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1. In Refs.[l, 2} Ogievetsky and Sokatchev suggest a scheme of super-

gravity on the basis of the pure geometrical consideration. In this scheme
** * (и й

a complex superspace С ' having complex dimension (4,2) Is considered.

Coordinates In this superspace are z.
 s
 X

х
- »

 v
 / .where* (J*«l, 2, 3, 4)

are complex even coordinates and (9 (* s'/£) are odd ones. They consider

in С a real surface Si. which has real dimension (4,4). It 1s ne-

ural to correspond with the surface SI a real four-dimensionaV super-

field which.Is defined on the real (4,4) dimensional superspace with eoordi-

nates S , 5 , f , $ i I, i> <• •» <• ;• here S , 4 , S, f are real

even coordtfiates, 1|
1
, 1^

г
 are odd complex ones, ^,%

г
 are complex-

conjugated to I
1
 > П.

г
 » respectively. This 1s due to the fact that the ar-

bitrary real superfield' H *
е
 Н ^ С ^ Л Л ^ у и -i,.2, 3, 4, H^* takes .

real even values) defines 1n the С - a supersurface ii= & ( H ) If we take

ОС *'%
 +
Ь Н , Q = ^ .We shall adopt that superisurface Л ( Н ) In the

С
 <e

 and real superfield H C^JI»^.)correspond to each other.

* For the definition of superspace as well as other superobjects (i.e. super-

surfaces, berezinian, etc.) we shall deal with 1n this paper see Refs.fo,



Let us consider the group ^3 of analytical transformations of the super-

space С onto itself. .

(1)

which satisfy the following condition

(2)

I.e. the jacobian of the transformation (1) 1s equal to unity (the preserva-

tion of a supervolume).

The transformation (1) of the superspace С transforms a supersurface

J^ 1n some supersurface Л
 s

 SI" .The superfield H corresponding

to surface Л will turn Into H - H (where H 1s the superfield

corresponding to the superspace Si* ). The main physical object of the

theory 1s superfield П . The transformations H-* H , • & -* Si •

( a € w , & « • Л ^ Н ) ) are the gauge transformations of the H and

5c (,H) , respectively. The field H and surface « & • are gauge-

equivalent to field H and surface -Sc , respectively.

In Refs.f2] and £5] in terms of the field H the theory of the super-

gravity Is considered. In particular, the gauge-invariant action and the

corresponding motion equations are constructed. Moreover, the equivalence of
*

tfis theory to the usual theory of suDergravity is shown

We can always turn to гего a series of derivatives of the superfield

in a fixed point by suitable transformation of the field H , i.e. we can

construct the normal gauge of the superfield H in the vicinity of a fixe*

point. The normal gauge simplifies significantly the study of the theory.

* >te note that in [7»8] the Ogievetsky-Sokatchev arinroach acquires a more
clear geometrical interpretation. Qur paper is based upon the referenced
papers being their logical continuation.



The H superfleld.power series members In the vicinity of this point that

do not vanish In normal gauge are the "bricks" the gauge-Invariant objects

(lagrangian, etc.) can be built of. In [б] normal gauge was constructed In

the vicinity of a fixed point 1n the first four orders of the H superfleld

Taylor series expansion. It means that the action of the gauge transforma-

tions group 5 J on the derivatives of the superfield H was analyzed up to

the fourth order.

We shall construct the normal gauge of the superfieid H In the vicinity

of a fixed point In the all orders of the H superfield Taylor series ex-

pansion. It means tl\at the action of the gauge transformations group j on

all derivatives of the field H will be analyzed. The gauge-Invariant quan-

tities that depend on the higher derivatives of the field rl ( for example,

counterterms) can be built by means of this gauge.

Moreover, 1t turns out that the use of the normal gauge 1s helpful for

solving the problems of the conformal supergravity. In papers to come we ob-

serve 1n detail the structure of the counterterms In supsrgravity and the

question on the conformal supergravity lagrangian uniqueness using normal

gauge.

