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1. 1In Refs. '[1 2] Og'levetsky and Sokatchév su;gest a scheme of super-
grav*lty on the bas1s of the pure geometrica] consideration. In this scheme
a complex superspace C( r2) having comp]ex dimension (4,2) 1s considered.
Coordinates in this superspace areZ = (a'-ﬂ o~ ) wherex (=1, 2, 3, 4)
are complex even coordinates and @ (J‘" ‘f)a) are odd ones. They consider
n €% 4 reat surface ST which has real dimension (4,4). It is na-
ural to correspond with the surface 2 areal four-dimensional super-

field which_is defined on ‘the real  (4,4)_ dimensional superspace with eocordi--

nates§ § 'ﬁ f '?. TZ ql‘ o ;. here 51,§»E?F"are real

 are odd complex ones, :1—1" N2 are complex-

even coerdimates, r'_" n
conjugated to ', N® ., respectively. This is due to the fact that the ar-
bitrary real superfield H Me HJ“(EQ Q)(ﬂ a1, 2,3, 4, H™ takes
real even values) defines in the c e, supersurface = -Q(H) i we. take
xeE+iH, O= M . We shall adopt that supersurface .Q.(H) in the -

ch®  and real superfield H ('i 1. Q)correspond to each other.

3

T e —

* For the definition of superspace as well as other superobjects (i.e. super-

surfaces, berezinian, etc.) we shall deal with 1n this paper see Refs.[3,.

a, 1. | | e
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Let us consider the group '9 of analytical transformations of the super-

4a) -
space . onto 1tself. .

. (1)
g'=zt=z2'(2)  (3¢Y)
which satisfy the following condition
23 _
Ber 57 = 1

1.e. the jacobian of the transformation (1) is equal to unity (the preserva-

(2)

tion of a supervolume). _

The transformation (1) of the superspace - (: transforms a supersurface
,Q in some supersurface R'= SZ’ . The superfield H corresponding
to sgrfa‘ce'Sl will turn into H',I= H L {where Hq ' 1§ the superfié‘ld
corresponding to the sup'erspaée 52.’ ). The main physica'l object of the
theory 1s superfield H . The transfornations H = H¥ , - LR 4
(ge y , = Q(H) ) are the gauge transformations of the H and
&(H) , respectively. The field HY  and surface rX are gauge-
equivalent to field f1 and surface Sl , respectively.

In Refs.[2] and [5] “in terms of the field H the theory of the super-
gravity 1s considered. In particular, the gauge-invariant action' and the
corresponding motion eauations are constructed. Moreover, the equTvalence of
ti-is theory to the usual theory of supergravity is shown >

We can?always turn to zero a series of derivatives of the suverfield
in.a fixed point by suitable traﬁsformation of the field H , T.e. we can
construct the normal aauge of the superfield H in the vicinity of a fixe

point. The noimal qauge simplifies significantly the study of the theory.

~

* e note that in [7,8] the Daievetsky-Sokatchev anbroach acquires a more
clear geometrical interpretation. Our paper is based upon the referenced
papers being their logical continuation,



The H superfieid.poner. series members in the vicinity of this pofnt that
do not vanish in normal gauge are the "bricks" the gauge-invarfart objects
(lagrangian; etc.) can be buflt of' In [6] normai gauge was constructed in
the vicinity of a fixed point in the first four orders of the H superfie'ld
Tay'lor series expansion. It means that the action of the gauge transforma-
.tions group "." on the derivatives of the superfie'ld H was analyzed up to
the fourth order.

We shall construct the normal gauge of the superfie‘ld H 1in the vicinity
of a fixed potnt in the all orders of the H | superfie'ld Ta,ylor series ex-
pansion It -means that the action of the gauge transformations group y on
all derivatives of the fieid H win be analyzed. The gauge-invariant quan-
tities.that depend _on the higher derivatives of the fleld H ( for example,
counterterms) can be buiit 'be means of this gauge.

