apparently must not differ strongly from the quantity (58).
The fact that the two-loop F -function has no infrared
stable point is apparently the reflection oi* the fact thet be-
ginning with the two loops the character of the perturbation
theory Series is changed: in the one-loop case the Green func-
tion has u logarithmic behaviour in E ., and all tae other or-
ders of' perturbation theory make céntribufions exponential
with respect to i/ E , therefore, due to the change of mode
of the propagator behaviour one cannot limit oneself to two-
loop approximations only. The three-loop celculations in [17]
have shown that the zero in @ -function has agein been res-
tored. Besides, Cardy has shown in (20’2” that the contridbu-

tions of the perturbation theory higher orders in F ~function
; _
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ai: D=2 form 2 sign-steble series, which provides the existence
of infrared stable point in RFT at D=2. And the fact that by
means of Pade epproximation namely Cardy's resul‘[20 21] has
been obtained, and not that of Harrington[”] » shows that the
Pade approximant (56) describes the structure of F-i’uncﬁion
in much more exact way than the perturbation theory, even at
the three-loop level. Therefore, in our further calculations
we shall use the F -function having the form (56).

Let's calculate with its help the renormalization cons-
tants 21 . Substituting (49) and (56) in eq.(12), we shall

have after integration |
2,= 2;‘=.(1-jz/z*)ctfg (37; 22=(1-g‘/f)c‘$(;(3‘);
Zj =(L- j?'/j:') Kl ‘G (57, (60)
where the following notations are Iintroduced
Cy=J(g )/f: 7}); Ca= —5; (s }/ ; 4Y;c -43(; ;/[a (rke1)

and

%(jl}= -QXP{,?Z‘% [Xi.t ?‘fz.z&.a. ﬁ a.gqu; (Y.z.ﬁ. }’
)= h-0h Pl =7

All the values of X: and f’i are defined in the formulae

(49)-(53).
In fig. 1 the results are given of numerical calculations
. LR
on a computer for the critical exponents C; and / i6¥w
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in the two-loop approximation at various values of parameters
E” 3 ‘1 and P « It can be seen that at reasonably small
values of En all C; depend very weakly on h and P s

therefore, we shall assume later that
Ci(h,ps§,) = Ci(h=p=},=0). (63)

Let's present here the values of C; that we are going %o use

in the future
C3 a ~0.555; . C,_ s - C,/z = 0.277; CJ = Q973. (64)
2 ’
16% = 0.254; = ~-0.171; = 0,0158; B3(9)= 0.458.
9/ 45, 7 B 5 ,P(i? 45

If we expand the renormalization-group constants Z;_ in

series in j and pass from j to g and from Q@; to
aCO) -]

[
3stored with absolute exactness, which is a verification of

then the perturdbation theory initial series will be re-

the validity of the carried out calculations.

4. Integreal representation for the pomeron propagator

in the two-loop approximation

We shall further follow the technique described in detail

[11,12,22,24,25]

in refs. and in section two of this papei.

Congider now eq.(60) at small h, p end %y + We can write

thet in this case
(65)

\P’e 13 c,--c' = -0.555; Jg-%; Cp= 09T 1

HenceA 2
3Z= 3,2(-‘- + -2%1 G) where G=4{-(1+ f'i’;; 1/2.(56)
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This formula is the enalog of eq.(29) in the two-loop approxi-

metion. Expressing jz via E  we shall obtain
L/2
2 - o
g:jz’i- G); G={-(4- ‘-’EE—/ , (67)
[8

where

Eo= Eo(Srhp)= S/ [déj‘”'(E,.h,p)] . (e8)

Substituting (67) in (60) we obtzin the following expression

for the renormalization constants Zi. via E enda Eo:

- - Y of
23-_—. X cQ,xP [—- Cd—(.f.'X)] ; 221= X ‘;'XP [-clu(L -XJ](69)

where

_ E 2
X= 7E. G; o=p/p - | (70)
We shall carry ocut all furiher calculetions ai So=. QO end

small h and %, . From eq.(39) we have

L

?L /h 2 [i_ “" a, . (71.

