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APPROACHES IN QUANTUM FIELD THMEORY

The equivalence of the Lagrangian and Hamiltonfan approaches in quantum
field theory for the local Lorentz-invariant lagrangian without constfain;s
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1. As it is known, the S  matrix in quantum field theory can be des-
cribed both 1n Lagrangfan and HamiTtonian formalisms { in the presence of
constraints the "HamiTtonfan formalism” 1s the Dirac's method of quantiza-
tion of systems with constraints) [1-3] . Each of these approaches hag its
advantages. The Hamiltenfan approach fs suitable for the construction of a
theory which is manifestly unitary in the physical subspace, whareas the
Lagrangian formalism ensures an evident Lorentz covariance. Besides, all
perturbation theory calculations are usually carried out in the Lagrangian
formalism. In a1l theories dealt with in physics so far these two approaches
lead to the same S -matrix. However a lgenera'l statement about the coinci-
dence of the S matrices in these approaches for arbitrary theories does
not exist.

To clarify the problem consider the generating functional for the theory

without constraints in Mamfitonfan formalism

ZH(j)=‘(d¢dnpr{i.jdx[ndg-ﬁ[n,q)),‘_jcp]} )

Let us transform 1t singling out 1n the exponent the lagrangian using the

retation ﬁ(ﬂ_‘qa): ﬂ,li‘b-t@,ti)), where 11, is defined from the



equation ci): ?ﬁ‘la_(r:?_@

we represent 2 (']) in the form

. Changing the integration variable [1=N,+N’

()

Z,(7)= [do exp{LIdx[E»fjcp]}A(dp)

where
- A(9)= Jdﬂ'exp{-ljdx[ﬁ(n,m; b)- na_%(rq:_dﬂ. ﬁ(ﬂ,cj))}

1t is clear that the two formalisms are equivalent if A(CP) ~ 1
In this paper the equivalence of the Lagrangian and Hamiltonian forma-
Visms 1s proved for the local Lorentz -invariant lagrangian without gauge

synmetries (Sec.Z)} and for the gauge theories described by the lagrangian

L= L (G}w ) (sec.3).

2. Let us consider theories without constraints wnich are described by
local Lorentz-invariant lagrangians L = L (3, Y, iP), (_,M=0»1'a'5)
with terms quadratic over the fields in the usual form.

Then by definition

{3)
§L Gy 1
Tixy=2— H=Silx x}dx- L =
1) 550 (9p(x)dx- L = fdx H
The.generat'l ng functional in the Hamiltonian formalism is
(4)

2(7) = [dgdnenpli(dx[né-H+ 747}

Turning now tn {4) from the integration over [T - to an integration over

Q related to [T by the equation



M{ex), Q(x) = Sb(gba(Kj;dD)

with a subsequent shift of the integration variable Q""Q’ + Q
come to

2(2)= (444 @ det PR lerp{ fdrM(Q.¢)6-H(N(Q0)4) 30}

15‘

- [44Q det|ELLOLDexel g0 9-AN(@ ) qb)ﬁﬂ}

SQ(x)5Q(Y)

- [(d¢ exp{LJdX[Z(X) + 311 A (&)

where

$)= [dQdet la@( gg((ﬁ)k

e)

epli [T (400 4)- L8l P08 g}

ye shall prove now that under suitahly chosen reqularization of the theo-
ry A (Cb) = { (for definiteness we use dimensfional regularization

scheme). Let us consider the first factor of the integrand. Owing to the

supposed locality of the lagrangian



(). SLlbantd_g ), A(d(0), 304, B x)) ”’

8¢(ﬂ
Then
LGt | sN($IN QM) ok b, b)) _
EQX)EQ(Y) §Q(Y)
{8}
=8 (x-4)+ 8 (x-9) clil ‘¢‘*’*§Q*Zxé)3n¢w )
Hence
t an{x)
de ISQ x)SQ 3)\ Sp En[ (X U)HS(X ‘J) SQ(X)]}:
(9)

. exp{S(o) Bn 4+ gg((:)))} {

n), .
since in the dimensional regularization scheme © (0) =0,
Consider now the second factor of the integrand. The power of the exponent

{let us denote 1t by /\ ) may be rewritten in the form



L(é+0.0)-L(b4)- L 9Yq.