2. It Is more convenient for our purposes to formulate the scheme of the

supergravity theory 1n the other way. (Further we shall call the

above scheme the H " scheme of the supergravity). We extend the gauge group

4 ,defined by (1) and (2) up to the Л group of the all analytical trans-

formations of the superspace С onto Itself. It means that we Ignore the

condition (2) In the " group definition. We adopt the group db to be a

gauge group of a reformulated scheme of the supergravity. The extension of

gauge group from \j up to & we compensate by Introducing the additional

dynamical object, I.e. function V ( 2 ) defined oh the С and taking



сомр1ех even vaiuts. The H superfield and new object V ( ? ) (below we

call V ( ? ) volume form) make the pair (V>H) whjch Is the dynamical object

of our supergravit.y scheme. The transformation of the f ield V under the

gauge transformation

we define by equation

I t Is obvious that i f V ( i ) « i and %€^<Я . then V ^ * \ . Just

Hke in the H ~ scheme under the transformation (3) supersurface St trans-

forms into the gauge equivalent supersurface i c * and respectively H into

the H ° • Thus we defined the gaufe transformed ons of the pair (У»№) under

the action of the 9*цде дгоир Я • The pair (V"> H J « € ft 1s gtuge-

equivalent to pair (V> H) . in what follows we shall call our scheme of the

supergravity (V, H ) " scheme. I f 1n the H - scheaie H f teM was the main

dynamical object al l the physical quantities were expressed through, In the

(V, H ) scheme the part of the dynamical object plays pair (V,H) .The

physical objects of the theory are expressed through the pair (V ; H) «nd

an geuge-invariant with respect to the gauge group fl transformations.

We shall demonstrate that the (V, H j scheme of the supergravity is equi-

valent to the usual q - scheme. Indeed, i f we restrict ourselves 1n the

(V, Н ) scheme to such pairs (V, H ) so that V * 4 , then the fi gruup

action on(these pairs reduce to the rj group action on the f ield H • This

is on the one hand. On the other hand, for any volume form V f Z ) there exists

such a gauge transformation ^ € fi that



Therefore these schemes are equivalent.

The quantity of the action on the pair (V
;
 H ) must be equal to the quan-

tity of the Ogievetsky-Sokatchev action (the action 1n the H - scheme) on

the field H ° , where Q. 1? given by condition (5).

3. Let us now Investigate Я gauge group action on the pairs (V,H). We

analyze the action of the gauge transformations on the values of the fields

V and H and all their derivatives 1n a fixed point.

Note that translation 2.
 s
 2 " H

e
 1s tfie gauge transformation. So'each

field H observed 1n the vicinity of a fixed point may be transformed to

such a field H that rl ( S i " , ь/|*
шЧ
..й*в • Hence for our purposes

1t 1s enough to Investigate such pairs (V> H ) In the vicinity of the zero

that H \О,О,о)-0 ; (1t means that surface&(H) goes through a zero point).

Accordingly we exclude from group j\ all the translations, I.e. we consi-

der such a subgroup fi
9
 that the transformations belonging to this

subgroup do not shift the zero point.

Bearing In mind the restrictions on the pairs (V, H j and gauge trans-

formations defined above we expand them in a Taylor power series.

here the powe series begins from the first order members In

« ^
 (7b)

(Here and what follows we take x



Неге аЦО, bW, Г(«, D ( ? b K(V)
fonral powers 1n ^ , o l ( O ) - О , С.С. 1s complex conjugation,

00 = e*Q* .„here fci.e^e* (€^-e f e A) €<aM, €--f,
all other are zeros). We use spinor Indices (^ ft) on the equal fotting, just

as vector Indices /* . So H ^corresponds to H^''H"^» 6 ' J ^ H i l b
; -

€> are Paul1 vertices. For exanpie, 1f we rewrite (7b) 1n spinor Indi-

ces, we get ' . , ' . . ' • ' •

where, h..С is the operation of the hemritiaM conjugation.

The objects we shall deal with below'are the formal power series. He shall

analyze the action of the power series (6) corresponding toify gauge froap

transformations on the power series (7a)» (7b) corYesponding to tht раЛг

(V
t
 H ) .We shall not deal with the problems concerning the convergence of

these formal power series. Our considerations are purely algebraic.

Let us denote by Ж the space of the forMi power series <7a), (7b). It

1s natural to single out In Jl
m
 subsets . In the following way. '

1) The Lorentz subgroup 2- that 1s defined as

X (elements of X we denote by I ) If

here • ,

V* / * *

*
are even Grassman numbers . .

Strictly speaking «t subgroup Is not Isomorphic to the Lorentz group, but
as far as the difference between them 1s Inessential for us we shall
treat 1t as a Lorentz one.

8



2) The dilatation subgroup Z) that Is I defined as d e £> (elements of

we denote by cj ) 1f

here £ art even Grassmn numbers.

3) The subset trC so that

is sucK that -VA~'~- x,e,0
= 1

It is easy to obtain that every eleaent Q € J T O 1s unequally expressed as

2., K€ ,

Note that subset 3 £ 1s not subgroup 1n J\o

It Is easy to check the action of the groups oL and ^ ) on the space

3£ and on the subset Ж я Я
ф
*
 К е а 1 1

У » the coefficients of the formal power

series (7a), (7b) behave as the Lorentz group tensors under the action of the

gauge transformations belonging to group X •

For example. If

then H behaves as spin-tensor of the (1.1) valence , S
e a

 Is vector-

like over the Index J M , spin-like over the Index o\ and so on. It should

be also noted that the coefficients of the formal power series (9) correspond-

ing to the. gauge transformations from the subset Ж behave as the tensors

under the transformation К - *



Now let us check, the JO group action on the space Ж and subset J C _.

r"or example, under the dilatation transformation (8). monomial j

belonging to 36 transforms Into the p-^ Р ^ Г 9* § * •
 И е

adopt that the weight of this monomial 1s equal to 4. In the following we

adopt that the element F ( f , © , 6 ) belonging to It has the weight P

If

V=< F

where d 1s the dilatation transformation defined by (8). Analogously we

consider the action of the dilatation group Z> on the group Л
о
 that

Includes 3 C subset.