Moreover, it turn's out' that the use of the normal gauge is helpful for
| soiving the orobiems of the conformal supergravity. In papers to come we ob-"
serve- in detail the structure of “the counterterms in supergravity and the

question on the: conforma'l supergravity iagrangian uniqueness using normal
--gauge. ' )

2. Tt is more convenient for our purposes to formulate the scheme of the
supergravity “theory.  1in the other way. (Further we shall call the
g above scheme the H- scheme of the supergravity) We extend the gauge group
‘y ,defined by (1) and- (2) up to the ﬁ group of the all analytical trans-
f'ormations of the superspace C onto itseif It means that we ignore the
,eondition (2) in_the !5 group definition. We adopt the group nﬂ' to be a
gauge group of a reformu'lated scheme of the supergravi ty. The extension of
'gauge 'group, from g.‘.’ up to .ﬁ' we compensate by-introducing the addi tional
dynamica'l object, 1.e. function V(Z) defined on the C.",e .and taking



complex even values. The H super:f'le‘ld-land new object R (i) (below we
call V(z) volume form) make the pﬁr (V,H) which is the dynar;|1ca1 object -
of our supergravity scheme. The trahsfomt'lon '§f the field V under the
auge transformation - 5 :
2'=28=2'(2), ge A" ‘ (3)
we define by equation - ',

, - 22
vig=Viz)=V(z(2)) B3y “

It is obvious that if V(i)Ef ~and ﬁ€g<ﬂ; ,then V45 1 Just
like in the H- scheme under the transformation (3) supersurface.S?_ trans-
forms into the gauge equivalent supersurface S?ﬂ :f and respectiveiy H into
the H5 . Thus we defined the glujo transformetions of the pair (V, H ) under
the action of the gauge group ﬂ . -The pair (V’f H 9),3‘ )4: is geuge- ..
equivalent to pair (V; H) . In what follows we shall call our scheme of the
supgrgravity (V, H)- scheme. ‘If. in the H - schome H feld was. the main
dynamical object all the physica‘l quantities were ‘."expressed through, in the
(v, H) scheme the part of the dynamical object plays pair (V,H) . The
ph‘ys1ca'1 objects of the theory are expressed throygh the pair (V, H) ‘and
are gn_-uge—'invarhnt with respact tb 'the gauge group 4 transformations. |
ke shal? demenstrate that the'_(V, H)" scheme of the supergfavity is equi-
valent to the usual H- scheme. Indeed, if we re_ﬁtrict ourselves in the
| (V, H) _scheme to such pairs (V,' H) sothat V=4 | then the A grow
action on, these pairs reduce to the ‘g group adtion on the field H . Th1s
is on the one hand. On the other hand for any volume form V( Z) there exists
such a gauge transformation g€ A that '

vis )



Therefore these schemes are equ'lvalent.

The quantity of the action on the pair (V, H) nust be equal to the quan-
tity of the Oaievetsky-Sokatchev action (the action in the H = scheme) on
the field H3 , where g i glven by, condftton (5).

3. Let us now investigate A gauge grouwp action on the pairs (V, H). We
analyze the action of the gauge tranefomtiions on the values of the fields
V and H and al1 their derivatives in o fixed point. '

Note that transiation Z'= 2= 2, fis the gauge transformation, So each
field . H observed in the v1c1n1ty of a fixed point may be transformed to
such a field H that H ( E rl. 'Q.) !l‘l-'llb
it is enough to investigate 'such pairs (V, H) in the vicinity of the zero

that H (0,00)=0; (1t means that surface L(H) goes through a zero point).

Hence for our: purposes

Accordingly we exclude from group Jq all the translations, 1.e. we consi-
der such a subgroup ﬂ, that the transfoﬁnat'lons belonging to this
subaroup do not shift the zero point.

Bearing in mind the restrictions on the pairs (V, H) and ‘gauge trans-

formations defined above we expand them in a Taylor power series.

1o\ fio A {6)
z28=2'(2) -ZPAE_.,A,,Z_ 2", g e f,
here the powe~ series begins frdm' the first order members in 2
V(2) 2V, +V, 8% Vux ™+, | (72,

HP(8, 8.5)= (518 ()6% ce L (1)6'9% ™
[ DX(¥)8% 5§+ c.cl [K"(E) 6 9+c.c]+A"(£)60.886.

