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1. Introduction

The progress of quentum electrodynmmics (QED} is dever-
mined first of all by the fact that its interaction congtant
is small esnd perturbstion theory may be applied here. In quan-
tum chromodynamics (QCD) the week-coupling expension can be
used only at small distances (esymptotic freedom) and the per-
turbation theory is appliceble only in this region. At large
distances the interaction between guarks can't be‘ described
by & weak-coupling expansion. Therefore, there arises a need
in dev'eloping s caleculation technique different from the stan-
dard perturbation theory.

There are many ways of improving the weak-coupling ex—
pansion for the interaction constants A~ [-1’2] . 'In this
peper we propose a method of Feymman diagrams sunmiation allow-
ing to enlarge by an order the application region of the weak-
coupling expansion. The essential feature of the method is
that for diagram summetion a finite number of diagrams by the
number of lines [3] ghould be calculated in each order.

In sections 2 and 3 the disgrems summaiion up te the



elghth order by the nwmber of lines is carried ocut on the ba-
sis of the results ootained in [4] . In sec. 3 the obtained
formulae are applied to an anhermonic oscillator. The obtain-
ed expressions for the ground-state emergy £,(A) (3.7) and
(3.12) in the region of constants O=< A <1 are in a asatis-
factox;y agreement with the exact results of [2] « The agree-
ment is particulerly good ~ 10% at A< 0.3;‘ whereas the
weak-coupling expansion is applicable in the region A < 0.01,

2. Su:ﬁzmtion method

Write the genera.tlng functional Z(j K, M, L.) for the
%t? ~theory with the sources J,K, M, [, [43 .

exp{i— g(j,K,M,L)]J = NJJ’})LP-exp{i— [SC9)+F(x)} P () +

K (x:4)90x) Big) + 4 M{Z, 4, 2) 9() P(y) Pia)+ s} .0

- where S(LP) is the claseical actiom of 3‘-}’" ~theery,

S(¢)=% LD(IH)"P(@‘P(HV 7 3¢(x) | (2.2)

Here and later, if there are no special reservations, we in-~
‘ ot
tegrate over repeating srguments, N is the normalization

constant, and the operator E.Dd is defined ag
v e ' gy
D (% y)=-(0+m*) & (x-y)
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Let us pass from the independent va:riables J,K, M, L, to new

independent variables LP(:)— 23(;:) » b G(x g) Zj(x)j(g) ;

iaH(x,g,z) EZU(:}J{Q)J(E); ;oo =- ZL

by mesns of the fourth order Legendre ”tra.nsfoma’cion [3] :

IFW:G:H'S) Z- W"‘“‘P‘P ?_KG- L Mgy -
: (2.3}

-—MG‘P~— MH-L-S

Here and later, if there :i. no special need, the integration

variables axre omitted.

varying [ (¥,G,H, s) by the variables lP G, H and S
we obtain:
fp=-J-K¥- £ M99 -3 MG ;
(2.4)

fe-iM; Ge-TKR-GMY Re-L

The complete set of equations determining the generelized ef-—
(2.3) has. been written in (4] and

~ fective potential I"
has the form
b et g9t 2
S-s¥)-30 G-—-—GL? -
£ he 3 ‘
- %—Ga * H‘?" — ({") 'Z:ma: (2.5)
- rs){ub x,9) g+ & [9(x) + 26 (mx) Pex) +
*(‘i_.“) i H(=, >, I)]lt = r‘q’(oa) (2.6)
. 5 _



595 i 56)+ 2 ) Hiest )

+iQtP(x)(P(z)G(‘?-»9) + L Q) G (z,4) Hiz 4, y) -
~ Q) H (3,t,u) Zo@)y3(8)7(9) I (9) (2.7)

;31
O‘E"_H(:x:,g,t)s(*lri)* 'LQG.(x,g)Lf(t) G(t,z) +

) Q (2.8)
"o 90 (4u) it 002) - Qo )i, 0) a4y 10300010

O“QH(x.g.zwm) Glut)+i Qg 6w Hiwv, ¢ -

”'QH(;e,g.z)H(u,-v,w)23(}*)3(”)3(“’)3(’1) (2.9)

h -1
T QAa = Tas Tss Ton- Tan _ . (2.10)

In the set of egs. (2.5) - (2.9) the qua.nt_ityz,sjjj is
left, which should be expressed through derivatives of [
by means of eqg. (2.9) and substitute in eqs. (2.5) - (2.8).
The set of equations (2.5) - (2.9) completely determines the
functional [

From the Schwinger linear equation (2.6) follows that
the genersl solution can be presented in thée form | =S+F

where F depends on the invarient varisble

S 2 Ses(g) Bgyie  Th oot BT e G
S=S-5(9)-20'6-Lou-Let- Ly (2:11)



and the variables G  and H (see [4] ). Then egs.
(2.5}, (2.7) - (2.9) will be written aa

g- I?L (ﬁ } i o (2.12)
s 5L %ha
=1 FG FoH-57 F Zyga (2.13)
0-2F, 6+ i
T4 H TFH“QGGH‘QGH 23333 (2.14)
- tqh
Fe*iQguH-Quuy Lo (2.15)
' -1
where Qﬁg"h Fﬁ F FE - rﬁ's (2.16!

and F  demotes the differentistion with respect to o
(2.11).

