Slex RS T
i )

& bi'bd.u‘z.b M.QM U8k  hPLUSESARS
jjf;EPEBAHCKHH wn:—smmcmm HHCTHTYT

AL MIGDAL

~ LOOP KINEMATICS

L SN



BEd-5685(72) -b2

A wmar™

HEMATMKA [ETEID

BpomATCA OCHOBHHE OMEpaTODH, mefACTBYwaME B MPOCTPAHCT:.
neTens, OOCYXIAETCH TONOJIOTHA DTOTO MPOCTDPAHCTBL ¥ CBORC'. i

neTyeBHx JiyHKIMOHAIOB CTORCOBCKOTO T¥ma. Pasp faTuBaemoe agec

napameTpEIeCKA MHBADHAHTHOE HETAeBOe KCUECJe:#e NeDuAb3YeTcA
B IMHAMWKE OeTeN: .

EpeBaHcKuil (m3MueCKH# HHCTHTYT
' Epemau 1982 ‘

i
£

x) MHcTaTyT Teoperwyecxoit gmsmxx .. J.JIanmay AH CCCP,Mocksa

BT Te Otk
B van -



BDK-585(72)-82

AvAJHIGDAL "
‘LOOP KINELATICS

Basic operators acting in the loop space are introduced.
ie opology of this space and properties of the Stokes iype
Loop iunctionuls are discussed. The parameirically invariant

~. » culculus developed here is used in the loop dynamics.

Yerevan Physics Institute

Yereven 1982

Lev.Dandau institute of Theoreticel Physics, lLioscow



w

- IR-885(72)-82

A".A- .!“L

LOOP REINEMATICS

Yeravan 1982



, © Epesancxuii gusuuecxuii uncruryr, ?9@2



ITI. Locp Kinematics. (m) -. -

=

In this section we classify loop fié}islagd stgq% the re-
lated topdlogy of loop space, introduce the‘ba?ic_opérators
Whiéh describe the motion in this space and invgstigatg vari-
ous properties of these operators. . :

All these kinematical relations will be ufilizea later in
loop dynamics and in the string solutions of the 1loop syuations
The geometric language (loop calculus) not only simplifize no-
tatidns, it helps to visualize the motion ofuloéﬁé.;/itnGut
this loop dynamiecs would be ascumberéome as thgvsié.a?:fnfba

1ie

tion theory in L.Z.D.
Loop Space

A closed line in co-ordinate space can be (agscrin«d by a
periodic function
. - - J-' £ 5N
C: Xu=Cu(t)=s Cu(t*T) 2,13

;

The parameter t is callad the proper time. 7t can he ahn-

sen at will, say it may be identified with the 1ength(a{i=\ld

-
PEEAN

o J‘

for our purposes, hovever. it will be most convenient not to
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.specify the proper t:l.-a at -fall, a:lnee our funct:l.onals .111 be
. ' parametric 1nvar:!.ant i :

Cp(t) — C.F(F(t)) ».(2.2)_ ‘
FW) >0 e

The latter cond:lt:l.on -otns tlnt 'the everell order of the
points orientation et the ome 1- m'elnrved " It. 1= important
since noncommting A utrice- w:ul be ordered along the curve,
So we may define the loop as’ e tel!.ly o:t periodic functions
which differ by reperenetr:lution- proeerving orientation, By
definition each loop renresents a po:lnt in loop space. There
fore, the loop apece 1e e epece of periodi.c functions factori-
zed by thereperametrizetion euhspecejhra-gtric invariance is
of paramount importance for the loop dynamics.

Later on, . in rranework of str:l.ng theory, this parametric in-
'variance will be part of the general covariance of the string
dynamics. Hers we develop a special loop caltulus 'which is mani-
festly paranetric invarient. Whenever you insist on something
yeu looeeAsonething else,in our case we do not care about smooth+
neas'offfheiloop. Only the continuity is important,, =ince the
'origineicgduge invariance would break for the open loop. The
'heuristic roason'for including irregular lcops is given by the
interpretation of loop as a quark world line. The dominant
world lines are irregular in guantum mechanics. The loop may
also interest itself., This turms out to be important,so we dis-

suss the self~intersecting loops in some detail., Self-inier,
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sections occurfat-ali.the‘points where
. P 2.
Cp (t,) = Cp (te) (2.4
but t, % t, (mod T) (2.5)
There may be mmltiple self -intersgctions correspornding to
several coinciding co-ordinates C(t,) ...... .. C Cte);
Self-intersecting loops enter the equations of quantum
theory, so we cannot neglect them.

In this sectlon we discuss the kinematicdal aspects of self-

" intersections’ ] i.e. the topolog; of loop space.

- Classification of ILoep Fields

Let us cla531fy the gauge 1nvar1ants assvuciated w1th varl-

;ous loops. Phe 31mp1est of all ‘is the famous “oop field.
- I R ) ’ *
P(c)=x tr VU'(Cxx) (2.5)

' u
U(Cxx):' PQIP(J—AﬂdX ) (2.7)
Cxx
As was already mentioned, the function (;N ({) need not be
differentiable, so0°’ dxﬂ :,ECJ“ dt . In this case the loop
nroduct can be defined as follows:

U(cxx)-&m (1+A(x)dx,). ... (1+ A(xk) dzic)

Here Xk = X(tk ) are ordered points at the loop

(2.8)

X -_.xJu x’ _.and de= XK+1-XK

An aliernative definition reads



o "I‘here are - pomts X, .

u(c..) gdx"’ jd ) Ia =

c" C"" ° (2.9)

*ﬂﬂ(‘d . . A px (x..)