2E

Besides
2 h <g : .
:-——EZ :-'-.b— X C a(i-X) . Y
K a; 2 A E X F [ zv ] ("
Differentiating (72) with respect to E  we obtain
/ "‘" i
-0 2y 267 =hfl+ e d LX(:’. aX)y. )

Substituting eqs.(69) and (73) in (71) we obtain the desired

. 4,1
. integral representation for ( I'" in the two-loop approxi-

nation

26
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ca.(i. X)
e —[45Xa {.{+k+—Czi (- “x}h‘”’

At ;oft O and fixed h, E_ is independent of E , and

eq.(74) cen be integrated. e sheall have

L4
L l_‘(E‘; ") =—1+c X ,Q {(.(.+A) [CI) (2+¢,2,3+¢;X ~caX)

~ 2:¢ X<hcs+c,z,4+ch,-caxJ] +

2(3+c) (75)

* Z{Ll Cz [d:,'_ (Z2+¢,4;34¢c; X, ~caX) -

- X &S P (3ve, 405X, -]}

vhere éx (Q, b,C,' X ,j) is the confluent hypergeometric
function of two second order variables. At F/E, << { wve

have at asymptotics
/2 2 :
X=2x (L-x"+Fx~¢x); x=-E/4E0 . (76)

Expanding all i‘_ in (75) in series in X , which in turn

should be expanded in series in powers of X , we ‘hall obtain
the following asymptotic expression for the pomeron propageaior
in the two-loop approxmatlon with an accuracy to the preasymp-

tOvlc texrms of the order

3*cca._¢c/2
L,_'(EK)-"Z_,_C 2 2 ) {.(.+A(.(+-&)+
(77.
£1C T+ 2+< T8, 2ec 2
+ 3+cBX 14:CBX+50<: +'-6-:—c84x}

The main difference of eq.(77) from the one-loop eq.(38) lie:
in the fact thet in eq.(77), besides the constants C;, ther
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have appeared half-integral powers E/4E, . The coerficients
Bb in eq.(77) are algebraic functions of h and ¢; . Their
form is given in ref. [25] (see eq.(4.77)).

~Consider now the limit of perturbation theory when E,fE<<{
Then |

X=f-(- B2+ 205 5(E)> (7o

Hence, the small value, by which the expansion. may be carried

out, is {- o Making some transformations we obtain (in more

detail see (29 )
L4
ANGE -I'Efa-u:[ﬁn (%Ieiaﬁc.) +‘P(2)—’~{J(1+c.)] +

. (791
o { g |
+2(16ﬁa.’}2 E E:(C+3-°‘(4+C(2-dl))

where C, = 0.116 is the critical exponent in the one-loop

case. The numerical coefficient before the term ~ 'lf is exact-
ly the same &s the one obtained in eq.(39) and before the
term 'Z:I it is 8.81; in the one-loop case they have been 9.6.
This difference is due to the approximetion made in eq.(65)
where we have replaced Cf by a unit. As already mentioned,

the series (39) exactly coincides witu the bare perturbation-
theory series. Hence the series (79) too is a fairly good ap-
proximetion to the exact answer. Therefore, we shall later

make use of the approximation (65) and propagator (74).

5. Values under observation

In order to obtain the experimentally observed values,

one should have a pomeron propagator in (if)-representation., '
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where J = fn (#/80) is the rapidity. The transition from
(E K)-I ‘epresentationto (3 'é) -represeatciionis carried out

by means of the Sommerfeld-Watson transformation from the pro-
2 , 2
pagator in (E,K)-representatlon at fixed K = f-‘t . It has

the form
-EBY

1,1 -4

. oz

F(sz)"-? {JE-Q [LF(E*")J (80)
f .