As has been mentioned in ref. [4] , the functional F .
depends. in fact, on its variables in the combinations S /G

and Ha/Ga

F(§GH)=§—~tzP_ G.,@(_g_a Jﬁ) (2.17)
EA 2,4 n G‘" t GB

(see eqs. (2.12) and (2.13)) and, hence, it is quite enough
to gingle out from the set (2.12} - (2.15} an equation of the

type F where higher derivatives of F are on the

G':Q\\ }



right (3] . Muitiplying (2.13) by G and (2,14} by H ,
subtracting them from each other, and then substituting
from (2.15) and (2.12), we obtain the desired equation:

2 =16 HQuHG - R G 'HQ, HG 'HG ™

+8LhG.{13333 OHG HG.-Jr -
-'-FGAE:;:;:I:I OHH lJﬂJIJ Gd‘

3Lh G HQHH z/:1:!:::l G HG

(2.18)

The sign . 1 demotes the integration (summation) over
argument. In all other cases arguments integrate {sum) in
that succession in which operetors are written.
From eqs. (2.14} and (2.15) the 1, ., 1is
) i
N HY Qe [Q"G_Q QueH
_ 3..5533 31,,3 tz(Q G) Lt'l(Q- Quc,H) @) t‘L(Q-1Qu(',H)] (2.19)

.,
where (' * is defined as

. . i ‘
Qhie,p, a0 Q zu..v,ui s,,2)° € [8lx-5)8(p-t)5(q-2).] (2.20)
and

te(Q6)= Jr'Q-'(t-w,?;]y.s.y) Gay) dx dy'



te (Q.1QHGH)E IQEx x,% [y Ut) QH(U-,V.t)G {p.9) H(P,q I)d.q(x,u,u,t’m)

Eq. (2.18) is solved by the iteration method proposed in [3]
Its ides consists in the expansion of F  in series of G—
Let us write the expression for F up to the fifth order

-1
vy G inclusively:

Felinp G i - __(_‘Lﬁ)ei_ _xu8 D (2
ER AT 48 \gqn / 3 8
where the following notations are introduceds

X

y
2G| K, F 8y s(x-) 8=

y t

A =, B G x) 6 (2Y) G (x,2)
X F4 :

N

If we conclude, proceeding from the theory symmetry proper-
ties, that in the ground state Y,0c=Hyoz O, then we cen ob-
tain another equation defermining F'

I . 1 ____i___.. (2.22)
F=os (w) 4tz (G'Q™)

In the spproximation (2.21), sllowing for Coac = Hyvec= O,

tz(GQ @ (1+x) (2.23)

~ [ . =
26 —-@—— E3 anas=-s-%z>'(;-3—§—oo

where X =

O
and Fa vk @ _xdx (2.24)
T 5y j 1+ o



The integral (2.24) sums up en infinite number of diagrams of
the type @ and @ «» Such a summation is in meany res-
pects. alike to the Hartree approximation where an infinite se—
ries of "bubble" diagrams is summed up, or to the random phaze
approximation ("rings" are swmmed up). In our case the intro-
duction of the scalar parameter g {2.11) has allowed to
sum up in a similar way an infinite series of diagrams of a
definite type by means of (2.22). This is the basic ides of
the diagram summation proposed in this paper.

The effective potential [~ after the integration of
(2.24) will have the form

. 2
r-=S+F=%D“‘G+§:;'t'LEnG+‘g‘; oo+

%f‘nz @2 Lh @
+?6“ 3 x+5q @a {2*8n(1+9€)}
: (2.25)

In the ground state the quantities G o, and S,,. are
determined from eqs. rS =0( [y =0}, FG = 0°(2.4), and
the energy difference betiween the vacuum states of the full

(3 £ 0) and free (9 0} theories is determined by the for-
mula [3]

- . A (2.26)
-&(g) [dt = ./S=Sm_ L e %tz?n@
G xGvac
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3. Anharmonic oscillator

Let us now déiscuss the cade when the space dimension i3
4 = 1 (anhermonic oscillator}. The formula (2.25) derived in
gec. 2 sllows to calculate the ground-state energy (2.26) a8
a coupling constant funciion (in the approximation G =D )
which can be compared with the exact results presented in [2]
In the weak-coupling expsnsion the ground-state energy
é(ﬁf)’ ag a function of the interaction constant A, agrees
with the exact velue &exact  to within 0.06% ai A ~0.01 [51
With the increase of the interaciion constent A the accu~
racy gets worse with the increase of the approximetion order
(see fig. 1). For example, at A = 0.1 in the third order by
A the sccuracy is 1.86%, in the fourth order - 2.45% etc
(the minus sign means that the point €4 (0.1) is lower then
6ramct(0_1)) *
The propeosed summation of diagrams éllows to peneirate in-
to the region of stronger constants.
Let us write the Lagrangian for the anharmonic oscillator

in the following form:

