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1. As 1t is known, the ~ matrix in quantum field theory can be des~ 

eMbed both in Lagrangian and Hamiltonian formalisms ( in the presence of 

constraints the "Hamiltonian formalism" 1s the Dirac's method of quantfza.­

tfon of systems with constraints) (t-3] . Each of these approaches ha~ its 

advantages. The Ham11tonfan approach is suitable for the construction. of a 

theory which is manifestly unitary in the physical subspace. whereas the 

Lagrangian fonnalfsm ensures an evident Lorentz covaria'lce. Besides, all 

perturbation theory calculations are usually carried out in the lagrangian 

formalism. In all theories dealt with in physics so far these two approaches 

lead to the same S -I!Jlltrix. However a general state~t~tnt about the co1nci-

dence of the S matrices in these approaches for arbitrary theories does 

not exist. 

To clarify the problem consider the generating functional for the theory 

without constraints in Hamiltonian formalism 

(I) 

Let us transform 1t singllng out 1n the exponent the lagrangian using the 

reoat1on H(n,<P)= n,¢-L(<t>.ci>). where n, 1s ••f1n•• from th• 
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.+.. aH tn,ct>J 
equ~tfon ~ - an, • Changing the integration variable n=n,+n' 
we represent i!. ( 'J) 1 n the form 

12) 

where 

It is clear that the two formalisms are equivalent 1f l:::.. ( cp) ""' 1 

In this paper the equivalenCe of the lagrangian and Hamiltonian forma­

Hsms 1s proved for the local Lorentz -invariant lagrangian without gauge 

symmetries (Sec.2} and for the gauge theories described by the lagrangian 

(Sec.J). 

2. Let us consider theories without constraints wnfch are described by 

local Lorentz-invariant lagrang1ans L:: L(d;u,tf, tf), Lf-1=0,1,2,3) 

with terms quadratic over the fields in the usual form. 

Then by definition 

err- ) 6 L :JI (X = r:-=- , 
o 'f (X) 

(3) 

The generating functional 1n the Hamiltonian formalism is 

14) 

Turning now in {4) from the flitegratfon over n to an integration over 

Q related to n by the equation 
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n(<\>(x), Q(x)) = SL(Q,a"¢..<Pl 
6Q(x) 

with a subsequent shift of the inteoration varhble Q- 4> + Q 

come to 

where 

t.(<P): JdQ det ji5'L (cj>+Q,cP) I X 

oQ(x)oQ(::J) \ 

:-1e shall prove now that under <>uit,,hly chosen regularization of the ti-JF>o­

ry /J. ( ¢) = f (for definiteness w' use dimensional regularization 

scheme). Let us consider the first factor of the integrand. Ow1ng to thP 

supposed locality of the lagrangian 
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Then 

Hil!nce 

8'L(¢tQ, Q> 
oQ(x)o Q(':1) 

: on(.P)(x)+Q(x),a,,P(x), <i>(x)) = 
cSQ(:I) 

det/ c/1.. I= exp{Sp·fn[o(x-Y)•cS(x-Y) ai\(xJJ}: 
oQ(x)oQ(~) · 5Q(x) 

(" I• I ) since fn the dimensional regularization scheme 0 (0 = 0 

( 7) 

(8) 

(9) 

Consider now the second factor of the integrand. The power of the exponent 

{let us denote it by 1\ ) may be rewritten 1n the form 
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(10) 

: Q(x) /\, (¢(x), cp(x)) Q(x) + 0 ( Q~) 

(in wrftin~ down the latter expression the locality of the lagran~ian ~ras 

taken into account; A 1 is a local function of q> ~nd <P without 

derivatives due to the supposed standard form of kinetic term in L ) . 
Thus 

The evaluation of the integral over Q by perturbation methods reduces 

to a calculation ~f the vacuum expectations of the type < Q"" > w~ich 
due ta (11) are proportional to On(O) and within the dimensional regu-

larization scheme are equal to zero. 

Thcrefcre 6.(¢)::. 1 and the lagrangian and Hamiltonian formaliS1'1S 

are equivalent. 

3. 'k~r r:n,.,.,irl'i'>" ?I tl-}eory described by a lnqri'lnrlian 

( ; ? ) 

~rhere 

0.. o.~C i, C 

av A.!" + ~ f Ap Av; J', v ~ o, 1. c., o; 

c,K•1.2.3 
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To·crnstruct the hamiltonian of the system we must find the canonical mo­

mentli 

.'i\o.,o (x) = 81.. 
~·0 o A.(x) 

(13) 

:Jia.,' ) o L - o L 3la.,' (G t ( ) G ~ ( J) (14l 

lX = o Ai(x) - &G ~l (x) = o< x ' iK x 

Eqs.(13) represent primary constraints and consequently this system is a 

constrained one and must be quantized by Dirac's method [1) . To elaborate 

the hamiltonian we have to m1ke use of (14) to express G~ {x) 1n tenns 

of gri.,o. and G~K; .Thenthehamiltonianreads 

(15) 

=fMi"''\xJ G~, ( x) + Jdxjio.'\xJ V~tA~ (x)-L (Godjjf Gje), GtK) = 

O..i_ Q.. j s & t(.(..(,jQ.Ii, )-

: Jdx'if (x)G0 ,(x)-L.(Go<(jj, Gj•),GtK)- dxA.(x)V, :11 (x-

H S 
~ I ) loa, a., i ) = ,- dxA.,x v, .fl (X. 

