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1. Introduction 

The progress of quantum electrodynamics (QED) is deter­

mined first of all by the fact that its interaction constant 

is small and perturbation theory may be applied here. In quan­

tum chromodyn~cs (QCD) the weak-coupling expansion can be 

used only at small distances (asymptotic freedom) and the per­

turbation theory is applicable only in this region. At large 

distances the interaction between quarks can't be described 

by a weak-coupling expansion. Therefore, there arises a need 

in developing a calculation technique different from the stan­

dard perturbation theo~y. 

There are many ways of improving the weak-coupling ex­

pansion for the interaction constants A- 1 b ,2] .. ·In this 

paper we propose a method of Feynman diagrams summation allow-· 

ing to enlarge by an order the application region of the weak­

coupling expansion. The essential· feature of the method is 

that for diagram summation a finl te number of diagrams by the 

number of lines [3] should be calculated in each order. 

In sections 2 and 3 the diagrE~s summation up to the 
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eighth order by the number of lines is carried out on the ba­

sis of the results oOt~ned in [4] • In sec. 3 the obtained 

formulae are applied t'o an anharmonic oscillator. The obtain­

ed expressions for the ground-state energy Co ( i\) (3.1) and 

(3. 12) in the :region of', constants 0 ~ A ~ 1 ~e in a satis­

factory agreement with the exact results of [2] • The agree-

ment is particularly good "'-' 10% at A~ 0.3, whereas the 

weak-coupling expansion is applicable in the region 'JI. ~ 0.01. 

2. Summation method 

Write the generating functional l(J, K,M, L.) for the 

<j-4'
4
-theory with the sources :J,K, M, L [4): 

exp{ ~ Z(J,K,M,LJ} = N -'J]'f·exr{t [S('f)+J(xJ.'f'(xJ + 

(2 .1) 

where S(4') ~ 
is the classical action of' $ <.f _ -theory, 

(2.2) 

Here and later, if there are no special reservations_, we in-

N
• 1 

tegrate over repeating arguments. is the normalization 

constant, and the operator (. 'D _., is defined as 

. .,., .. ( . . ' 
L.u ::c,y)=-(O+m )S (x-~) 
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~t- us pass :from the independent variables J, K1 
M, L to new 

independent vari.abl.es 4'(.:)= .ZJ("') i l G(:x,~)= ZJ(x)'(9) j 

by means of' the fourth order: Legendre 'transformation [3 J 

(2.3) 

f; . t;• . 
--MG\f-- MH-L·s 

.3! 3! 

Here and later, if· there is n.o special need, the integration 

variables ~ omitted. 

Varpng r (If, G, H, S) b7 the variabl.es tp, G, H and 5 

we obtain: 

(2.4) 

The complete set of equations dete~ng the generalized ef­

fective potential. r (2.3) has been written in [ 4] and. 

has the form 

S - s l'f)- i.~ JJ' G- ~: G 4'
2

-

'}1\a • <J.be <J. ( ~ )' 
- 8 G- ?>l H'f~ 4! T Il,J, (2.5) 

t1-r.){i.n'(:x:,~)ljllyJ+t[lf'(x)+~~ cG(x,xJ4'<:x:) + 

•(~ J"t• H (:x:,oc, :x:J)'\:. r<flot.) (2.6) 
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.5(x-y) • ~' ~(x,<) G(<,yJ t ~i IH(x,>,-1:) H (l ,-1:, ~) t 

tcGlftxJ'-Pt>)G(l,Y)+ cO!fcxJG(,,-tJHU!,t,':J)-

- Q4'tx) H (~.t, u.) 1 ~<<)J(tD (cr}J (~J · 

0 3' 
~~'jH(x,y,-tJG(t,")+ lQG(x,yJ'f(-t) G(t,<:) + 

(2.7) 

+' Q (2.8) 
l G(x,y)G(l:,u) H(i:,u,i!.)- QG(x,y)H(t,u.,v)ZJ(-i:)J(u)J{o)~(<), 

O•LQH(x,y,>)~(u) G(u.,t)+i OH(x,y,>)G(U.'") H(u,v,-1:)-

(2.10) 

In the set of eqs. (2. 5) - (2.9) the quantity z,,:l::1 is 
left, which should be expressed through derivatives of r 
by means of eq. (2.9) and substitute in eqs. (2.5) - (2.8). 

The set of equation~ (2.5) - (2.9) completely determines +.he 

functionai r 
From. the Schwinger linear equation (2.6) follows that 

the gener~ solution can "be presented in the form r = 5 T F 
where F depends on the invariant variable 

,, , . ., ... ,,.,, ........ , ''~""'"'" ' ,,, ··~ ........ ~ ...... ''" ,., "'' ·~" ""'"""""'' "" ., "''"'' 
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and the variables G and H (see [ 4) ) • Th~cn eqs. 