. y
_ mx L _mwx g x

The green function Z2) (-f;',t') , corresponding to the line
+ +' in the formula (2.25) diagrems, is

Siwit-t

Dt ;i'):a—j-n-z)[@(t-t‘)g IRNY eiw(t-t')]

(3.2)

¥ 11{{ " =0.c these accuracies ire 18.1% and -45.98%, respective
Yo
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Hsing (3.2) it is not difficult to csleulate all the types of
graphs entering the expression for the ground-state energy
(2.26) '

B NI N N T
—femco)a‘ ? Riw)(emw )l:’ b e-(Eiw}z(emQ)G (3.3)

From the stetionary condition ry. = 0 we have

x -2 8 1 (3.4)
e g4 © a8
ai 8
or, taking into account (3.3)
x, . 21A {1 (3.5)
vac < 4 _f—*a—tg._ ZA
where a convenient dimensionless parameter is introduced
A= 4 (3.6)

4l mEd
The energy difference between the full ( A # 0) and free
(A = 0) theories (2.26) (see (2.25) end (3.5)) is given by
the formula

~ (3} '

& (7\).‘;2_7\ 4 Pr (,f+277\) (3.7)
o 36 "7 an |
As is geen from fig. 1, though we have used at calcula-

tions diegrams not higher than the thir: order by A , the

accuracy we have obiained is much better in the large region

( A £ 1) as compared witk the third order of perturbation the-~

ory (see curves 2 and 4 in fig. 1). The table with the Tresults

12



of the comparigon of our aumpation and the third order of the
standard perturbation theory with exact values [2] is given

below. @) E ® (M
EV_ A, SN
The values £ = 3 + o

indicate thet the formule (3.7) mey be applied in a wider To-

presented in Table 1,

gion over A than the standard perturbation theory.
We have summed slso the diagrams of the fourth order over
A . For that purpose we have had to calculaie F o (2.21) uwp
4o the seventh order over-G~ W . In this approximation the
relation (2.24) is replaced by -

> . .
£t =2 J %®dx (3.8)
54 @2 142+ Ax ®
where
A=-1+31 Q[@*H@] (3.9)

Here is the expression for disgrams of the fourth order,
contained in (3.9) for an enharmonic oscillator (3.1):

- % fdt -1 fdt (3.10)

(2iw) @mwl® (Piw)@mw)®

; :-ﬁ_ L4 . ) am..} (3.11)
Las 122{{“277‘ (fegb V-8 1



g“‘(’m
24,4
w Ca Mg MLvac 135{8“( 27 XVM)“

a+

_18 azctg (___“63_. Lvac )}
B Vie3 g &2 . (3.12)
It is seen from (3.11) that the stationary point in this
order exists for A X 0.201 only. However, in any odd order
over A  a polynom of the odd power over G will be pre-
sent in denominator (3.8), and, hence, Xyae - will exiat in
any values of A . )
_ FO_4, €7 (W) ;
In fig. 2 the dependence ¢ S BEYTEE (3.2) is
T
S8V 100% ~ 2.3% and et
Eexact

A = 0.2 the asccuracy is 6.1% whereas the corresponding ac~

presented. Note that at A = 1

curacies in the fourth order of the standard perturbation the-
ory are -2.5% and -46.0%.

In the standard perturbation theory an oscillation of
curves occurg at transition from order to order, i.e., curves
are now above, now below the exact curve, And each successive
order gives a worse accurscy than the previous already at

A = 0.1,

It is seen from fig. 2 that the summation proposed in
this paper allows to get rid of curves oscillations apd im-
proves the accuracy at transitions to higher orders., The de-
#2iled proof of these two facts for higher orders will be
published elsewhere. It should be glsc noted that

En(?\)—\,q1+ E-, Enh when A e—e oo

Such a summation method may be applied in non-linesar
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field theories and in problems of gtatistical physiecs.

In conclugion the suthors wish to thank 5.G.Metinyan and

0.M.Khudaverdysn for useful discussions.



Table 1

91

0.1 0.2 0.3 0.4 0.5 0.6 | 1
0.5591 0.6024 | 0.6380 | 0.6688 | 0.6962 -|-0.7210 | 0.8038
2
0.5696 0.7115 | 1.0507 | 1.712 2.8203 | 4.5005 | 19.4375
1.9% 18.1% 64.7# - 156.0% 305.1% | 524.2% | 2318.3%
0.5724 0.6418 | 0.709 | 0.7771 0.8437 0.9100 | 1.1726
2.4% | 6.5 11,26 | 16.2% 21,2% | 26.2% 45.9%




g g

Fig. 1 Graphs.of the dependence 6f ground-gtate energy on
1 1s the exact curve (2] . 2 ana 3 eve the third snd
foﬁrth orders of the sﬁandard perturbation theory,
respectively; 4 is the curve corresponding to the

formale (3.7).

\\
%

¥

et
.

w0k

L‘ at % A

Fig. 2 Curves 1,2,3 and 4 correspond to the seme curves &8

in fig. 1; curve 5 gorresponds to the formula (3.127.
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