I‘he path Cab :ls defined as part of C from q to L.

ee s X g at Coo. One may con-

b':,‘:.sider theae points as points at a unit circle in the complex

L ..'plane. " '

Z = exp (2% t /1) (2.10}

: *Due to periodicity C_,.(t) can bs regarded as s single valued

t-”':'.-.i’unc’cion of Z . Note that the loop trace (2.6) does not depend

_‘ _-_A.;'Q?l the .qnoice of the origin t* 0 of parametrization, This loor

c .;gi--ace-deéend'?’. on the. loop as a geometric object, rather than or

' 't.hé -.ful;lc-t.ib'n C’,({) . The geometric language will better fit the
- purposes of loop dynamics. From the geometric point of view

the loop C is the mapping of the unit circle into the Bucli-

dean S pace,

Such mappings can be classified according to the winding
number . ., The loop mAY be transversed .n times when the
point goes along the uni; cirecle. This can be described by
introducing a complex variable Zrt or the proper time ni{ . We
denote such loops by C™.

C™:  Xp = Cu(nt) (2.11)
Negative n would correspond to a reoriented loop, In parti-

cular. -4

C 0 Xpu= Cp (nt) (2.12)
6



Consider the multiple loop traces. They can be expressed

in terms of powers of the loop product.

<P (Cn) - '_‘:‘_ tr u'l (Cxx) (2.13)
Prom the geometric point of view this winding number  may-
be an arbitrary integer, but ir the gauge theory <here in cnly
a finite number of independent fields ¢>(C“),cdrresponding to
the number of independent eigenvalues of U . Namely, in U.(N)
gauge theory there are N independent eigenvalues, all at the
unit cirecle, znd in Sll(N) theory there are (N-l)independent
eigenvalues,due t¢ the unimodularity conditiou. Ty ths .ay note
that these eigenvalues Ly themselves map the loop onto the
unit circle 'so altogether we have the mapping of the unit circle
onto itself, This is so far as we disregard self-intersecting
loops.,
With self-intersections the set of invariants will be much
richer, Congider the loop with petals

‘all starting and ending with the same point.

-

In this case one may 1introduce winding numbers as follows

R4 ﬂz A Ag my, . mg A ——
dlCc .. SCCTCT LGN
=—tr[u"'(c Jufe (o). u ()., ]

The petal C,, is transversed f times, then Cais transversed '
N, times and so on, but after the last petal is transversed
tL“ times one may start all over again. Therefore, winding

7



":'nnmbers is not. enough, and one has to introduce an infinite

- number of winding numbers.

y ‘ This rich set of loop fields contains«»N degrees of free-

“ idqn‘es¢the following simple counting shows, Let.us use invari-

.anee'of the. trece and'perform the unitery transformation which

. diagonalized, eay,?iéC')Thie unitary transformation contains
NZ- N gauge parameters, which in addition to N eigenvalues

":Sdescribe the unitary matrix U (c,)[in the SU(N) case there

will be (N—1) eigenvalues and Na-N gauge parameters ad-
' ding. up to (¥2-1) parametersﬂ(c. 3The total number of parame-~
ters in. all matrices 'U.(C ) ) U.((K) will be
K(N —1)in the SU(N) case). Substituting the number N°-N  of
gauge parameters we find (K-1)N +N independent traces in the
“U(N) ase and. (K=1)N2+N-K in the SU(N) case.
<Explicit kinematical relaticne between the multiple loop
traces- were written down by Mandelstam. For the reader's con-
venience we reproduce these relations in appendix B. It is
interesting that a product of n(> N) loop *raceg in U(N) or
SU(W) reduees to the superposition of .lower products with n=1,2,
s, N in virtue of these relations.
An unpleasant property of this reduction is the presence of
arbitrary "wiree" bonnecting loops.k The independence of the
;product ot the L. H. eide of the. form of thege wires implies
,some relations ‘betwegen the. loop. traces~on the R.H. side.
- Je do not. diecues these relations in .the basic text, ;8ince
‘fnohutilization was found so far. ’
As for the above counting the 1mplicafione of it are purely

negative. but important. We dee that at N-~comost of the deg-

8



rees of freedom of the gauge field‘aﬁe'hidden in the self -
intersecting loop traces. ilould we forget about them, we would’
deal with a theory with O(N) degrees of freedom.

 _ In this case there would be nolhgéd for loop dynamics;.

| éihce the direct saddle point method would be applicable.Later
we shall see that most of the loop dyhamics is related just

with self-intersecting loops.