(Here and what follows we take x=%+iH, 6= )



were .(E), B(X), F(§), D(E), K{ %) . atAn(E)are the
fomal powers in § , ol(0)= O~ , C.C, is' complex conjuoetion. '

908 = 9"‘@4 , where O4=€ d,,ep(e,ms €paj €1231 €-= -1,
all other ere zeros) We use spinor 1nd1ces (d |5) on the equal. feet‘lng. Just.
as vector 1nd1ces M. soH Pcorresponds to HYY H*= & bH"b
' 6"“ are Pauli ‘vertices. For exuple 1f we rewrite (7b): in. sp‘lnor 1nd1-

ces, we get' ‘ ' . : o
H® (%) = a**() +[5g (E)0’+ ke A

where h. C. is the operation of the hemitiu conjugation
- The objects we shall deal with below are the foml pwer series. Ve shel'l
analyze the action of the power series (6) comsponding to.ﬂ'. gluge growp
transformations on the power serfes: (h) () con-esponding to the pe‘lr :
(Vi'H) .'we shall not deal with the problens com:erning the connrdem of
these fonnul poner serfes. Our- consideretions are ‘purely elgebn‘lc. :
" Let us denote by 32 the sper.e of the formal poner seﬂes (71) (7h) It
s naturel to single out in ﬂ, subsets in the fonowlng wly. )
1) The Lorentz subgroup ;’. that 1s defined as -

{eZ (eﬂements of o wedenote by 8 )1f
'ﬂg {,ﬂ v

)= {o '%he"
nere K - i
ﬂet%“bé ‘,, tf:a%: §§ 6"'

%-"'b .~ are even Grassman nunlbers >

ebf

* Strictly speaking 4 subgroup 1s not. 'Isomorphic to the Lorentz. group, but
-as. far as the difference: between them is inessentjal for us we shall
treat 1t as a Lorentiz one.



‘2) ‘I'lll dilatation. subgmup D that 1sfdef1ned asde D (elements of ‘b

'Eueamebyd ) if -

g jﬁﬁ'ﬂ-:ﬁjél":t“' ®)
oz (B)=14 i . 2ad
~ | e'd= €8
hore E, . are even Gnossun nunbers
3) The subiset - :K ~ so that N
| . . v'a"::c:(x, @) ‘ .
" KeK if gtez"(z)= {’;.2.9..(,5, o) 49
36’ (x.6) = 4

. iS such that —-a—e-—" xe 820

. 1;-}1s'- easy to obthin'that every o1ement; ge_‘ﬂ'é is unequally expressed as
D g=d&x ,
"-nmdeb Qe d, ke K (:o<.ﬁ..,z<ﬁ !}{cﬁ)

Note that suhset KOs not subgroup in A,
'_ It is elsy to check the action of the groups 1 and :O _on the space
H® and on ‘the subset Kefl . Really, the coeffictents of the formal power
_series (7a), (7b) behave as the Lorentz group tensors 'under the action of the
gauge tnnsfomtions belonging to group :(,
-' For cnnple. if

thon H" behlves as spin-tensor of the (1 1) valence , SF‘; 1s vector-

"like over the 1ndex M spin-1ike over the index & and so on. It should
be also noted that the ooefficients of the formal nouer series (9) correspond-
ing to the gauge transformations from the subset x beha\)e as the tensors
under the transfomtion K- QKZ ([G'l ke Xk )

9



Now let us check the D group action on the space J¢ and subset JK

‘ » vesn

for example, under the dilatation transformation (8) monomial F;:’.E (] sp'
1 N ' v ’ o " . S

— . . W

e Fws §7 0% 6 .

adopt that the weight of this monomial is equal to 4. In the foll_owing we

adopt that the element F(E 18, 8) velonging to H  has the weight P
if /

belonging to p. 4 transforms into the

d- ¢
— F
EI L.

