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Loop Equations (P)

This section is devoted to the lcop equations. We start
from the trivial loop equations corresponding to classical Y.H.
eqec ., discuss the rich variety of scurious solutions and the
means to eliminate them. 1rhen we discuss the abelian(Feynman)
loop factor and the corresponding gbelian 1loop equation. It
gives us some insight into the prbblem of boundary conditions
in loop space. Next we proceed to the nonabelian equations,
iiscuss the rotating colour spin and vacuﬁm pairs created at
gelfintersections of the loop. After that we derive basic loop
equation at N=oo , show hoW it gives the planar graplh, discuss
it's physical meaniqg, and turn to the renormalization progran.
We discuss the peculéarities of the renormalization procedure in
loop dynamics, and introduce the regularization of the loop
equation. Finally we derive the area law as a self comnsistent

solution at large C.

Loop Fields Corresponding to élaaaiggl
Gauge Fiselds

The classical loop equations follow directly from the Y.NK.

equations
Vn Fpv 2 0 ' (3.1)
The ‘clasgical loop squation reads '
a* (=) $¥) L (3.2)
& Spuv

Whenever -the gauge field fhp(::) satisfies the noplinear Y.M.
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. eqc G the 1oop field satisfies the ;_ggg; equation (3.2).
-

S moreover note that the operator L_v 6 S )
: x

satisfiee the Leibnitz Tules

L\.Ab (L A)5+AL.,,E> .
5B o a (3.3)-
s |

R ‘(L. ﬂ)B*A(L-vB) o
' yHence not only does any superpoeition of ‘solutions of classi-
”fcal loop equation serve as another solution functions of these

:}ﬁgolutions also satisfy (3 2).

Lof(¢,J¢z)- Ly e’ﬂ‘iw 4:,_ i - 0.0

:'.bomething went wrong. Je loet some" important piece of infor-

‘fﬁmation concerning classical theory. The inrormation is partly

'Q.cOntalned in the non linear mandelstam relations (see appen-

fﬁfdix ES ). _These relationa between producte of 100p traces

: ,follow trom the fact that theee are tracee of §*B rank unitary
atricee..The more sophisticated relations in appendix C en-

f;:eure that ‘these matricee are unimodular. There is no theorem

'f’known which would guarantee that all the information ie given

'by theee relations.nAs usual, the miesing 1nformation should
'1be conpeneated by common senee. In perturbation theory, to
;‘which the claeeical equation serves ‘ag - :the zeroth approxima—

«tion, we know that no claeeical solution ‘should be added to the

triviel one

¢(C) l‘a =.;.-=- ¢(C=I)=i . ] _-



‘Phis trivial solution corresponds to asymptotic freedom
the amplitude‘oflquark propagation along the.small loop is the
- game as iﬁ;the'free_guark_theory}f Thef£ormA1,pérturbation thep-
ry also does'not ihvoi§efn6htiivia1<ciaséiba1 solutions. Thie
-.pérfurbation theory_can3bé're§rdduced.by difect iferations, of
. the quantﬁmﬂlobpfeQuafiqhs‘stariihg from (3.5). Nontrivial
' solutibns'@ouid érize'wefe.we o try to take into account the
instantoh coirections. Hére-We'qannot:offer any.cure “to0 -the
well knoWn-instability of»inStanténs.>.0ur_§1ans concerning non-
perturbative QCD are much~m§re 'radical. We hope to work
ogt an explicit solution of the N=oo problem and evgn the’4¢
" corrections. From this viewpoint the ambigﬁity in the solutione
of +the classical equation is in fact irrelevant., The loop equ~
ation at N?=co is nonlinear, and'wé héve'to find the proper
golution of this nonlinear equation. The solutipn has to be
asymptotically free and_have to satisfy other physical require-
ments such aé‘unitarity bf:thelmeson amplitudes correspondiig
to this solution of the Wilson loop.tIn finding an acceptable
solntion we would automatically reduce the ambiguity corres-
ponding to the possibility of adding classical solution to the
zerotﬁwapproximation of perturbation theory. For example in
the random matrix model there was a similar ambiguity which
was removed by the as&mptotic freedom condition like (3.5)