Stokes Ifype Functionals -

- The motion in ordinary space is,described by a trejectory
X(t). This is a sequence of points labeled by a parameter t.
The given ioog ¢. Jjust describes motion of the test particle
in co-ordinate space, as we shall diScEss later on. Now we are
going to talk about something else. A given loop represents a
J-point in loop space, So we may introduce the motion in loop

" gpace as a variation of the form of the loop. In other words
:lfwe go from trajectory to trajectory rather from point to point.
In principle this can be described by standard functional

‘. analysis, but we prefer to develop a special language (loop

‘. 'caleculus) in our case, One reason why we do not use’ the func-

‘ ‘-Ftional derivatives & 4) /5C (t) is lack of smoothness of
- our loops, The cusps and self intersections will play &n im-
;3‘tﬁOrténtIrole-below. The ordinary functional derivatives do not
";:éﬁactiin'alméthematical sence, This-wbuld not stop the physi-

' :;ciét wére it not for the second reason. The second reason for
' ?:5B§n&oning the ordinary functional déiivativea is the paramete

‘JEiéfinvariance. There. are aome'special'pfoperfies of'parametric

9



invariant funétionals, whiéh wouid énable us to go much fur-
ther than with the genarailf@nctionals; It would be difficult
to utilize these prOperties'with the standard language. This.
is why we develop loop calénlus;
T& be specific, the loop functionals we deal with have
the following form. o
So “ ( )
- n
F(c)—zgdx gy - (ax ) o
h= n
(2.15)
Coo Chio . n, 0

X F(Ju‘,x,, a4 oe Jun:.xn)
This is the same as for the loop £Reld (2.6),(2.9), but with

arbitrary coefficient functionSfFfin place of the traces of
the product of gauge fields. The.origin Xo of parametrization
at the loop is irrelevant since the coeffzcient Punctions do
not depend on Xo, These functlons are assumed to be cyclic
symmetric, which is not a restriction due to the cyelic sym-
metry of the integral. Another property of . these functions

is implied in (2.15) comes out to- be crucla 1, ,These func-
tions depend on the points_Xi,in ‘Euclldean-spacevrather than
on the trajectories C(t).in thia»épace..In,othér words these
are ordinary functions rather than'functionalég In the inte-
zral they enter. at the loop.c;=but there should be some simp-
lifications due_to-thehféct thét'they can be analytically con-
tinued from the loop to ordi;ary space, This subtle difference
is diffieult to utiliZe in standard functional analysis since
the functional derivatiyes’of;(2;15) would act at the arsments
(:ﬁ“<(t ) of these funétions as well as at the derivati-
ves Cp in the 1ine elements dXu = Cudt The

10



loop czleulus is désigned in such a way as to fully utilize
the independence of the coefficient functions on the form of
the loop. The functionals which can be represented in this
form will be refered to as .Stokes type functionals. The rep-
" resentation (2.15) can be viewed as the loop spacé analogue of

the Taylor expansion.

F(x)-= Z Y .- " (o) (2.15)
In the case of Taylor equn31ons there is the corresponding

identity.

Floc+y)= exp( ) f(y) (2.17;

with an explicit expre351on for the shift operator. Something
like that can be derived in loop space. Namely the following

identity is proven in appencix C

b (cr)= Teacp(_fdeuD (x)) (1)

Here D (OC) is some nontrivial operator in locop space, de=

(2.18)

pending on area and path derivatives., These derivatives will
be defined and discussed at length below. At the momenu it is
important to realize that the operators D,)v (:c) do not de=-
pend on the loop: G. This loop enters only as an - integration
domein., By sétting " to zero, i.e. to the infinitesimal
loop, and expanding the exponential we arrive at the represen-

tation (2.15) with the coefficient functions.

F(Xi, ... Xn) =D, (%) - Dpn (X2 ) P(T) (2.19)
Here in what follows we denote the infiniteaimal loop es

I rather than as 0, since it corresponds to the unit loop pro-

i
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duet U, The relation (2.19) is the loop spdce enalogue of ’

y
IF
i

the relation between Taylor coefficlent and deriyatives of the

|
function. Note that the straightforward Taylor expansion of %
S 3

the functional

b (K (t) = 2 o fdti. [dtn

n . (2.20)
. 5 db.‘_ .
x X 1 —
. J"'(tl) ses e Jun( n) ~——
_ Sxﬂ,,...-éxjun
would not be parametric invariant. So it would not be a

Taylor expansion on loop space. Since the functions Xj@differ-
ing by'fepresentatipn are identified in the loop space, but not
in (2.20).

Area Derivative

Noﬁ"-we start investigating infinitesimel variations of the
loop. The general variations_~reduce to the répeated addition
of little closed loops., This statement will become clearer be-
low, - Let us first investigate the variation arising when one
little ‘closed loop is added. By this we mean that the loop C

) . ”~ .
is replaced by the product loop Ca a Cx=x defined as

follows.
Cxx® Xu=Cul(t) C(o)=C(T)=X (2.21)
éx'x P X EJ“ (t) C(o)= ((:F)'*x | (2.22) ‘

v(t) oststl 4
{C"() t=t (2.23)

Ep ) TeteTs

Cacacaacx X =

12



In other ﬁords, the product loop CEstarts as C:r.x,continuea as
e:z::z; at the common péint and then returns to the sSame point.
This is a family of periodic functions with two periods. Note
fhat in general the product loop contains cusps at X even &t
the loops C, 6 were smooth.