"

F

where d {s the dilatation transformation defined by (8). Analogously we
consider the action of the dilatation group D on thé--group -ﬂ, that
includes Jt subset.

t 2¥-Z Ry,p. 270 25"

theﬁ

2 TP e, 20 2

where d 1{s defined by (8), too. It is obvious that modules of every coef-
ficients Pl g, differ from the ones of the coefficients P by the mul-
tiplfer | €| in some power P . We shall take P as the weight of the
corres;’onding monomial. ' )

The que_stion. we_deal with is the inve.stigation of the .ﬂ', _group action on
the. space }E . Ndw the problem of the :}{ set action on the space }L is ‘
to be sol.v;d. ) ’ ‘

We formulate our main statement as -a theorem. We shall 1mpose'o.n’the fields

from ® (i.€. on the values of these fields and their all derivatives in

10



the zero 'po:int) fhe-gauge conditions (soi that’they would be invariant with
respect t'o' Lorentz group ol ) extracting from W some subspace ?f,
We defirie subspace g‘t. as a set.of the pairs (V, H ) such that the follow-
ing restrictions on the pair { V, H ) add to the restrictions (7a), (7b):

Vo=1, V;=0, ReVm=0 . (10)
a(E)s 5(5)'—‘K(§)EO 1)
CH(5)50,Symm I o =0, THLB)ZIN(3)

AV Payipi)
where ' rdwb (E) L= rj;P‘ Pe EP".._. EPK

(12)

D(0):0) SymmdL  &3.= 0,1 7Fk0 19

--(ﬂ’-P‘h“ sz)

~ where .7 $ M 9 = ‘T'P ) P &
Dd ('€)°D¢ (E)éf‘ z'bo{ Ps.-. ng §
Mo
Aﬂ(0)= 0, Symm AP«--- P = 0. (14)
(JU, F%; tee P ) ; N

. where

A"(§)= ZAL o B E

P

Here Symm means symmetrization over the correspond'lng indices.
It can be noted that the conditions (12 ) (13 ),(14) can be rewr'ltten

ina more elegant and usual for physicists form

11



F"(E)or“'(E)s 20, l"“(?) rv(f) (128)
(E)év;‘;.,* =0, It ’(E) 0 e
A.ﬂ (E)E - -

The conditions (m) (14) we. donoto as the coml'ltions of the norul geuge. I
the conditions of the. ml gauge hold for a pl'lr (Vi-H ).ue call this

pair a noml uir. lt is eosy to oote that the uoreo'l geuge coulit‘lons are
Lorentz-inverient ('l.e. they are inverhnt with mpect to the group oL Y.

Theores. Auypeir(V H)canbereducedtotbenoml forubyuoens
of gauge transfomtion uhich s deternined unequally to a precision w to
the Lorentz grow trensfomt'lon. o '

More fom'ny this stetenent con be fornulated as fo'llous _

Let pafr (\P H ) be an arbitrary element from 3 .. Then, there exists
such an element: 56 ﬁ’ that (V'l H’)Gx If (V"‘ H")E’e and

(vﬁe H?e)g 2-2, ,then 31“ 23 ,where Le'd o

Note thet the proof of the Theorsh 1: constructive. S ,

Before tllis ‘I‘heoren being proved Tet us disouss its cmeuoes The the-
orem actually states tlnt the study of the St group act'lon’ € 'roﬁces to
the study of the ;’. group ection on 3‘2..! The: guge-iunrient_ifunctio-
nals defined on. ')f, are in the one-one correspondenoe with#;h:;:s deﬂned |
on 9{, ’ being 1|'wer1ant with respect to i grollp C _‘ : '

Now it is obvious tlnt for the gauge-innrient physical quentity construc-
tion - the Lorentz-inveriant functional F (V, H) defined on Jt must be fixed

(F (V2 e)-F(V, H) e 2) - Then by the  ¥pftable gauge tronsfomtion
any pair (V, H. ) we_reduce to the nnr-l form (V, Hs)GR. and consider
12 ’




:I(VH) F(v H’)

' Functionll U(V, H) is gluge-innriant and unqually detamimd

Anllogousl)g study'lng the gauge-invariant lotion equltions reduces to
studying tlle I.orentz-imariant equat'lons 1f we turn to normal gmge