If
 z? = Т. P* .. 1

Ьл

then

where d Is defined by (8), too. It Is obvious that modules of every coef-

ficients P^,... £ a differ from the ones of the coefficients P by the mul-

tiplier ] € j In some power P . We shall take P as the weight of the

corresponding monomial.

The question we deal with 1s the Investigation of the # t t group action on

the space Л . How the problem of the У1 set action on the space 3 £ is

to be solved.

We formulate our main statement as a theorem. We shall impose on the fields

from 3 C (i.e'. oh the values of these fields and their all derivatives in

10



the zero point) the gauge conditions (so that they would be Invariant with

respect to Lorentz group 06 ) extracting from Л some subspace 3 € , .

We define subspace36» as a set of the pairs ( V, H ) such that the follow-

ing restrictions on the pair ( V, H ) add to the restrictions (7a) , (7b):

V.M, V**0' RgVjj|*O (10)

(12)

U " « P I > . . . , P K )

where

H e r e S y f n m means symmetrization over the corresponding Indices.

It can be noted that the conditions ( 12 ) , ( 13 ) , ( H ) can be rewritten

in a more elegant and usual for physicists form.

11



ft*.
1

The conditions' (10)-(14) we denote as the conditions of the norm 1 gauge. If

the conditions V the normal gauge hold for a pair ( V, H ) • we call this

pair a norm} pair. It Is easy to note that the noraal gauge conditions are

Lorentz-invariant (I.e. they are Invariant with respect to the group "JL )".

* ' . • ' • . • ' • ' •

Theorem. Any pair ( V, H ) «•" be reduced to the normal fora by Means

of gauge transformation which Is determined unequally to a precision up to

the Lorentz group transformation.
у • • •

More formally this statement can be formulated as follows.

Let pair (Yi H ) be an arbitrary element from % . Then, there exists

such an element $ <S Л that tV* , H*)€#«> • }f ̂  H l 4)€^.and

(V*t" H % ф 3C.
O
 /then ^ = € ^ . where I € X .

Note that the proof of the Theorem Is constructive.

Before this Theorem being proved let us discuss Its conseejences. The the-
orem actually states that the study of the £ group actiort 6* X redoes to

the study of the bi group action on 3£o.j The gauge-Invariant ifunctio»

nals defined en % are In the one-one correspondence with the ones defined

on 9 £ o , being Invariant with respect to ,<SL group. . , '

Now 1t 1s obvious that for the gauge-Invariant physical quantity construc-

tion the Lorentz-Invariant functional F(V, H) defined on # . must be fixed

(F(V8, H e)=F(V, H ) , t e Z ) .Then by the iuitable gauge transformatior

any pair' (V, H ) we_reduce to the miwalform (\f\ H J c X , and consider

12



the functional

functional tf(V, H / is gauge-Invariant and unequally determined.

Analogously studying the gauge-Invariant notion equations reduces to

studying the Lorentz-Invariant equations If we turn to normal gauge.

Let us prove the Theorem. Note that our proof stands close to the one of

the Theorem 2.2 In Ref.[9J. In that paper (2n-l)-dii«ens1ona1 real sur-

faces lying In the complex space C** (with complex dimension n) are consi-

dered. The action of the space С analytic transformations group on these

surfaces M S studied.

To prove our Thtonp.1t Is convenient to extract In the spaced sub-

$pac*U, ( Ot, < It
л
 < It ) such that a pa1r(V, H) fran "ft

beiMgs to 1И
Л
 If

.«!.1 , - H ' j ^ ^ S ) • б Д 0
4
§ * t ttw» with weight ̂  3

Respectively In , subsetЭС that was defined by (9)) we extract sub-

freup R 1ti i l
#
 def iMd by the condition

X * • 9C + term with weight > 3

terns with weight ? 2.

Then the state«ent of the Theorea reduces to the following L « M .

Le—a. For an arbitrary pair ( v, H ) € Л
 n
 there exists one and only

оме eleaent t £ t^ such that

13



First, we demonstrate that the Theorem follows from this Lemma, then the

Lemma will be proved.