Such cueps produce infinities in the ordinary funetio-
nal derivatives but not in the area derivative., The latter is-

defined as the leading part of the variation of the functiomal

F(Cxac Exx) - F(C:x::lo) 6yv(c)66 9( ) (2.23)

The area element 6Jw (E ) is defined as follows

6};0(0) = dgogﬂ. (2.25,

This is the second order 1.nvar:!,ant. The first order

S dy, = - (2.26)
vanishes for the closed loop. In the general case there would

be higher order invariants® 1like

;fd':fﬂ Yo Y, (2.27)
C ~ -
‘but at the infinitesimal loop C we are left witl. the area ele-~

ment. The area element is antisymmetric

$Sayt 564, 5% i&lﬂd‘dg t4,dY, =% jd(ﬂﬁy\,)téz.za)
¢ &

Therefore the symmetric part of the tensor is not

SF
. 86"19
fixed in (2.24). By definition the area is an anti=-

13



symmetric . ‘tensor aatisfving (2 24), By faking C as the
little square in various }f_ planes we may determine all the
components'of,the area derivative; So this definition is uni-

-quey

: 3Han&elsfamfrormula

Léf‘us célculéte‘aréé derivatives of various functionals
to get. used to this notion. Pirst of all we find Nandelstam re-

lation » ‘
. r: xx rbav{Z) U
66}1\!(3‘.) _ o ( ( xx)
This can beieasily derived in the Schwinger gauge

(Yp-Xp) Ap(Y)=0
rhis gauge implies the polar coordinates with origin x. The
radial component of the gauge potential vanispes., The linear

term in fbp(_) near_the origin is related to the field strength

in Schw1nger gauge |

Ay(Y) = FJW(H -Xp)+0(Y- oc) (2.30)
This gauge is analogous to Rieman's normal co-ordinates in cur-
ved space. The relation (2.30) can be easily checked from the

definition

F.. y)s ELE& - EéfLy + | A 2.31

Jﬂ\‘() ax.m axe I-. M AQ] (2.31)
Only linear terms contribute at Y =3¢ . For the higher terms in
(2.30) see appendix C. We do not need them here.'All we need

t0 obtain the landelstam relation is to expand

W(ed) = (1+ [And=™) u(c)

14
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Area Derivative of.Léngph

Ae a next exercise let ue calculate the area derivative of

' the length or the Yoop’

el yr"* DER

.ﬂ;Formally the area'.erivative does not exlst since the leagth or

'ff;the 11ttledloopbc; 13 not pronortional to the area element How.,.

;fﬁjever there:iﬁ a class of regularized.definitlons of- ‘the lenvth ,

d? for which the. area derivativee exist and do not depend on th’?}
‘form of resularization. NamelY U - i

(2.33)
|ClR¢g .(d"r Id"ﬂ AFV‘ (“ x) )

l,fwhere the reau ator,function is normalized as tollaas ) _.'

ECE R
(2.31)

The woaveniional parametrization here is the proper length as

Gy, the cunstraint.
Ch (1) =1 (2.38)

One may easily cheek that in virtue of (2.32) the regular1-~

zed definit:lon of. length reducee to the etandard one. a:l: /\-'—“




for .t’h,_e:', smooth loop.
In j_tli\e'caée-o‘r.a self-intersecting point there would be ay
ad‘ditié)pal contribution, which however, tends to zero as A",
. ‘fhis i’s': s0, since both x and X vary in the vicinity O( I\")
of the gself-intersecting point,
7 uhth the regular point only x-x €S 0(/\") 8o the con-
trlbutlon is finite._ Only in the casc of a self-intersection
nlll the. regularized deﬂnitlon dirfer from the standard one. |
‘, As for the araa derivative of the regularized length, it
is calculated vuthout problems, since this is 8 Stokes type in-

tegral. _.Ve find from the ordinary l‘aylor expansion

Stcmfﬂjdxﬁ fdx.pAF(A (=-%)°) =

Ejdxﬂ.(xo xo)Adeﬁ F(A (z-2%°) (. 393

_ : ~ ) ;2 A2
U 60 (€)1 [an 22, (X(x-2)")
The calculation at? /A — @© for a smooth loop pro-

ceeds ag follows icaret ,l...l stands fér antisymmetrization)
__Lseg aA_{o\x%F(/\(ccx))
=L|A‘5dxﬂ (x- %)y o FR(x-x0)®) —
< e '
d .
=L‘AAth(C°+ oI (Cot ECt)v /\t) (2.40)
< 4AS (C (t o () Co jdHF (A7)

= Cultl) Co lty) /\jdeF(M )= Cp(to) Cu(t.)