together with the unitarity condition

< (c)>]< 1 (3.6)
The latter condition exist in any theory and follows from
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thé positivitj of the functienal integral in P.C,.D. together
with unitarity of the loop matrix inside the trace. If there
is still some anbiguity then this will be a physical problem
rather than a mathematical one. This would mean that Q.C.D.
is not unique at the nonperturbative level. So far there is
no point in discussing this possibility. The problem is to
find at least omne solution;

S50, the claasical loop dynamics 1s quite complicated and
implicit, but presumably it is irrelevént as well as the c¢las-

sical colour dynamies.

Abelian Loop Equation

Let us turn to quantum loop dynamics and first recall the
abelian loop factor considered fi;st by Feynman thirty years
ago., He introduced the abelian loop factof as the amplitude
for a charged Klein-Gordon particle to propagate along a closefl
world line., In loop dynamics we have the same physical picture
in mind, but generalized Feymman's ideas to Dirac particles in-
teracting with nonabdbelian  gauge fields, In the nonabelian
case suéh a simple expression for the amplitude can no longer
be found, but-the fgnctional equation for this amplitude can

always be written down,

We start by describing the loop equation in the abelian case,
where the exact solution is known in advance, This will provide
us with experience necessary to proceed with the nonabelian

loop equations. The abelian loop factor



P (c) = exp ( ?;( Andc™) | (3.7,

reduces to the source term in the action

S(Ca) = [dux(Fos fay + In(2) an(x)) 3-8

with the well known current created by a point—-like relativis-

tic particle with the world line C

Jp(x) = {daJu sd(x-g) (3.9)
Note that au is purely imaginary in our notations. This
removes all the factors of i from the Euclidean _auge theory.
The Gaussian functional integral over Q. uin any jauge Bields
the same as elimination of a from the Lklaxw~1ll equations

(classical equations for this action)

Dfmv 2
¥z . dv (3.10)

The solution decreasing at Euclidean infinity
2 5.
Q, =- ¢, Idgg D (x-uy) (3.11)

K - -
l. (z y) d
(aﬂ )d K

D(x-y)= I er(%_1)(x_g)f‘d (3.12,

yields the following classical action
2‘ (
= - =2 - 3.13)
S(c) = P _de,u !dgﬂ D(x g)

The abelian loop factor is Just the exponential of this clas-

sical action



<P (c)> = exp ( S (c)) (3.14)

Note that the Zuclidean action is negative, in agreement
with inequality (3.5). It is most easily secn in the momentum

reyresentation

. 2 rdde ,
S(c =-f‘a—° I(%{Tl;d - | a(dxﬂ eik=|® (3.15)

fhis expression diverges at d= § due to large momenta, or due
to small distances (x-y) in (3.13).

It can be regularized, say, by inserting the fector K-2£
The regularization can be removed after performing the path in.
tegrals relating observables to the loop factor. This path
integrals produce additional divergences, which lead in parti-
cular to the charge renormalizat;.on. The charge €, in the
above relqtione is the bare charge, depending on the physicéi
charge @y and on the cutoff & . The latter dependence will
be gompensated by the divergences coming from summation over
paths, Tﬁia point of view will be developed below in nonsbel- -
ian theori;: Let us proceed with‘tﬁe abeiian loop/equatiqn.
As is ﬁeli known, the glassical equations of motion are valid

for expéctptibn velues in quantum theory, In our case

< (%ix’; -es ) P(e)>=0 _ (3.16)
Note thatjiffis-nét ithe ilaxwell equations in the vacuum, but
rather fhe;rﬁaxwell equations with the current created by'bur
loop. Th?-formal proof of equation (3.16) from the functional
integral-één?also bé given. It follows from the translation
identity .