Let's now define the behaviour of total cross section at

asymptotic values of energy. Substituting the propagator (77)
in (80), we obtain at Eo‘—‘- $.=0

St (9] o2 Flty) = 1%‘3/—572-,;{ (B0 {1+ 222

o) [(£*S/2) = ¢t
. c(1+2 )m,_ oa (4 E9" + 7 D (4EY) -Au—c)-

rcfifff/z)])“f#) - £(4- 5D, (WEYFf cen

where

E, =

o Ié?v'_c, (L-o) . (82)
The values :D;_‘ are rather bulky combinations of the values
C,'_, F;_ and Ol . Therefore, we do not bring them here (see [25]).
The expression (81) is very much like the one-loop cross sec-
tion [24] » only now the rate of the growth of total cross

section has increased: if in the one-loop case the cross sec-

0.1L6 0.2
, now it grows as 3 , whick

[20,21] .

tion has been growing as ff

is in good agreement with Cardy's results
The analytic structure of the propagator (77) singuleri-

ties in complex E -plane at Eo =_K2= $.=0  is quite
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simple: there is only one cut beginning at the point £ = O
and directed along the positive part of the real axis.
Consider now various particular cases of propagator (77).

At h=%,=0 ana P#O we have

E, - _ 43
Eo (P) = 1+P/2 ’ P ——’- Eo(f’) [i ( E (P)] (83)

In the first approximation over E/Eo. <<  the propagator

(77) has a pole at P, =-4/(4-Cs), At sma1l E ana §,

we may assume thet P=P =-45,/E ,» since Cg<<{ . Then the
position of the pole in E -plane will be

-

Enon & 5o (4-55) (84)
besides, the propagator will have a branch point at
Ecue =25, (85)

end the structure of singularities in E -plene will have the
form shown in fig. 2. Hence, when the pomeron intercept ias
smaller than a unit, the main singularity is the simple pole
to the left of unit in j -Pleve [‘1='?'23'25]. The total

cross section will have the form
_ ~§, Y(4-Cs/2)
60.“(3;50} oc @ {(Ci)

That is, with the increase of energy the total cross section

(86)

exponentially decreases at $.>0.
st §, #0 end p= h=0 the total cross section at

egymptotics has the form

ve [(4+c)
6{0‘(3;)0‘-‘(5 y) {i §+CC(1 20'-) P§q2+cfz)
R o]
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Thus, like the one-loop case [241 s the introduction of the
pomeron production threshold affects only the rate of approach-
ing the scale limit, but doesn't alter the limit itself.

In fig. 3 the relation Geoe(¥)/S5,,0) is given for
the asymptotic solution (81) and for the perturbation theory
seriea taken up to terms of the order 7o6 « Besides, for com-
parison, the one-loop result from [24] is given. The one-loop
solution begins to coincide with that of perturbation theory
a.lreé.dy at Y2 5. The two~-loop solution is exactly equal +«
that of perturbation theory at the point Y=E. & 17.6,
which corresponds to the enérgy S a 4.8 +107 Gev2, never-
theless, already at fairly small energies these two curves
come very close to each other. We may apparently consider that
at the energies a.ccessibie today we are at the very beginning
of transition région, end a 2 order energy increas.e should al-
ready lead to asymptotic behaviour of cross sections corres-
‘ponding to eq.(81). At numerical calculations the following

values were taken for the constants

/
'loz = 0-36; 0‘, = 0.5; E. 0.123 (88)

The most optimistic value was taken for the constant 7, from

ref, [31'33] » The answer proved to be not very sensitive to the

2
value 'lo . »

Let's now obtain the differential cross section in the
asymptotic limit. We have

/7 2 _.cp cpo(i-X) =
- LE X T = Eo_

where [ = 0.31, The further plan is stated in detaill in

n
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refs.[24’25]. Using the iteration method we solve eq.(89) witk
respect to "E/Eo . Replacing in the integral (80) the varia-
ble, we make a transition to the h -plane instead of integ~
rating over E . It turned out that at E=0 there is al-
ready no singularity, since h ~ E-L at E—+ O . Besides,

the singularity at h=- B is mapped into the point E= oo,
The mein singularities at the E -plane at k2>0 will be =a
moving (as a function of K2 ) pair of complex~conjugate branch
points. In fig. 4 the complex E -plane is shown at h#0. Its

mapping into h -plane is shown in fig. 5. Finally we obtain

in the first approximation by E/E, that

- . o/2
F(9,¢") = é(:««/?/z) (B } F, (x) (30)

where F_,'_(O) ={ end

(4]
o =- RS LD L""‘ I fo o) _ o f (hriefion
—B °

2,-(-(:

and

-C/2 -c/2 ¥, (h)
fhx) = 7-(39M)] (1+Bh) Y (4] o (92)