(2.5), (2.7)- (2.9) will be written as 

(2.12) 

1 = 2t E G + ~t F. H II t. • F , 
~ G ~ H - 3! ]_J 000 

(2.13) 

(2.14) 

• •• 
0 L~" ' • Q 

= 3! F G + l GH H- QHH (2.15) 

Q 'F'-'F-'-
where AB = FA B 

(2.16) 

and F' 
(2.11). 

denotes the differentiation with respect to 5 

As has been mentioned in ref. [ 4] , the functional F 

depends. in fact, on its variables in the combinations S/G 4 

and H•/G" 

- t .5' H • 
F(s,G-,H)= 2it·dn.G•@(G", G>) (2.17) 

(see eqs. (2.12) and (2.1))) and, hence, it is quite enough 

to single out from the set (2.12) - (2.15) an equation of the 

type F c;.::. ~ ~ ~ 1 
where higher derivatives of F are on the 
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right [3) • Multiplying (2.13) by G and (2.14) by H 
subtracting them trom each other, and then substituting 

from (2.15) and (2.12), we obtain the desired equation: 

3 i1' G-' H Q '-:! G-' H G-' - c HH ol,J>o~ 
(2.18) 

The sign L... __ _, denotes the integration (summation) over 

argument. In all other cases arguments integrate (sum) in 

that succession in which operators are written. 

From eqs. (2.14) and (2.15) the :t,,"'j'j is 

. 4!5' Q-'G . , O:G a·' O,GH 1 :1,~3=-, ~~·' h(Q-'G)·,h(Q' Q,.,H)[b(Q'I;) h(Q-'Q,GH) (2.19) 

' . . 
where Q~ • is def~ed as 

and 

_, - r _, G d" ~ b:.(Q G)=- JO (o:,:x,:xi~·Ml <x.~) "'d~ 

,, '"'"'"'~"'''"''' "'''" -~"'"' .. ., " "''"' .. , .,.. ,,,.,,, ......... , .. ,.~, .. ,,,. ' ..... , .. .,, """''' '"' 



Eq. (2.18) is solved by the iteration method proposed in [3] 

Its idea consists in the expansion of F in series of G -t 

Let us write the expression for F up to the fifth order 

G 
_, 

by inclusively: 

(2. 21) 

where the following notations are introduced: 
X ~ 

x_-----'-~ ,;G(x.~J X = ii(:>.:-~)<>(x-<-)o(x-t) 

~ =.H(<>.,[:>,~)G\<.:)G-'(\'>,':J) G·'to·,<.) 

X ;, 

If we conclude, proceeding from the theory symmetry proper­

ties, that in the ground state lflva.c = H;a.2 0 , then we can ob­

tain another equation determining F' 

F'- 1 , 4! )' _s=----77' 
-- t;"' \'ij,• 4h l G- Q"') 

(2.22) 

lD. the approximation (2.21), allowing for tfva.c.;:: Hv<l.c '= 0, 

h(GQ"')= ~~ Q (1+~) (2.2J) 

where X: 
36 
gt.• 

and 

@ 
~a 

~ it _, ~t.· 
andS&S·-lJ G--OO 

2 8 

S 
xdx 
~
 

1 +X 

(2.24) 
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The integral (2.24) 

the type § and 

sums up an inf'ini te number of diagrams of 

@ . Such a summation 1s in inany res-

pects alike to the Hartree approximation where an infinite se-

ries of "bubble" diagrams is summed up, or to the random phase 

approximation ("rings" are S'LUiliiied up). In our case the intro­

duction of the scalar parameter S (2.11) has allowed to 

sum up in a similar way an infinite series of diagrams of a 

definite type by means of (2.22). This is the basic idea of 

the diagram summation proposed in this paper. 

The effective potential r 
(2 .24) will have the form 

after the integration of 

(2.25) 

In the ground state the quanti ties G va..c and Svo..c are 

determined from eqs. Is = 0 ( rx = 0). rG = 0 •(2.4). and 

the energy difference between the vacuum states of the full 

( ~ .; 0) and free <3 = 0) theories is determined by the tor­
mul.a [3] 

= i/ -
/ S=Sva.c 

G- = Gvo..c. 

10 
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). Anharmonic oscillator 

Let us now discuss the case when the space dimension i3 

d = 1 (anharmonic oscillator). The formula (2.25). derived in 

sec. 2 allows to calculate the ground-state energy (2.26) as 

a coupling constant function (in the approximation G .=. ZJ ) 

which can be compared with the exact results presented in [2]. 

In the weak-coupling expansion the ground-state energy 

C.(JT), as a f=ction 

with the ~xact value 

of t~e interaction constant 7l , agrees 

C exo.ct to within 0.06% at A ~ 0.01 [S~ 

With the increase of the interaction constant A the accu-

racy gets worse with the increase of the approximation order 

(see fig. 1). ]·or example, at i\ = 0.1 in the third order by 

A the accuracy is 1~86%, in the fourth order- 2.45% etc 

(the minus sign means that the point E. lt ( 0. 1 ) is lower than 

c."'"-ct(0.1)) * 

The proposed summation of diagrams allows to penetrate in­

to the region of stronger constants. 

Let us write the Lagrangian for the anharmoru.c oscillato:r 

in the following form: 

• 2 
mx 

2. 

2 2 
mwx 

2. 
+ 

\JX' 
4! 