0= jz,u,Ju SSQ.JU('JC) q:(c) exP( fdxeea chuv)

S ,
=— )

5 o~
O G u(X

o

= O exp O @ 4
6adu@£) P és J e g

v L bandt,

a,uu:)

=d(c) § 8 (x-y)dlu(y)

j :¢(C) JJu(x)

2

Jd“g‘g; fap

T Idhx'ﬁj f S () 2P

§ - 3As _ é_ﬂ% ‘Sither d_or ﬂ‘ j“

(3.17)

- (not both)
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This is an intagral of the totel derivative of a funetion
which vanishes  at the (infinite) and noints, The intesral
is therefore zero, The variation of the exponential yields
the L.H.3, of laxwell's equaticns, and variation of the loop
factor produces the current, It will com2 about in the same
way in nonabelian theory,though the lhop “actor will not reduce
to the source term in the action. Ihe ab2lian equatisn (3.13)
can be immediately translated to loop space using tie rethods

of the previous section

s ‘ et {330
8"‘('::) Eé—-""(ac)< P (c)> =€, <P(c) >(_!d9\,5d(x.-s))

Or, uvsing the Leibnitz rule

™ (x) fgﬁ’(xgn <¢(c)>=e:£d'ﬁv5d(::-y) (3.12
de already know the solution (3.13) to this equation, end it
is trivial to verify it by the methods of the previous section
The nontrivial problem; is now to eliminate the rich variety
of classieal solutions )-:hich could be added to Py <¢p(c)>

In the old quantization the Zuclidean boundary conditions
for the Green functions served this nurpose. ‘iaat substitute

these boundary conditions in loop dynamies?

i



f <¢<c)> s<c) +s<c> l—"-'f-fa'-2.°'>'-

;.,S (c) 1 "J“M' 6.1“(‘) '(.3.2 |
: The additional term 5 (c) in the loop action aatisﬁ.es o
"'-"T-‘the classical equation : Lo .

.MSS_ M 6"" (c) = 0
E Sewv (\In n*eﬂv(c))

(3.22),
This is trivial, since 6 MV (c) (see (2. 25)"). is a. Stok'eo
_type functional without mrked point. At .first glance the term

- . S(c) :ls acceptabla. Say. for the big rectangular loop ~ S‘

. "-growe 1ike the a.roa :I.nside . 'So, 18 3t the confining. solution
".of abelian theory? A closer eumimtion reveals that it 1s- not. -'_
:._‘: ;"J.‘hie' "Iferm can be expanded in a aeriea of: multiple loop integrala,
"-'4...':'-:(2.153 a8 any Stakes type :runctioml. '.l‘he coeffieient func -,
‘_:_‘:'_tions in <¢>'will correspond to mmf photon Greon functione. -
In partioula_ the two point term will get the following contri-
_.:‘_'bution from S;. e T - ‘ -
(C)" ey "h de-ﬂ (" 9\')!" ‘:Ln(':lv ‘JCv)

=-M" Idxl-fdeca-. e |
- Th! "‘tion doea not decroaae at- in:r:l.nity._. wq ru- o
',-:.-‘_ffled ou ¥ such' funotions in aolving the Iazwoll equat:lona. But



: ’maybe- we did it wrong? Are there any inherent paredozes in :
:loop apace \vith the. tem (3.21)? cons:lder the case of Atwo se-

‘._parated loopa 01 and (:2 connected by the wires ra solye e
_ The tensor area for the total- loop C. :f'.a C,_ r“ " reduces

to the sum of areae tor (!1 and 02

6J'V (C- 2 Cc ce) 6,,..,(!‘.)*6_,..:((‘.) (3.23}?"
- The. eontrihutione from the wiz es eanceI, ee one mey eeeily
'check. Now we. come to the peredox, eince ror arb:ltmy eepe- ‘f

o retion between C, and C, there will reme.in the correletion in 2

- ._(3.21). ‘l‘he :I.npned deeoupling I o
| <¢(C 'c-e. ce rm) >= <¢(G)¢P(Cg)> T (3°24.’ 