Let (V, H ) be an arbitrary pair 1n 3€ 'It can be shown that there

exists such a transformation p o e $o that

and t y/ ! • i i • •

From the Lenna we obtain that there exists such a *to € f\ that

( V P ° ^ e , H P | l ' ) e X o • T n u s *« h a v e reduced the pair (V,HJ to

the normal form ( V ^ , H * ) .where J c P. ^ ©

The conditions of the normal gauge are Lorentz-1nvar1ant, so 1f

V̂ , П )€ <io t-then ( V е » П e Jt/to,too. [ t « ***/ *

The fact to be proved Is that every gauge transformation transforming

the pair (V, H) to a normal form differs from the above transformation

a SB p o 1 e by the Lorentz transformation. Let ( V • , H • ^ €' ЭС о•

( (V, H) 1s the above-stated pair reduced to the normal form by the trans

formation g B p o t о ) . He prove that Q ' S C } ^ 0*ere ^ € ^ )•

It Is easy to check that every element CJс i f o

 c a n b e expressed 1n the

form

here p' 1s the (15) type transformation,p

(» > H y€ eL*\ because Л
1
 is the Invariant space with respect

to 2, and R groups action. The analysis of Eq.(lS) convinces us that

the transformation P Is unequally determined for a fixed pair (V, H ) by

the condition (16), so P
 =
 P« . Since У С

О
 subspace Is Lorentz-Invariant,

the transformation t' transforms the pair ( V , H
 e
) to .J3€o

14



S H ° ) € # . ) as well as the transformation t ' £ ' .

Using the Lama we get that 1 = ^© , too. The theorem 1s proved.

4. 1л this section we will prove the Lama. Let pair^V, H ) belong to

.then

*.§),

here P Is tke weight of the F
p
 (|, @ ,

Me consider the arbitrary transformation Я*
2
 ( E ) , where *2 € R

f(*,в) > S
4
* Z. f*(x, в) .
P^2 *

^foc, 0 ) a«d J
p
 (X,®) have the weight p . Let under the action of

the transformation (19) the field (18) chanfes Into the field

It 1s obvious that

So (18) and (20) are relate? bythe equations:

К



Her* dots denote the ашпич depending en l#
t >
 i^.^ , F^ , with t < P .

Eqs.(21) «re the recurrent system of the algebraic equations. If we solve

the first К equations, then;we shall solve the (K+f) -th equation. Thus

step by step we can calculate all the F p .
 :

We denote by J the space of the power series in ^ Q
f
 § such that

t c T If superfieid

satisfies condition (18). Respectively, we denote by T
#
 the subspace of

T so that superfieid

satisfies conditions (11), (12), (13), (14) (or the equivalent ones

(11). (12a), (13a), (14a). On the space of power series ( ^ |
Х
' л >

(see (19)) that will be denoted by J T we define linear operator Ц

Operator L takes the values In the space T • Eqs.(21) could be rewritten

as

S- \ .. C22)

Here dots denote the terms depending on the mnoms G^ ,

weight *fc < P . Let us write out In detail the action of the opera tor Lett

We denote by

16



/ ' г* г «I /\B> r ^

Detailed calculations yield

where

i. i

(гз)

[I

17



Not difficult. though a cumbersome analysis of equations (23) shows that

subspace T o 1s complementary to the Image of the operator U

It Is obvious from the recurrent eqs.(22) consideration that for any P

there Is such an element У € $F that F p € T o «(So using relation (24)

we get that for any X G T there Is such У € #* that О С - L 4 e T
o
 ).

Therefore any pair (V; H J € d€ can be reduced under the action of the

corresponding transformation t € (\ to such a pair (» > H Jthat

field Н
г
 satisfies the conditions (11), (12), (13), (14).

However a kernel of the operator L differs from zero . So If In one

of Eqs.(22) ме change element У by such an element У* that Ц(У'-Ц)*О

then We shall construct the other transformation X € $ that reduces pair

( V , H ) € X , to the pair { V V H 7 ' ) s u c h that H * satisfies the condi-

tions (11), (12), (13), (14). Although , generally speaking, H*3 does not

coincide with H . Thus the procedure suggested above 1s ambiguous.

Recall, however, that In order the pair (v, H) be.In a normal form ,

not only conditions (11), (12). (13), (14), but also conditions (10) are to

be held. It can be demonstrated considering the action of the transformations

(19) by means of (4) on the volume form (17) that conditions (10) unequally

fix the elements from the L operator kernel. The Leima Is proved.

We are Indebted to A.V.Gayduk, G.H.Khenkin, G.N.Palamodov, A.A.Roslif, A.

Tumanov, Yu.S.Typkin for valuable discussions.

* Note that the corresponding to the t, operator kernel subgroup of the trans-

formations is tightly connected with the group of superconformal transforma-

tions.
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