[



Intesmtim‘ by parts using the normalization condition
i was used in the 1331: line. o . : :

oo for the smooth curve the area derivative of. length re-

'vduces to the oriontation H’nsor in the local tangent plane.

o Pinally, let us calculate the area derivative of the gene-v_
"'A.I'ral ansatz (2.15). By definition we have to. replace C by :
'Cocac &a; in the term. How the points WL easr Lp
"are ordered along C c produces additioml contributiona. We
. fhavc t0. consider two' possibilities. ' '
'_'i) One of. the integration points X} varies inside C;
ii) Two adjacent integration points very inside E .
o The coutribution from three and more points inside c
-would yield cubic and higher terms 1n its size. Ve are inte=~
'rested in the quadratic terms ~ 56mv (C) The linear terms
;(2-._2_6) ‘vanish identically as explained before. Naturally, in
"th.e- 'confribntion'trom'our integration point we have to expand
in (:x; x,) to the linear term, in order to obtain SGJ.,;
'In the contribution from two adjacent points we replace the

integral by it's value at X, which would yield ’

def‘ .[d"v def‘ xl= 286y (C) (2.41)

An explicitecontribufion from these two alternatives lead in
the nﬂ‘ term to
MNe JM3 n.

Ceo Czo Sn-1,0 2.42)
17
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with the vertex

° _

TJN (:x) = 5”{ aﬁ - 6,.‘,.. Fyt (2.43)

and

. . A )
) N T M2 .
fdx_,;“..(. jdx"" Ta v F(U.x.j,ﬂg x,...Ju.xn) (2.44)
Coc. Cn-i, '
.1th the vertex .

T ,;Sw..S_:e"-Se- S (2.45)

nt a f‘irst =rlance we have to multiply these contributiors

L _.by the number n of 3oints, but it is not so. Remember “there

was. an arbltrary point L. the origin of parametrization of

' ~-.*the loop. .‘hen the little loop Cz.xo is added,. a natural

‘_origln am)ears, 80 the noints x, Ve m,,, are ‘now ordered .vith
respect to the joining point Xo . The.naive insertion of
the llttle 100p in n. loopvi'ntegrals-'wc-:.uld lead to overcount-

ing. By the way, ‘this insertion is formlly forbidden in our
notatlons, since only the noint ac » varies at Coo, the rest
of the points vary at the~ remaining piecss C,o .

Let ﬁs return to our. expressio.n for the area derivatives.

It is M;;nconvenient to carry all the indices and a:;-guments, s0
we adopt the gzraphié notations; the same as in gauge theory.
The loop C will be denoted by the oriented solid line, 1like
the quark propagator, but no factors will be associated with
this line. The coefficiant functions will be denoted as the
gluon Green's functions .

18




n

F(JN,I, I Jul'l xn,) (2.46)

Note however that they do not carry eny color indices, and‘are
only cyelic symmetric. The amsatz (2.15) in this not aofion
becomes

Fas

(2:47)

‘The vertices here correspond to the line elements

,The area der1vat1ve in the same notations can be written as

follows

s F
664.4

T P ’ (2.51)
u v _
This meneralization of the iiandelstam relation (2.23) for

an art ary functional of the Stokes type. In the case of the
loop field these vertices were genersted by the lirear zand auad-
ratic terms in tha standard formula (2.21)for the Tield stren-th

It is important here that these vertices arose withcut any rao-

19
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ferendgvﬁb_gauge-theory. This 1s one of the basic elements in
ceconstructing the loop diégram technique in loop'dynamics"

Area Derivatives in !erms of Functional

Derivatives

_Let us establish the correspondence betweén'the.érég:deri-;.'
vative)énd the ordinary fuactional derivatives in cases wheré”_'
the latter exist. Comsider the definltion (2. 29) of the area
derlvative and let us find the formel functzonal derivative of I
both sides with respect to some point X -C,(T)belonging to the
little loop (; , : . f“_

Only the first term on the l.h, side contribates and on the1
r.he, slde we have to differentiate €5Juv ( T )- - in (2.2%)

There are terms

86,1\1 (C) =3 SaCJ“‘ ('t) C d't*' —XCJM(T)SCvdT

after integration by parts we £ind ' - (2452)
§em(@). L (s : .
_—= C - 8,. Cn) (2.53)
§C. (T) 2' e = * ‘

Therefore

§F(c) . 6F cp
SE; (¢) Séup (2.54)
for the loop field the corresponding relation is well known.
This relation in the general case may be used to define the area
derivative in terms of the ordinary functional derivatives. Na-
mely let us fird one more functional derivative of (2.54) and

take the antisyumetric tensor part. Je find

20
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& = §(t-v) &E |
SC.(t)SCp(t) 7 Seap (2.55)

Integrating over the small interval (t-t')with proper weight.

(t-t') we arrive at Polyakov's definition of the area derivative

+ & : ' -
SF = lim gdtt é:f_ (2.56)
88up €7O° i Sxy 1 (T+TH)Exp (T-T/2)

This definition has advantazes when the functional deriva-
tives can be calculated)&1rect1y, say in the case of length/c/
One may check the relation (2.40) using this definition. Note

that the area derivative satisfies the Leibnitz rule. *

S8 _ 88 p, a2 (2.57)
S S v S S v S&muv : T
as it follows from our definition.
#ith Polyakov's definition the Leibnitz rule arizes due to

cancellations in the integral

| . | | |
- (&2 13 L84 8B ‘
O-_i wde SIa(t-T/a) ngb(’cﬂ'/a) 5%, (4+7R) SxpltThe )) (2.58.