eorreeponde to the Mandelstam relation in the abelian case, So

" we :I.mpose the lendelste.n relation together with cluster deconm-

. pos:l.tion (:L.e. un:l.terity) to elim:lnate the spurious elaaeicel

.eolution. Anelysing aueh examplee we get the feeling that th1 . '
4loop equat:l.one ean be eaved :I.n loop epeee. without 1nvolvins

- -eny :l.ntomation ebout colour dyneniee. '!h:l.e meku leop dm-

'.mies 8 genuine altermtive te the atandard quentiset:lon et gen--‘fi _»"'.'-
.‘ge theories. ‘I'he queetion is’ wnether eny tneteble theme wili'-’
 emergs from loop dynanics, beyond perturbet:lon tneory. nmber‘ ;’
' 'the s mtrix approech, whieh ‘also arose as. an elternetive to ‘
-j.locel tield theory. led nowhere be.eieelly becenee of ‘khe tech- ,
n:l.oel diffioultiee. Hopefuny it 1111 not heppen to laop dy:ﬁ-

-m:lce. . "‘. ‘ ‘

" ihe nasic difference between the propagation of chapged . -

o



particles in the ebelian and nonabelian theory reduces to local
rotations of the colour spin in th2 lztter case. The ¢olour of
any particle, however beavy, cannot aviid rotations induced by
vaenum fluctuations of the -suce field, This ic toaken into ase-

sount bty the nonan=licn loop faclor i.e, the :ilsom loon,

“V(C) = %I

e eolour spin imatrices (fﬁa)i-K in the loop nroduet zntexr

<Tr U (Cpepe) > (3.25,

throush the ~mwnze £fi 1ds

An= L E Tu An

They are ordered along the world line &, e colour spin

at a ziven point of the trajectory denends on the whole trajec~
tory rather than on the local gduon field. The local avarasze

colour s»in
4
W)

vanisihes due to zauge invariance, sut there are correlations

< 4 tr Ta U(Cxx) >=0 (3.27)

dzscribed by che functions

P@b(an. CEI)‘G}("C)JZ'<tau(C1a)tb{u(Ca|) 7 (3.28)

uF r, ccincides with = in co-ordinate space then this func-

tion may be finite, From gauge invariance it is diagonal.

= .2

Pob = Sab P(C.,Car) (3.29)
the correlation function j3 y describes the average "sca-

lar product™ of eolour spins at the two poimts X, , X, If

X =nd g ceineide at the loop i.e. if 3} = t, then P=1 in

14



our néfmalization.
For self-intersecting loops there may be nontrivial cor -

relations between colour spins (Fig.2).

Pig.2

Prom the point of view of Ilinkowski space the self inter-
secting loop describes pairs created from the vacuum. So, this
correlation function measures the angles between colour spins
of particles and antiparticles,

Now we are in a position to write down the nonabelian equar
tion of motion., Instead of the abelian identity (3.17) we emp-

loy the corresponding matrix ldentity

: i 2y (3.30)
0= [ D4 Aav(x)('-'to.u(cacx))iexp(fd"xﬂ'-g-oatr&.v)

Varying the exponential we find the L.H.S. of the Yang Mills

equaticns and varying the factor in front we find

355 ucau(cmb =~ [d Yy 6%(e- g)<('t'a.u(ng)'to.U(ny))>
Cxx

(2.31)
""(" ~1) [dﬂ §9(z-y4) P(Cxy, Cy=)

zx

15



Collecting the terms we arrive at the following matrix eun-

tion of motion

<(VJuF..w 9 J‘,(cm))u(cm) >=0  O®

here

(x)- - i‘i”" (=-9) PCay, Cyx) (3.3)
. serves as an effective gauge invar:.ant current created at the '
~point I by 8 particle w:.th world line C’,-,;x « This current de- :
N pends in a nontriv:.al ‘way on- the rorm of the loop. In the

‘l'-abelian cas ' when the correlation function was. absent, -the cu:q- -
rsnt could be regarded as a function of the point 2 in spaoe