A QD) 2q

{10)

= Q(x) A, {d(x), d(x) @(x) + 0( Q)

(in writing down the latter expression the locality of the Tagrangian was
taken into account; /\_1 is a local function of (p and (b without
derivatives due to the supposed standard form of kinetic term in [, .

Thus
<Q(X)@(9)>~6(n)(x~g) {11)

The evaluation of the integral over (D by perturbation methods reduces
to a caleulation éf the vacuum expectations of the type < CD"1I> whicﬁ
due to (11) are proportional to 6"(0) and within the dimensioral requ-
larization scheme are equal to zero.

Thergfore [;((p) =1 and the Lagrangian and H;miltonfan formalisms

are eauivalent,

3. Mow ronsider A theory described by a lagrannian
~ o .2 i @ G o ) (12
L=[de[(Gﬂv)]=XdXL[GoL, el ‘

where .

a. abe
=‘aJu.":".‘J -avA;*‘%# AﬁA:" JN|V=O,1.E,3>')

1L,K = 4,2.3

GO.
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To-crnstruct the hamiltonian of the system we must find the canonical mo-

menta

a,0 84 -
N WO (m
, e b
F ) = 8L . _SL “ﬂa'(Gm(@,Gm(U) (18}

SATN) §Go(x)

Egs.{13) represent primary constraints and consequently this system is a
constrained one and must be quantized by Dirac's method [1] . To elaborate

a
the hamiltonian we have to make use of (14) to express Gg; (X}  1n terms

; Q.
of '™ and Gk . Then the hamiltonian reads

He [ded®® A (x)- L= [dad™ (9 A (0 L =
(15)

£ T G () (T T AL (1)L (Goi (T Gye), Gun)

[+ 91 Q, j £ bo gt
- [T ™ %) 6o (- L (Gox (59 6;¢)Gux)- [dxA (T, T ()

<, - JaeAs 1) 77T ()

Foltowing Dirac we incorporate the constraints in the hamiltonian using
¥ a o,0
the Lagrange multipliers H = H +J)\ (X) q (x)dX . Then the compati-

bility condition

{Hr) -‘ﬁa,o(x)} < 0

leads to a secondary constraint

(16)



vl T (0 =0 ()

Here { cee } are Poisson brackets defined by

(e S}(z) Sq(t) &f(z) Sg(4
1 d g . g(t)
i:;(z 9( )} J X[ W AL () SALK) 6fﬁﬂ'°'(x)]

Now we must find out whether other secondary constraints exist. To

achieve this end we must compute the Poisson bracket

{ratarbin.n® - (ot 00,1, -

- JAS (@) Ayt 54, vila 4 Oin
In obtaining the latter we used the equation

fort s, 7] -

It 1s easy to show that the following relations hotd

{v“gﬁl‘%(x),v:d ﬂ"’d(g)}=%8(x— 9§ ngJldJ x=o &

{Vaag ST?""‘(X), H1} =0 (‘19]

and hence

b b s
{V“ﬂ“"( } -qAL(x )2 A AT P

: &



where =z denotes that the equation holds on constraints.

Note that egqs.{19) and {20) are manifestations of the gauge-invariance
of H, and H ¥ | respectively.

The equality {20) means that additional secondary constraints do not

exist. et us now fntroduce an auxiliary condition
o
3 Ay () = 0 @)

Following the general formalism this comstraint must be added to the ha-

miltonian using the Lagrange multiplier
* a @
He= H¥+ fdxn®(x) Bt AL (x) (22)

and Poisson orackets between this hamiltonian and the constraints {13}, {17)

and (21} must be computed. This leads to the following relatfons:

{ﬂ“*"(x),ﬂa} ettt (23)
. c abe Bd dii
{Vfgj—‘%# (")-Ha} =-gA () VT, tee)
+ Vfl& atJug (x) = O

[+ 8 o Q_E, & (25)
{S;A-L, Hols- 3 Goi(x) - 20 V7 A (¥ = 0
Tae relation (23) holds due to the (17}, while constraints (17} snd {21)
reduce {24) to the equatinn