(3. 1 ) 

The green function 'I) ( -t·, t') , corresponding to the line 

t t' in the formula (2.25) diagrams, is 

Zl (t ,~·) = 
2
-s[ e(t -t') ("'(-1.-~J e (-t •t' J e'"' tt-t')] (3,2) 

*At "}1. =0.2 these accuracies u-e 18.1% and -45.98%, respective· 

ly. 
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tising (3~2) it is not difficult to calculate all the types of 
graphs entering the expression for the ground-state energy 
(2.26) 

]d.t 
C0·=-­

(2mw)' ' 
§- }dt . @- .3 Jr{l. 

- (2 iw)(2mw)'' - 2 (2iw)'(2mc<>J 6 

From the stationary condition rx = 0 we have 

X = _ 3~t 
VCLc 2 i 

@ 
---· 
~ 

or, taking into account (3.3) 

f 

where a convenient dimensionless parameter is introduced 

(3.3) 

(3.4) 

{J.5) 

(3.6) 

The energy difference between the full ( A ~ 0) and free 
( 71 = 0) theories (2.26) (see (2.25) and (3.5)) is given by 
the formula 

As is seen from fig. 1, though we have used at calcula­
tions· diagrams not higher than the thir· ... order by 1\ , the 
accuracy we have obtained is much better in the large region 
( f.. =:: 1) as compared with the third order of perturbation the­
ory (see curves 2 and 4 ~fig. 1). The table with the results 
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of the comparison of our StliDillation and the third order of the 

standard perturbation theory with exact values [2] is given 

below. 

The 

indicate 

"('' i zt'lt/ll 
values v :; 2' + t.. W presented in Table 1 , 

that the formula {3. 7) may be applied in a wider re-

gion over A than the standard perturbation theOry. 

We have summed also the diagrams of the fourth order over 

A • Por that purpose we have had to calcu1ate F (2.21) up 

- 1 
to the seventh order over- ·G • In this approximation the 

relation (2.24) is replaced by 

F 
Lll 

=-
5~ 

(3.8) 

where 

{3.9) 

Here is the expression for diagr~ of the fourth order, 

contained in (3.9) for an anharmonic oscillator (3.1): 

(3.10) 

81 { 4 ~ . '} X :::-- 1+-- (1•.!1.. )~- 2.~4. 
"o.c 122 2n 2.1~ 81 

(3.11) 



(3.12) 

It is seen from (3.11) that the stationary point in this 
order exists for A :C 0.201 only. However, in any odd order 

over A a polynom of the odd power over X will be pre-

sent in denominator (3.8), and, hence, Xva..c will exist in 

my values of /1 
:;:c•J_:-4, • In fig. 2 the dependence ~ ·- c (3.2) is 

presented. Note that at 
t:.. c(~) 

/1 = 1 --- 1 00',<; "" 2. 3% and 
C.cJ<o..ct 

at 

A= 0.2 the accuracy is 6.1% whereas the corresponding ac-
curacies in the fourth order of the standard perturbation the­

ory are -2.5% and -46.0%. 

In the standard perturbation theory an oscillation of 
curves occurs at transition from order to order, i.e., curves 

are now above, now below the exact curve. And each successive 
order gives a worse accuracy then the previous already at 

:\ "'0.1. 

It iS seen from fig. 2. that the summation proposed in 

this paper allows to get rid. of curves oscilla-tions and im­

proves the accuracy at transitions to higher orders. The de-

+,.qJ.led proof of these two facts for highe.l:" orders will be 

published elsewhere. It should be also noted that 

t' ('1-) ~"-A • g tn. A when f.. - <>= 

Such a summation method may be applied in non-linear 
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field theor~es and in problems of statistical physics. 

In conclusion the authors wish to thank S.G.Matinyan and 

O.M.Khudaverdyan for useful discussions • 
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Table 1 

e~ 0,1 0.2 0.3 0.4 0.5 0,6 1 

c f,)La..d 0.5591 0,6024 0.6380 0.6688 0,6962 0.7210 0.8038 

. 

r.l 
Cw.~.eyp. 0.5696 0.7115 1.0507 1.712 2.8203 4.5005 19.4375 

&>f. "l -. !0<! 1.9% 18.1~ 64.7~ 156.~ )05.1~ 524.2~ 2318.3~ &u,t<>d 
--'- . 

:;:1 r<~) 0.5724 0.6418 0,7099 0.7771 0,8437 0.9100 1.1726 

c~, 

t~·!OOj 2.4~ 6.9% 11.2~ 16.2~ 21.~ 26.2~ 45.9% 
~ ---- - -



Fig. 1 

Fig. 2 

' 

• 

' 

Graphs of the dependence of ground-state energy on 

1 is the exact curve [21 ; 2 and 3 are the third and 

fourth orders of the standard perturbation theory, 

respectively; 4 is the curve corresponding to the 

formula (3.7). 

1 

•• 
• 

Curves 1,2,3 and 4 correspond to the same curves as 

in fig. 1; curve 5 correspo~ds to the formula (3.12). 

1? 
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