-*dspending in additioz! Lon some closed 1oop C '« In notations of

"','the previous section, this was a S‘tokes type functional with-

"_out marked point. The point .’JC- could be i‘reely shifted aside

‘from C' .and one shou]_dinot care about the _ wiree in the abelian

“-'caae. . In the ease at he,nd, thia is a Stokes, type runctionel

o with a msrked point. The “point o o enters not only as ‘an argu—

ment of the J' function but elso es en endpoint of the paths
o Cr.% 3 C‘zn : in the correletion runction. This correlation

_function represente a: stokes type. tunctioml with two marked _
o points. B The significenoe oi' these msthemeticel prOpertiee will
‘become clear below. _ A o -

Let us disouss the physioel properties oi’ our current.‘ "In :

<the absenoe oi" eelf—intersections 1t does not difter i’rom the »' .
} abelian current So we have to inolude . selt-interseeting loops ‘

d;_'to distinguish betnen Q E D. end Q.lO.D... The sel:t-intersec.tiqe_



loops, as it was mentioned above, correspond to vacuum pairs.
At multiple self-intersections the currentcontains some number

of termq:correaponding.to the solutiona of,the equations

| CCu(ti)=Xm=cfte)  is im0
In each term we may teke ' out, which yields - =~ .
. : N- ﬂ.‘ )
Jy (Cxz)= <= 37 .?(Cou,C )J V(ac) L 3.35)
S izo0

with abelian,cdrrents

| Jo(m) _fdg,, s (x-y) (3368
l-a being the contour consisting of two rays- one coming to
X with the same direction as Coi and another coming out of

o . in the same direction as Ciop -

xu = Cpu(tido)r x>0

X p

L (3.37)

Cp(ti-0)T x2£0

Naturally these currents should be understood as distribu;
tions, like in the abolian case, The problem of regularization
will be discubsei at length below. At the moment note, that
expansion (3;35) is a counterpart of the expansion of the cur-
rent in creation and annihilation'operators_in the second quan-
{ized version of the theory. In the path integral representation
pair creation is taken into account implicitly by letting the
world lines intersect and turn backwards an arbitrary number
of times.The same is true in loop dynamics. By incorporant

self-intersecting loops we take into account part of the vacuunm

17



quark pairs, _Another part corresponds to disconnected 1loops
and enter with the factor N., ag we discuss later. Natursally,
the physical guarks have ordinary spin and flavour as well as
6016ur,which was disregarded here.

-ilowever this ean be aécounted for afterwards in loop dyna-
mics. The amplitude for the physical auark to propagate along
C equals to the Wiison loop factor times the standard ampli-

tude in Dirac flavour space.

The Loop idquation at N = oo

We come to the mest important part of loop dynamics - the
closed equation for the Wilson looP at N == , This equation
follows from the factorization property, whiph in turn can be
proven nonperturbatively from the more general loop equations,
as in the random matrix model, For pedagogical reasons we pro-
ceed in a more natural way. Plirst we assume factorization as
a working hypothesis, and later we consider the generalization
to finite N , which confirms our hypéthesis.

In o£der to app;y thg factorization we use in the correla-

tion funetion the Fiertz identity
1] Ke . S ¢.. (3.38)
_1E (tu)n.J (T ) = SjKSLg - —N—&J Ske

Here

Sz 0 for LL(N) and 1 for SU(N) (3.39)

For the U.(N) group.-this identity follows from completeness of
+he basic Ta for theN*N hermitien mairices. For SU(N)the term

18



with 'to,)‘-' V&N &ij should be substituted with the

Fiertz identity we find

e < (ng)¢(cyﬁ>
<¢(C)>

The last term is negligible at N— oo, and the first sim-

(3.40)

P (Cay, Cyz)=N

plifies due<to factorization

' (3.41)
<P (Cay) § (Cyz) > = <P (Coxy) >< P (Cyx) >+ O (1)