2 S Y2 1/2
-v.+cz T ~Se-%Yn) (1
Ph) = (L+Bh) R AGE 24%‘6 ) (L+BH o)

“

P

Cz

PR c 2+
f:(ugf 2 ) }“’:'1««&%/2

(98)

where P denotes the integral as a basic value, and Ao de-

notes the position of the propagator pole in "l -plane. Be-
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sides, following [11'12'22’241 we have introduced the follow

ing .. sation

2+¢Cy 2
E Xy o 2 Bh
y:(?foff} z ; E:X Cy ; kFa':.j-l--s-z-—i‘fah (95)

The computer-calculated function E’ 2(_") is showm in fig.6.
The second term in the asymptotic expansion Y, K"} mey
be obtained in the same wey[22’24] but its ceolculation doesn't
malke much sense, since RI'T gives information only on the ima~
ginary part of the amplitude. The quantity of the real part
contribution in the differential cross section may reech 107
and even be more than .the second tern.

The contribution of the pomeron propagator in the diffe-

"rential c¢ross section of t.hé process 2" 2 hag the form

2
a(e:/dt=(16w)"[fL(*sz(*)]2F(%-H_ e

where ﬁ (¢) is ‘thg residue of the pomeron. If we take cons-
tants instead of Fi , and instead of Eo, C; and O(,, sub-
stitute the obtained numbers, it will turn out that the calcu-
lated diffgrentia.'l. cross section is in excellent agreement
with experimentel data ot maximum attainable energies VS =

53 GeV (fig. 7). In spite of such an agreement, we mustn't
attach a special importance to it, since we have here ncgleci-
ed many effects which should have teen talen into account in
successive phenomenoclogical analysis [33’341 . Besides the reul
part of the amplitude, we have not taken into account the con-
tributions of nonamplified [35] end semiamplified graphs (361,
of secondary poles and possibie four- (and morc) pomerocon velr=

fices, which must make at such energies a substantial contri.
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bution, However, in apite of all the above stipulations, the

fart that the theoretical differential cross section has a dip
in the required place —t & 1.25 and manages to drop by six
orders to ~¢ x 1 indicates that the asymptotic limit may come
not at y = -E-o_‘ but much earlier. This is supported by the beha-

viour of total cross sections presented in fig. 3.

6. Conclusion

f24' 26] 8 genereal

In the present work &g well as in refs.
method of constructing an explicit representation is developed
for the pomeron propagator, when there are complementary dimen-
gionless parameters, such as the pomeron production threshold

§

the pomeron propagator in the angular distribution of elastic

o ©Or the intercept shift go . Besides, the contribution o:
cross section is calculated. The developed method is shown to
be applicable in both one-loop and two-loop cases.

The problems connected with Kz and the subcritical po-
meron (the renormelized intercept Xp(0) < { ) essentially
differ from the problem of introducing a thrshold. The thresh-
old leads to the dimensionless parameter of the type §,= -%.E
which may be described as "unessential", since it doesn't alter
the asymptotic limit (9;;. (87)). When E— O , at the asympto-
tics §”—$ O eand all quantities adopt the values they have
‘held when there was no threshold. Thus the zero of F ~function
is stable with respect to the threshold, which is an example
of Wilson um.versa.l:.ty[”-] + The large values of the parameter

%. (347 0.4) pnysically do not make any sense, since the expe-
rimental data show that.j_e. T & _and large E‘a . correspond ..
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to large E  which are far from asympvotic values that we are
interested in,

The dependence on l<z and the subcritical pomeron are an
example of ™nontrivial" parameters. For example, the dimension-
less parameter P=—4S/E is nontriviel, since the limit
E—= 0O doesn't b?ing the critical exponents to the values they
have had at §= O , since the fixed point is unstable when the
bare intercept changés. This should have been expected also for
phyeicel corsiderations: at 50790 a simple renormalized pome~
ron pole is the main singularity at asymptotic energies. At the
same time there isn't any storage of singularities and there is
no critical phenomenon, therefore, the asymptotic solution can-
not be characterized by the approach to the fixed point.