Note that this definition lacks manifest parametric - invariance.
It is expected to be racovered only at € =0 . is we know, in
gauge theories it is dangerous to use a recularization viclatine
gauge invariance, Some anomalies may he lost in the ahrence of
a gauge invariant limiting procedure. Thig ic why we profler the
oriéinal definition which is always correct.

Now we may redefine the Stokes type Functiornal as a -ara-
metric invariant functional rpesscising an =rbhitrar, number of

21



area der:.xratives B e S B ' The area deri--
-1 ' 15¢5n. '

vatives have to be s.gmmetric, as ordlnary der:lvatives

§ jg;* o ﬂg-jgg.ji'- <P (2.59) -

b 86.19(‘«') 66,,“4 Lx) 56,.;(&); 6?&9(9J

:This simply means that l:lttle loope 01 and G ~ at two diffe-
"' rent poz.nts x., xa can be ad.ded in any order. first C, and

- 5second Ca or vice verea. At the same tima the points cannot

'v:'_'be J.nterchanged, since they are ordered along the mop, there- .

sz*ﬁfqﬁéf@i?ﬂﬁfQLQ ¥;,£¥ﬁ :éft"sﬁv
Sédp(x-o) Séﬂ\,(:r_w) Ségp(a;w) 86Juv(:x:-o)

| Wheel), We are not yet prepared to discusa:this formula, since

it involves path derivatives.

Path Derivatives

The definition of the path derivative is even more simpis
than that of area derivative but it takes time to get used to

this notion, because of a certain psychologicalbarrj:ex',

22 .
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‘In the case of the loop f:.eld the difference between the 'L.H, S.

SORURUE AN SHATOS VR 5> N
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F.or readers familiar:ﬁith Jackiws ':trans,l'ati’ons' accdrriba’iziie;l by
gauge transformations we may say in advahce, that -t-h*e'.'path',‘.
derivatijre‘_ .represenfs-- th’e loop ‘apece ‘avnalogde' of this_‘..zjgotipn;
e shallinot;eiploit this_anélogy,vbusréther start_frdm first
prineiples. o '. o |
Consider flrst the function F ( r:;g) »' "of"fljié'. open
path r"ﬂ and let us add a 1ittle path l'gz .-t'o fhe' .end.'.
point Y . The variation of the funct:.onal in thls case may

start from the linear term

Ffey M gz) (r==9) (Zd' Hd)aa (rxu) '(~2'51ﬂ)

~

To hlghe'r \order in the size of the little path T s there
would arize like I Eddgp depending on the form of " T but
at 1nfinites:.mal _ r?,z we are left with the universal

term -

| Ty
Naturally,this expansion exists fora limited classof functionals

For some singixlar functionals the variation may start from terms

like j? Jdag-z = [T etc. Such functionals should be
regularized prior to differentialtion. By regularization we

mean the representation in terms of ordered multiple line in-

tegrals, as befoie. /ith such an ansatz the path derivatives

exist., Take an example of the path field

U (Tey)= Pexp ( [A"dx ) (2.63}
Txy '
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..L  Dlrect applicatlon of the definition (2 61) y;elds in this
{.case 4,=" , ,;?_';:.. o
3 (9) u(rxg) U (rxg) ﬂ (4) - - (288

"'-:In the same way

a (x) u(rmg )i‘.":..ﬁ-.::.‘,'c].f‘j’;‘.(.’ee).~"Ll(l'acg)."' s

The original definltion (2 61) tells us nothing about commu-

-';'tators of these deriv »ives. In general they do not commute,

.TCon91der the path derivatlve of {2.64). Applying the defini-

'ﬂtion (2 61) once more we flnd

35(‘:’)3 (‘.—l)u (r:::y) 'U.(Fxg)(ﬂ (Y )ﬂ ( ) 39@ )) (2.66,

": The commutator reduces to the field strenbth

[3"’(9 X (a)] U (rxy) F“” (4)  aem
'Thls is a manifestatlon of the general rule '

by s ey L SU (T )

] ,3 Y 'l.l r =2 = Y .6

[8(9) _, ()] ( xg) $Sup () (2.68)

_ '_The&oommuteto:~reduces.to the addition of a closed loop at
the;éhdfboint;{Awé'1ea€e'to.the_reader the formal proof based

‘ ;on»thefdefihitione_offthe area and path derivatives,
o 'Reiat'ion to. ﬁ'g_notional Derivatives

The psychologlcal.barrier'we mentioned above is related to
the fact that for- analytic curves-stralbht lines, parabolas etc..
another definltion seems more natural. Namely, one mey consider

in the Spirit of Hamiltoanacobi equation the point § or &

. ,:24



as. a. parameter 1n the equatlon of the curve r;:_s

Say for the strength line L - °"":)

One may dlfferentlate with- respect to th:.s parzmeter w:Lth- o

out changa.n,,_, the equatlon of rmg 80 to say, draw the same

curve from X~ to ':i +8Y. In the general case we do not know.

how the equatlon of rxs 1nvolves the parameters x, 'j more- - ‘
over, it may be nonanalyt:.c 30 that only an infinltesimal part o
of rx.j will change when Y will change “to . y+sy To’ save S
the deflmtlon one may ‘consider, say, the rotatlon of ‘the. curve.
around a° -or. rescaling etc., All such transformatlons reduce )
to contrlbut:l.on of area dérivatives and our: path der:.vat1ves.~