Note that still the correlation remains nontrivial

W (Cay ) W(Cyox) (3.42)
W(Cze)

unlike the abelian case. In fact the limit N— ©° is the ex-

5)* Na -Po,a. (ng, Cg::.)

treme opposite to the abelian limit N-—> 1 in.U(N) theory. Ihe

equation of motion can always be written as a loop equation

8%x) E— w(c)= 9 W(O)iv(Cxax) (3.13)

Sepmvix)
At N==°° the general expression for the loop current simpli-
fies
™S \x/(c) gdﬂvéd(x-g)W(ng)W (3.44.
5€ﬁuv@t Caxx
with

(3.43)

A= N9’ = constant

This equation was firgt derived in 1978 within the frame-
work of lattice gauge theory. The physical meaning of this eque-

tion was completely unclear at the beginning because of lattice
19



artefacts. It took the whole year to feforﬁuiate this equa -
‘tion in continuous te'cms, ‘and- establish the connection with
gluon exchange graphs. Only arter that could we proceed fur-
ther viith- the 'e:ee_ 'ieﬁ~end wit_h ‘the string solution..

Plarar -Graphs

~ As is well known - at N = oo we are left with planar

| graphs in Q.|C.D.. So the loop equa»tibn (3.44) sums the planar
-graphs. Let us explicitly demonstrate it. With the graph ne-
tation ot section II the L. H S. of the loop equation can be rel-

presented as a sum of thrc_ze terms

‘J“-x SW(c) = | ' ) ‘
I 6 (ee) @ ' %Q‘% ' @(Me}

The three vertices here arise after applying the path deri-

vative 8 to the previous vertices (2.43), (2.45) namely

9 dx_ 9° .8 38 (3.47)
i T g SV Axy oy
. bz g . | " 5
e f—— & 9,28
Y np, g (aq am) - (3|b+ a%p )8%a
(3.48)

+ de( 2 )
3‘.1'.9 a:’q

20



d

. ﬂ '=.-8dp- 6‘9"6 +pr Soq\.'e_selib.ss)@ :

These three vertices correapond to the ‘three terms in the

(3. 49%

| Yang-Mills equationa

V,“F,., = 3papfly * (aﬁ[n,.,n»h[ny,aﬂ Asl) .50
f [AJ“, [A}‘: AV]]

 Let us stress once more ‘that we' derived them from the geome$-
rie definitions rather than from (3.50). Agrsement with (3. so)vi}
_indicates the coneietency ot the gemetric language. As’ for
: the I.H.S. of the loop equation :I.t ean be represented as the
following graph -

J\st\, s ('.z: g)W(C::g)W(ng.)

'(3.51}..

Here the ’iine 'ﬁitﬁ Athe 'ci'e’as stands i‘dz; VXY Sa (x-y ) )
the vertex without a dot denotes the unintegrated point x, 9
and the reet of the notetions are the same as in section II..
This greph is’ plenar aince the- points et the two parts ng,ny
of the loop. C ere ordered. and. do not croas the point § . 1P
the reader ie not eetiefied with this looee definition of pla~
nar graphs he ia addressed to the original paper by t’ Hooft,
where - the precise definition wae given and various fundemente. '
to;zologieal,.nbeeuetione..me.mde.m I.e;t..nﬂ_murn to th.e lopp

” 21 .



zquation.
Note that the first term in (3.46) contains exzctly the

same graph as in (3.51). This is the disconnected one-gluon

graph J {
' n L+
= E Wm_L +
t=1

| J';;Ex:jﬁ a
.
h 1

+ connected graphs + nonplanar graphs  (3,52)

In the Peynman gauge the first term in the vertex (3.47) just

produces the § - function

:32 :} ﬂ)(ﬂt* 5 _ d
Pyl Y)Eva = A 8" (x-y) Eva (3.53)