In [11’12'22’24] a method of ireating the nontrivial pa-
rameters was developed. In consisted in the comnstruction of an
integral representAa.tion for the propagator with a corresponding
aet of fixed d:unensionlesa parameters ( h ana P were fixed,

|< and S weren't). In the case of subcritical pomeron this -
has led to exponentially decreasing total cross sections (eq.
(86)). When Kz'qt-o this method has allowed to calculate the dif-
ferential cross sections (eqa.(90) (96)). The obtained diffe-
rential cross sections agree with the results of [11 12,22]
though they have been calculated in the one-loop approximation,
as well as in € -expansion (in (22] ).

Conaider in more'detail the quobt:lon of the asyuptotics
of total cross sections. As shotm in [33], the correct conside-
rati‘on of energy .dependence of Jet-~enhancement coeffici-

ents results in the fact that in the energy interval. from
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500 teo 5.104 GeV the total cross sections increase as ,2;?5 R

and this increase is due to the "dying out" of contributions of
quasieikonel nonznplified branchings [35] s, Without considera-
tion of any amplified graphs. In this case the rate of the in-

crease of total cross sections is slowed down, and at energies

‘higher than 105 GeV the crosa section increases as

Syoe < A- B/QJ‘I =3 (97)

If we don't take into mccount the diagram amplification, such

a behaviour will continue ad infinitum. Consider now what will
heppen if we include the'amplified graphs.*The first diagram of
the type (18) occurs at energiea higher than 103-Gev, the graphs
of the type (40) start functioning at energies higher then
2.104 GeV, and at the further increase of energy diagrams of
still higher orders are engaged. All this heppens on the back-
ground of ordinary nonamplified contributions which give first
cross sections increasiug aa A8 , and then - by eq.(97). -
According to fig. 3, the asymptotic behaviour of the contribu-
tions of amplified diagrems must begin with energies of the oxr-
der 105 GeV, but at thease energies the contribution of nonamp-
lified graphs is still fairly large. Therefore, it will be very
difficult to answer the questioné due to vhet mecheniam the
increase of cross sections takes place ? Is it due to nonamp-
lified branchings or due to the asymptotic shape of the pomeron
vropagator ? To answer this queastion we shall need measure- .
.aents of total cross sections with 1% errors at quite fantastic
energies of the order several million GeV. All that has been

seid at the end of the previous section about the beginning of
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the transition region, has concerned only the contribution of
amplified diagrems in the total pomeron propagator. For concrete
predictions one should take into consideration all contributions
of nonamplified eand semiamplified diagrams. The method of their
consideration ig developed in much detail in refs. [27’28’31'36l
In conclusion the authors would like to express their gra-
titude to A.Ts.Amatuni, S.G.Matinyan, A.B.Kaidalov, L.N.Lipatov,
K.G.Boreskov, A.A.Grigoryan, G.K.Savvidy and A.Sedrakyan for

continuous and fruitful discussions.
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Fig. 1 Critical exponents Cg, Cg and C, , and j-/@.éﬁ)
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versus h, P and 'iiv in the two-loop approximation.
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Fig. 2 Structure of singularities in E -plane at §, =£ O
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Fig. 3 Comparison of total cross sections obtained from pe:
| turbation theory and from the scale asolution (81).
a) In the one-loop epproximation: solid line ~ asymp - :
totic solution, dashed line - perturbation theoryI ug "
to terms ~ *zf , dashed-dot line - perturbation the
ory up to terms “¢, . b) In thé two-loop approxima
tion: solid line - asymptotic solution, dashed line

. I -]
perturbation theory up to terms ~ %7, .
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[
. 4 Singularities at asymptotic pomeron propagator in com-
plex E ~-plane at KQ>O. The cross shows the posi-

tion of the pole corresponding to h, . The dashed

line shows the integration outline. -

Fig. 5 Singularitiesv_of the pomeron a.s'ymptot’ic propagator in
complex h -plane. The cross indicates the position
of the pole l‘l,, » and the point he, is the image o
branch points in E -plane.
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