Namely, the general varlatlon of F(r ) reads

'(2.7"9;3“

In the same way, a,s.: with the area derivatives befc_re. ohe,
may check the equivalence of the formula to the previous de-
finition, 'Ne-leave this exercise to the reader. The meaning
of (2.70) is ObVJ.OU.S. I‘he body of the path r:r.g is snifted by
the integral with the area derivative, and thse end po:mts are
8hifted by the path der:uratlves. The last step is necessary,

since the area derivatives replace I'xg by the r:i:ﬂ with thé :

same end points. o

B 3 o | o (2:71). -
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ielation (2.70) is quitc useful., B2y taking various €;§J‘
corresponding to translation ( § § u =const), rotations
" T . '
(6 En= Wuof  )dilations (6 E = E-") and special confor-
‘mal ?;ransformations (6 E NT (8§ ’E V-E&)A‘)one may - derive
various Jard identities for the loop functionals in quantum

theory Je'll return to these identities later on. At the moment

let us note the relations

T

3™ (y) F(Txy) = [dt SE (2.72)
(4) F(Txy) S e

™  &F (2.73)
() F(Txy) = j t Fw

which follow from these identities. As in the case of the area
erivatives the relations may serve &s formal definitions of the
path derivatives with a bit of scepticism concerning the para-

metric invariance. The two definitions can be compared in the

case of length.

[Ty = [ Va - dei [&= (2.78)

My
According to (2.72), (2.73)

3" () | Myl = ﬁ,u(T- o) /JF= (2.75)
3™ (=) | racs“ = —Al::,u(i- 0) /J-‘_:: | (2.76)

The same -can be found' from the regularized definition

lrxg\"\jdgﬁ fdgﬂ F(aA%(%-%)%)

My (2.77)
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oy arplying (2.51)., e omit these trivial calculations. The
reader is advised to do them himself to understand better the
meaning of path derivative in the case of length, as we see, it
yields the tangent veector at the erd point. IThis m=e2ns that »d-
ding the little path?@g in any other transverse direction wculd
yield zero.Only the path?‘y; continuing the original will contri-
oute. However, this is not a general ruls, as ws have seen by
an example of the path field (2.563). There all the little paths
including the o:es orthogonals to [' led to a nonvaniciinzg con-

tribution (one more reason to includs irre_ular potic).

ohift of a farkzsd Point

As a next step let us consider a e¢losad 1l-up szend annly
the path derivative to some functional dependir- on (:gtz:. Here
the point acts as a bezinring as well oz the znd of the

laap, so it should be shifted twice

F(rexcxocrmz)- F (cxx) =(24- Xd)’ad(gc) F (2.72)
Take as an éiampie the path field (2.63). In this case

() U(Cae) = [U(Caxa), A%) ] - (2.79)
As for thé-wilsop Loop after taking tne tracs, the path de-

rivative vanishes

ad('x)‘h‘ U(Cxx)=0 (2.80)

This is a general statement. .1ensver we shift the point

of the loop in 3tokes type functionzls, it ean be regarded
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T 4as addlng a llttle closed loop Cnrx. In the above formula(2 78)
" this loop consmted of two wires I"x, and F,_tx ie, C:r.:c r:r.arzac
" Por the Stokes type functlonals F{c) the variation starts from
the quadratic te_rm_é;}uv (C ), hence the coefficient of 9 F(C‘
"at the;lﬁoear:te?ﬁ_ﬁuetiﬁanish. 30 for the Stolkes type func-

tionalf

U

(=) Pp(c)= 0 (2. 81)
‘'his is so if ¢ . is not a marked point. As 1t was in the case
of the path fieid'befOre taking the trace. The Stokes type func-
tional by defihition does not possess such marked points,but
they mﬁyearizefefter some limiting procedure.

The eimpleSt[and at the same time the most important exam-
ple ie,the marked;point.produced by aPplying the area deriva-
tive. The'area'ﬁe:ivative'in Stokes type funotionals is not
the Stokes tyﬁeifohotionalg‘since additional area derivatives
cannot be defioed:at’the'point where one derivative was al -
ready applied, The'limits from the left and from the right in
the case of the wllson looo, for example, differ by the commu-
tator of the fleld strennth. de refer to such functionals as
Stokes type funct;onals w1th marked points, since everywhere
but at the mirked * point the area derivative makes sense. the
generallzatlon to‘Qtokes type funotionals with several marked
points 1s obV1ous.:if5' - '

In order to see how the relatlon (2.81) worke for Stokes
type functionals and how it breaks at the marked point, let us
-consider another exa.mple. I‘ake the length of the loop Cxx _
which. in general is not a Stokes type functional, The area '

"-.*:28.f



derivative calculated above involved the second derivative t(t)
of the equation of the curve i.e the curvature. At the cusp,
where the tangent ¢ is discontinous, the area derivative does
not exist. So, the cusp is a marked point.for the length. Let
us calculate the path derivative. Combining above formulas

we find (with % being the length)

9 (x) |Cxa| =Ca(t-0)- o (t+o) (2.82)
In agreement with above arguments the path derivative vanishes,
when the area derivative exists. Let us now apply the path deri-~

vative to the Mandelstam relation, Simple algebra yields.