Pherefore the rest of the terms in (3.46) should cancel among
themselves, As is shown in our papers with Makeenko,
this concellation followed from the Dyson equations and Ward
identities. The ghost loops are necessary to cancel the longi-
tudinal terms,
-2 3 AD(x=-y)
dxy 00Xy

in the connected and disconnected graphs, The second and third

terms in (3.46) cancel with self-energy pafts in the connected

=M§\% +Mﬁ§
conn

+(ghost Joops) + longitudinal terms.
© 22

graphs



Gluon uxchanzs and the Loop Zquation

42 do nof Awell on dztails, they ecan be fonnd in the ori-
sined) popers,. Our aim “tere is to surpacs pertureaiior thaocr),

tire ebove companicn with planar granic sage only civen for metho-

plos

» =

dical purpcses, !ony peonle, lncluding the avnthor, havs a “ind
of affection to Teymman grarchs, snd alway: try btc translate
complicated dynamical equations into graphical l=ancuagze. Then
we Peel safer and start understanding what 1s goins on. In

the case of the loop equation we find out that the specinl
variaticn of the loop on the L.H.3. emits only one gluun, All
otuer gluons, asually emittad when the charged particle‘changes
it's trajectory,completely interfere zach cther, However,this
single gluon docs not propasete. The effective oluon field is
gero everywhere but in the infinitesimal vieinity of the varied
peint, The gluon propagator }1ka is cancellad hy the vertex~k2
Hence only quark in the infinitesimal vicinity c¢en ahsorb this
gluon which happen when the loop’intersect itself at this point,
The tofel amplitude equals the product of all guark amplitude
W(ng) , W (C_ y oc ) before and after gluon absorption,
Ihis factorizdtion is explained as follows. Thare are N c¢oloux
components of quarks and N2 conponents of gluons. .Jhen the guari
number i units the gluon number (lj) it soes in most zases to a
different quark | # i . In further emission it will become 3, j"
and it is unlikely that it will be itself azain at Y- oo, Note
that the interaction of zZluons goes with a wider phase spsce-
gluon(i,j) goes to gluon(i,K)plus gluon(K)j) with any K=t..

=4.... M. The correlation between different quark locps covres-
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.. ponds-to identification of emttted and ‘absorbed gluons, which .
. s unlikely gt N.—= oo Only one ' of ‘the. N2 -gluons -
' -:'w':.l".li'oe the one we need this gives ths estimstcs }/Na for the

: correlation. ‘.l‘his explanation shows that factorization has no-x'

o -"_.-':;thing to. do with classioal gsuge fielda.' Some. types of qusntun

‘.'j-,jfsotorization have -more phase space than other types,’ that is
“l','jall. In the functioml integral it oorreaponds ‘to the fact

) .‘;'.f:hat nost of the relevsnt field configurstions are charged il.e,
; t‘hey correspond to off diegonal oomponents of the gauge field.

S '.l'hese charged components produce en entropy ~ N which chan~

| ges the effective action, like the energy is ohenged to the free.
.- epergy - in a stat:lsticel system, The large N 1imit in this sense

is anslogous to the statistical lim:l.t. The number of colour

: degrees of freedom goes - to inf:.nity. We avoided hopeless prob-

lem of the calculation of the entropy 1n loop dynamics by derl-—_

' "':_;ving a direct equation of motion in loop Bpace. llow we see, :

| that it sums planar ‘graphs.
: :'-'-"_R' 'QA porma "n zat I"".ﬂ-'.nﬂﬂ_ '“. I a Loo
,y""_!‘c's’_ .
_ Renormalizetion 1s the most delicete pe.rt of sauge theo-
- .[_,.r:l.es. sinoe the regulerj.set:l.on hes to- preserve gauge 1nverunce. A’

‘:'.Suoh :l.nportant phenomene es quentun enoneliee, e.g. .would be n:te-

_ ."sed !rould we not :lns:l.ot on. enot geu.ge 1nvar:l.enoe ct fin:l.te cmt"'r
'_'-'~_off.. S _ . L

L ln loop dynem:los geuge :l.nvsr:l.enoe corresponds to olooed |

'loopo. 1s long as the regxla.rised loop equetion 1nvolveo clo— )



_.; sed loop ractore gauge invariance is preeerved._ In the old )