Following Dirac we incorporate the constraints in the hamiltonian using 

H" H S a. ) ma.,o 
the Lagrange multipliers = + A (X ~, lX)dX . Then the <11!\Pati-

bility condition 

(16) 

leads to a secondary constraint 
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Here { .... ·J are Poisson brackets defined by 

Now we must find out whether other secondary constraints exist. To 

achieve this end we nust compute the Poisson bracket 

In obtaining the latter we used the equation 

It is easy to show that the following relations hold 

and hence 

9 

(17) 

(20) 



where ::::::::- denotes that the equation holds on constraints. 

Note that eqs.(l9) and (20) are manifestations of the gauge-1nvar1ance 

of H, and H 't , respectively. 

The equality {20) means that additional secondary constraints do not 

exist ... et us now introduce an auxiliary condition 

121) 

Following the general formalism this constraint must be added to the ha· 

m'lltonian using the lagrange multiplier 

(22) 

and Poisson !>rackets between this hamiltonian and the constraints (13), (17) 

and (21) must be computed. This leads to t~e fol1011inq relations: 

,{3fo.,olx),Haj = 

{ V,a.~ :rrt:'(x), H,} =-~((xJt'v,td.9Td''(xJ • 
• vt~ a 'JUt l x) "' o 

{a"- 1 o.. ..t~! 
<A<, H<)=-o,G 0 ,(x)- Cli 'V, A,(x "'0 

(23) 

(24) 

(25) 

T.1e relation (23) holds due to the (17). while constr11ints {17) ,Jnd (21) 

reduct~ (24) to the equatiM 

I , c o.c + a r o.k A~,. ) c 
\'-'0 aJ a, .!"(X) 0 

(26) 

c 
from which it follows that .!" (_x) = 0 . 

Finally, l25) leads to a ne11 constr,llnt 
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.. a. & t, l ) A.-A.(A;(xLJf (x) = o (17) 

The Com!)at1bflity condition for this new constraint 

is an equation from which the Lagrange multiplier 'AO-(X) is defined. 
'0. • Thus all Lagrange multipliers /\ (x). jU (x} , are found and the total 

set of constraints <P ~ is 

To write down the generating functional in the Hamiltonian formalism we 

must compute the determinant of the matrix [{ ..+.a. ..-htl} .Thematrix 
'I'll., 'l'mJ 

is readily calculated and has the following form: 

0 0 1 0 

ttvcd'"d,i { <P:. <P:) a, v~t 
(30! 

0 i. ~~ 

1- {i. <P,t} { {1>;, <P,'} {<1>~,4>:} 

o -a, vtt -{<P~, <P,t} o 
The explicit expressions of the Poisson brackets { <P~, <P!} , { cf>:,<P~tj, 

{ <P ~ , <P" i,~ are not presented here because they do not contribute to the 

detenn1nant. 
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From (30) we find the dP.tenninant 

(31) 

Now we can write down the generating functional in the Hamiltonian forma­

lism· 2·4 

lH = J d A~dr; Vlqet{<\>~ cp~ }I Q cS (cp,) exp\ cJdx:ii"-''lxJAJ" ( x)- H} = 

(32) 

= j dA: o (a, A~) det (aj vj~t) f d( d3f:o(A~-A: (A~ (x), 5\~(xJ))o( JT0, 

•S dJr~o( vi' 3fti) exp{ c J31o.., \x) A~ (x) dx - H,} .. 
Integrals over A and 3TQ.. are equal to unity. Therefore 

• • 

S 
0. o.t· 

lH= dA~o(a<A<)det(<liVl )' 

<jdsrc"o(Vc"t5ft'') exp{qri"'\x)A~lx)dx- H,) 

Substituting 0 ( l{~t 5ft, i) in (32) by 

0 ( v, .t 3rt·')= J d ~e expf-i j vt~Sit, '(x p\x) d x ~ 

we find that lH~ 5dA~ O(o<A~) det (o<V~o.t), 
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(35) 



.. Ao. If we now identify l\ (x') with o(x) and chanqe the integration over 
~~ q• •• ,, Jl t by the one over i. related to Jl by 

]'o., ': 01. ( Q t, At (36) 

so:' 
(again. as it was in Sec.2, the jacobian J0

2

LjcSQ·6Q·\~1),then after 
0. Cl lDJ 0. :~hifting the integration variable Q.- O· - v.o.toA' ... G . we get 
~ L l 0 OL 

(37) 

where 
(38) 

Expanding A ~ 
in powers of ~. we get 

' 
(39) 

1\ o. o. .. ) o. •' (Go. o. ) t ') (Q,, Go,, G'" = Q, A,j oi, Gco Qj • 0( Q 

/I
.e 

where tj is a local function (not a differential operator), and con-

sequently the integral over. Qj is equal to unity within the dimen~ional 
regularization scheme, just as in the case discussed in. Sec.2. 

Thus for Z H we obtain the expression 

(40) 
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which is exactly the generating functional ~ L. in the Lagrangian forma­

lism in the Coulomb gauge [2-4 J . 
This concludes the proof of the equivalence of ll.. and 2 H for thf 

gauge theories L = L ( G ;, ) . 
The demonstration of the equivalence of the Hamiltonian and Lagrangian 

fonnal1sms in quantum field theory for L(cf>) and l..(G;v) encourages 

the hopes that they are equivalent in the general case. 

The authors are indebted to S.G.Matfnyan for stimulating discussions. 
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