Let us prove the Theom Note that our proof stands close to the one of
"~ the Theorem 2.2 1n Ref.[9] . xu that paper (Zn-l)-dimsionl'l real sur-
faces .1ying in tln complex space R ohie (with cwlu dimnsion n) are consi-
dered The action of tlle space C"’ analyt‘lc transformtions group on these
surfaus ws studiod.. . R

" Te prove our. Theorem it 'ls commliont to extract in the spou R sub-
splce'x., (o< R, « 1{. .) such thataptir(v H) from A
mms oWy 1 ! " -

V.=1 ) H‘”(E 9 9) ‘6.&9‘9’ + tom with might =3
. Mmt“ﬂy 1n Mut.'f( thlt ns defined by (9)) we extract sub-
o R 0 f, dtﬂndbytlncndltlou SRR .

' = :c 4um with weight > 3

2 ;fx ',i.f S (z)'=-

1 ]
9 = @ +t¢msw1th weight = 2.

-Then the statneut of the Tlnor- nﬁcu to tln fonnmg Lomma.
I.— For an arbimry pnir (V H)GR thtre uists one and only

: onee'l-cnt 7e R such ﬂnt

VIHY e %
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First, we demonstrate that the Theorem follows from this Lesma, then the
Lemma will be proved.

Let (V, H) be an arbitrary pair in 3 . It can be shown that there
exists such a transformation P_e S, that

Py xV'= A‘C’m"-p Bl 6%+ L (15)
2 =90%:¢e0%
and (VP’, HP.)G';;E', (16)

‘From the Lemna we obtain that there exists such a T, € R that
(VP?Z", P2 e R . Thus we have reduced the pair (V,H) to
the normal form (-vﬁ » H 3) »where 4=p T,
The conditions of the normal gauge are Lorentz-invariant, so if
(Vh HYeRo L tmen (VEE, HEYEI, to. (LeL).
The ‘fact to be proved is that every gauge transformation trpnsforming
the pair (V, H) to a normal form differs from the abov:: transformation
%a P,To by the Lorentz transformation. Let (\’3 ’ H")E?to,
( (Vi H) is the above-stated pair reduced to the normal form by the trans
formation %= PoCo ). We prove that %"—'-% 4 (where e 'L ).
It 1s easy to check that every element ge ﬁ°_ can be expressed in the
form
g=pr’t’
here P’ is the (15) type transformation, T€ R,0%d,
'(VP') H ?.)E ?[1 because ., 1s the invariant space with respect -
to - :L and R groups action. The analysis of Eq.(15) cqnvincés us that
- the transformation P | is unequally determined for a fixed pair (V) H) by
the condition {16), so P'= P, . Since 'Ro subspace is_Lorentz-invarian't.
-‘thé transformation T transforms the pair (VP°, HP°) to K,

14



' P ' f
((VP'?'? H™ )G ﬂ{.) as well as the transformation 2' £
Using the Lemma we get that 2'=To , too. The theorem is proved.

‘4. In this section we will prove the Lewma. Let pair (V, H) belong to

3{1 » then
Viz)=V(x, 0)= 1+Vy 8%+ Vy &'+ ... (17)

H*(%,6,8)= ¢} 9"9';*53 F(§6,6), us

here P} is the weight of the F:u(i,@. 9)
We coneider the arbitrary transformation Z - (Z) ,where TE€ R . |
XN My G, 0)= x:‘"+l§be(x, ®)

§4= 0% 512,8) 0% (. 6) .

(19)

2 'Z(Z]-‘-

. K rd : ) .
GP (c, ) -and }P (,8) have the weight P . Let under the action of
the transformation (19) the field (18) changes into the field

N D P FJ“‘ ~§
H (g,e,e)é 84872 F(§,8,9),

(20)

| It 1§ obvious that .
A*E 88)-Im&" Im(x" G"(x,0))= H"(%,8,8)+InG"(x.6)=
=6‘“ (9‘+5“(9c,9))(§°+}°(ac,e)+ZFﬂ E+ReG(x:0),0+4(x,6),0+

+;(x 9)) 'g-n,H §='§+lﬁ).