(8% + g **“AY 5,) (x) = 0 e

<
from which it follows that M (X)= O

Finally, (25) leads to a new constraint

10



' ¢ (
Al Aj(AL (x), jl‘g' (x)) = 0 (27)

The compatibility condition for this new constraint
a e & bt a b bi ‘
{A°~AJALU)ﬂ u»»g}=%“—{A4A4&pi(ﬁLrg}zowm

is an equation from which the Lagrange multiplier h“(x) is defined.
Thus all Lagrange multipliers A (X) M (X) are found and the total

set of constraints (Pn

(@a.) = (fﬁa.°(><), V?e’jT@ni(X). As- At(,ﬂ %'J(x), AE(X)),S_,‘A?()Q): (29)

(¢, ¢, 9, ¢.)

To write down the gemerating functional in the Hamiltonian formalism we
S
Tust compute the determinant of the matrix [{¢n, ¢m}] . The matrix

Is readily catcutated and has the Folloving forn
o 0 | {0
0 { VCd dii {¢ ¢ } u.z;
AR ) e ot o)
o -3 vat -{¢“,4>f’} 0

¢ X
The explicit expressions of the Poisson brackets {(P d) } {¢3,¢5},
{473' (1) } are not presented here because they do not contribute to the

(30

determinant.

1n



From (30) we find the determinant
- (31)

4 (65 41| - det(a: 98 )= [det 2w

Now we can write down the generating functional fin the Hamiltonian forma-

Hism 2-4

ZH SdAJud-HJM Jldt’t ¢u¢m [HS QXP de-“ (KJA.JM(X).'H}:

{32)

- [dhis (AT det(o; v; )| AR s S(A- AL (A (), 5 () 5 (1)

tIdﬂ?S Vj%ﬂT )exp{ JJla""l(x)A?(x)dx - H1}.

Integrals over A and ﬂ‘“’ are equal to unity. Therefore
a X
%, = [dAT8(3iAL) det (3ive )~

«fdsr? s(vebart )exp{ gm‘ (x) A% (x)dx - H.]

(33)

Substituting S(Vag c—-% ) in (32) by
S(V“"’Eff“) {dr exp[ X fg’ﬁr"i(x)?\q(x)dX} (34)
e tind tat 2= (dAT 6 (3LAT) det CADE

{35}

fdsid W esp i [TAT () H [weba b

12



o
If we now identify ]\&(x) with _Ae(x) and change the integration over
a a,i
fﬂ';‘t by the one over (), related to I '° by
. & & :
ﬂTO.,L_ SL(QJ, AJ' {26)
- a
§Q;

2

(again, as it was in Sec.2, th bian | 8L .l: then aft
gain, as it was in Sec eljacoc:an!l/éoiéQ 1),aena er
shifting the integration variable QL —— Qi - V,L"-&Ao + GoL we get
a «

4 vL(Gois G )
zﬂ=jdAT dA, §(0iA; ) det (39" Je' (Got> Gun)

(31

<[d6 ep i [ A(Q], 6%, Gie))

where
{38)

MO o, GE) =L, (Qf“»,(;;,G?;)-L(G:L,G;)-M—Q%L——(:G;:"(;“)Oﬁ

@
Expanding A in powers of QL we get
(39)

a a o .a @ a b
/\(Q?, Go, le) =Q ALE(G"'HG“‘ ) Q; + 0 Qb)

ab

where Aij is a local function {not a differentfa) cperator), and con-

sequently the integral over Qj

reqularization scheme, just as in the case discussed in Sec.?.

is equal to unity within the dimensional

Thus for Zu we obtain the expression
a e 2 (40)
2= [dAL (30 AT Y det (aiveY) ep{il (G}

13



which is exactly the generating functional Z,' in the Lagrangian forma-
Tism in the Coulomb gauge [2-4] .

This concludes the proof of the equivalence of ZL and £ w  for the
gauge theorles [, = L (G;v) .

The demonstration of the equivalence of the Hamiltonian and Lagrangian
fomnﬂsms in quantum field theory for L(CP) and L(G;v) encourages

the hopes that they are egufvalent in the general case.

The authors are indebted to 5.G.Matinyan for stimulating discussions.
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