5¢ tr .
( )56 v() N (Vel Fav (x)u(C:r.ac.)) (2.83)
where
W« = -6%:} + [ Aa, (2.84)

is the coﬁériﬁnt derivative in the adjoint representation.
de come to the heart of the matter.It turns out poasible

to insert the fleld strength and it's covariant derivatives
inside colour traces by purely colourless agents. ¥e perform .
certain geometric manipulations, add some loops and shift them;.x
aside and we end w1th the same objects which enter the Yang—

1i1ls equatlons. This reveals some new geometric meanlng of
these- equations.,Due to this prOperty it is p0831b1e to refor--..f
_mulate gauge theory as loop dynamics.' - ’ .
Let us investlgate the 1dent1ty (2.83) in some detail.;'ln.
virtue of the B:Lanchi identlty '

T o -



Vo Fruv + 9 Foa + ¥, Fau = O
(2.85)

42 may write the identity

a (x) 6¢’(C)+ 'a (= )(Sd’(c) + 9 (OC) 54)((.) o
66@!_;\- (2.85)
The ceometric meaning of the operator on ithe left hand side
is as follows. Introduce the litile closed 2~surface ng
at the noint o EC and the little loop 6!3 on this surface
connacted witl: Caeaxc Dy the little wires r"‘"d r\‘;,‘._ . After
that let the 1little loop vary at the little surface, with the

wires followving point Y . .Je obtain the integral

Sde \)(l_.]) S d) (Cxax Mxy ry.x) ( 2.87)
66}:0(9)

It venishes since thic i: the integral over a closed sur-
face of amtotal derivative", In mathemmtical languege it vani-
shes since dd = O

sxpanding (z.&7) in (\J-:x;) to the linear terms we arrive at
the identit, {2.25), ine Zeroth terms in Ag- a¢ vanish idenii-
cally, since the surfece is closed, The above proof shovws that
this is 2 genzral .re-lation, which holds for an arbitrary func-
tional,- not iny for the -.loop field., This can also be checked
by mzans of the Taylor'formula »in.app'endix C.

Another useful identity

o P §¢
x = 0 (2.88)
( x) 3" ( ) 6Gup (x)
follows for the wilson loop from the 1dent1ty :
v vh Fap """‘ r_F,(pF 9]“ {2.89)
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.In‘ the general case ‘it f.ollow's' .the identi’ty

IX R
P28 (=) &2 = F a2 ()] 7
o ( 56«'9@ ‘%dﬂ(x)

S S‘b | '(2.30);

2 (66”(,‘,0) 56ao(x-o) 55-& p(::)
The last line was derived from the relation
[K hp]CID(Cxa)- & ¢ C O (2.91)

ssdp(a:-o) Gédp(:uo)

'l’hisre‘lation is a direct consequence of the ddeﬁtity(é.ée)
for the open path. ‘i‘he negative éig‘n coneg from ‘thej' difference
imw orientation of the beginning XT+0 end the emd X-Oof the -
icel of (2.9:) N

loop C xx + Here is the ‘gra'lph,_it_:'.al proof

(2.92)

I
|

On the left hand side we shifted the marked point in the of
direction and the1_1 in the ﬁ direction and the other way
around in the secomnd term. On the right hand side we added more
m{ires to the loops which is always possible at the unmarked
point. due to (2.81), After that we obtained closed loops.In the
firet term the closed loop is tos the right of the marked point
and in the secand term it is to the left of the marked point.

Comparing the term m.cf:l:cl /\d:'l:(b we arrive at (2.91).Pinally
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note, that'the identities (2.86) and (2.91) can also be deri-
ved from the formal relations Qetween our derivatives and or-
dinary functional'derivatives,for example, the Bianchi identi-~
'ty (2;865 follews from the sy.metry of the third functional de-
riVatives. Je insist so much on"tne geometric meaning of all
_the operators and relatlons of the loop calculus, because this
_veometrlc meanlng is the key to understand the relations bet-

ween loop dynamics and the string theory.

Conclusions

i) Ldop space atd %Odimensions has nontrivial topology.
At large N most of the oriéinal degrees of freedom of the. gaugs
field is hidden ifiiself-intersecting loops, trawerssd many
times.'f

" The number of independent loop variables grows as N2 which
causes technical difficulties when introducing these fields as
collective variables,

ii) The loop fields belong to = spe01al cless of funectio-
nals- functionals of the Stokes type.

The standard'fnnctional derivatives may not exist for Sto-
kes type functionals, but there ere special derivatives)the a_ea
and path derivative, which always nake sense, For the Jilsou
loop these derivatives sert the field . "rength ancd covarient
derivative in the adjoint representatic i1 inside the col :'r tra-

ce,
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111) The area and ‘path derivativeu obey a simple algebra, o
investigated above and in appendix c._ One mny celculate these .
derivatives for arbitrary functionals e:lther from foml rela—- -
" tioms with the standsrd functioml dcr:lvative or (wh:lch is
_?someti.mes simpler)directly tron this algebra and the origiml .

_ definition.
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