So (18) and (20) are related by the equat'lons

F (E,8, 9 Fp (%,9, 9 [ImG (o1 9) - (21)
-2Re (6"" 9& 1( O))]\( Ju-E'N Léffbedéb)»...

18



Here dots demote’ the members dqnnd'lng on Uy, J4oy, _i-'-i;, .wun t< P
Eqs.(21) are tue recurreat systu of the ﬂgwnic mtions. 1f we solve
the first K equations. then \we shn'l solve the' (K* 1) -th equation. Thus
step by step we can calculate atl the FP ' .
We demote by - T thesplcepfthepouerseries fn E G [3) such tht
teT if superfield =

~ H=® 9,+}t
o ;atisﬁes conditibn (18). Respé‘c,tively, we denote by T.- th_e_subs%nce of.
T so that superfield v '.

H‘ R0+ , wheie teT,<T

"satisfies conditions (ll) (12) (13), (14) (or the equinlent ones
(11) (12a), (13&), (142). On the space of pouer series (g g:'g}
(see (19)) that will be denoted by 5’-' we define linear opei'ator '_L, .

L(;((:: :)))=[Im(; (‘F-G)-\ZRC eﬂf i, 9)}

- Operator L ‘takes iche valu'é in the space T . Eqs (21) could be rewritten

xagnee

' 'F';.-.'._FP - L.(E(' ) oo, ". FZ?’ |

Here dots denote the terms depending on the monoms G* , ;F* “ts Ft with
~ weight t< P. Let us write out in detail the action of the operat’orLon §

Hedenot.:fby‘ ! .
G‘_"(x,é) GJ"(ac) o (x)9‘+GJ"( ). 00,

16



F w0 S s @6 s w08
st cxattion yit S
L(ifizz)a" (€)+55 (é)e‘b' ”+[6f (§)0%cc.] ¢
[D2(5)6t 55+ c.c ]+ AT(R)66.88+ L (E).90vc.c)

where

a”.(€)='1m Gf‘(%)

0k S0 (£Twsf £Loel)ed

A (E)=% Tem 9 G.‘@. Ed\ﬂ'e.ﬁj’,‘_

gt 3g s
- R . |
(RO D e, @
! ag’;' | 3%} Nl

67 (6) =G (8)+ ST 458y ens
| j')’;_(g);ia. %%_ps_r?(‘i)esm (; aaf?‘(E £, )6

K" (8) = G2 (%),

17



Not difficult, though a cumbersome analysis of equations (23) shows that
subspace 1o is complementary to the image of the operator J,

T=T.® L §.

It is obvious ffom the recurrent egs.(22) consideration that for any P
thére is such an element Y€ F  that Fp €T, -(So using relation (24)
we get that for any C € |  there fs such Y  that - LYcTo ).

Therefore any pair ‘(V, H)e € can be reduced under the action of the
corresponding transformation Te R to such a pair (V',ZH z)that
field H?' satisfies the conditions; (11), (12), (13), (14).

However a kernel of .the operator 1.- differs from zero * « S0 1f 1n one
of Eqs.(22) we changé element Y by such an element’ H‘ that L(y'-9)=o
then we shall construct the other transformation 'Z'E R that reduces pair

- v T o T
(V,H)€K, to the pair {V5 H" )such that H satisfies the condi-

!

tions (11), (12), (13), (14). Although, generally speaking, Hz does not

(24)

coincide with H'Z . Thus the procedure. su_ggested above is ambiguous.
‘Recall, however , that in ordar the pair (V, H) be.in a normal form ,
not only conditions (11), (12), (13)-, (14) , but also ;:onditiolis (}_0) are to
be held. It can be demonstrated considering the action of the transformations.
(19) by means A'of (4) on the volume fom (17) that conditions (10) unequally
fix the elements from the Li operator-kernel. The Lewsa is proved.
‘We are indebted to A.V.Gayduk, G.M.Khenkin, G.M.Palamodov, A.A.Ros1i{, A.

Tumanov , Yu.S.Typkin for valuable discussions.

“* “Note that the corresponding to the [, operator kernel subgroup of the trans-
 formations is tightly connected with the group of superconformal transforma-

tions.
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