: _ language it corresponde tc the ineertion of. path factore ‘U.( I :l:y)
between the aplit pointa in the regnlerized currente. The '
,rorn of the wiree Eng connecting eplit points 18 arbitrary.
';Thia produces the ambiguity of regularization procedure. o
B "_ ‘The rennrmalizability of Q G.D: sueranteee that in any
, order in the effective coupling conetant the embignities in
| :'the regularization procedure will dieeppear.~ The, problem has -

;f'to be. reexamined 1t we iniend to 80 beyond perturbation theory,

“The univeraality ot'rennrnalised perturbation theory is repla—l fa
ced by the exieten.e of univereality cleaeee, or phaeee, .of reé,
gularized gauge theoriee. For example, with lattice: regulariza~
" tion, there are- generally two phaees depending on ‘the etrue -

. ture of the lattice action. ' One is the vertex monopole phase
with etrong fluctuatione :*at the lattice ecele and another ie

, the gluon phase we- need. In the gluon phase one ‘may vary the

. bare coupling eonstant together with the lattice apacing with- .
out arfecting the phyeical quantitiee, euch es meeon amplitndee:

- A(up to powerlike corrections at vanishing 1attice epaeing)¢:i2

‘vf'mhie ie e nonperturbative analogue or the renorlalieation group

'7f:{law, Ihat arejthe implieations or theee ideae to. the lileon
'nﬁfloop factor? Thie.ractor &epende upon the bare eoupling g,

- fving the filson. 1oop ractone;a

‘:;and C - inf.hefregularizcd_ heory, At aleo depends on- the cut-:f
‘off é'

Thﬂzmeeon eMplitudea'ar.geertain path integrals invol-

1 ae other ractore depend

":f_fin8;°pﬂn fho'qulrk perdnetre euch an"epin,rleveur,etc.rheee




of the nath intesrals relating observables to the Wilson loops.

In the simplest case of(ﬁ, Q)expectation values

me<q q> = mccz I (sz:)w (Cx‘x.)

Phe sum . over jaths Cx=x and the explicit sxpression for the
weight I(Cxx) {Dirac amnlitude) will be derived later. By
verying the bare coupling §.(€) snd the bore mass m, (&)
sccerding to the renorualization group law with the ﬂ funec-
tion of the pure gsauze theory we make keep tae mof},q expec-
tation volue finite at € = O in (3.53). DBoth types of diver-
sence uentionred above will be eliminated. By varying the bsre
coupling %o(e) in W(C:,’) we eliminate part of the singula-
rities, but some dependence of W (Cxoc ) on € will re-
nein. It will be elininated later on, when the path integra-
tion is performed. This path intezration will produce the fac-
tor Z5'(€) which will cancel with the factor Z (&) in the
bare mass, We could include this conatant in the ._\klson 1lo0p
W (Cxx).This would renormalize W(C) 1in thigl\sarf-i\cular
path integral, but for some other amplitudes other factors
will be regulerized. Say the Green's functions of two vector
quark currents, .C.} KJ“ q, (the quark-gluon vacuum polari-
zation by the photon) will also be-expressed as a path inte -
+ gral of W(C) with a different weight facto-. Here no renor-
malization constants are required since the vector current has
no anomalous dimension. It was implied above that N = °°,
In higher orders in N the I corrections to. the
bare coupling %o(e) inside the Wilson loop has to be taken into

account. These corrections will.caucel with corrections from.
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path integrals involving extra quark loops. So there are delicg-
te cancellations of divergences in loop dynamies., Divergences
appear all the way from the bare lagrangian to observable'quan
titi;s, and the Wilson loop is only an intermedlaie stage on
this route. Unfortunately the cutoff has to be kept finite to
the end.At the same time the relevant loops are not regular.As
it follows from the above arguments the velocities X fluctuate
as in Brownian motion, So we need the Wilson loop factors in
the regularized theory (i.e finite & ) but for irregular loops
(i.eloops with cusps and self-intesections).As we shall short-
1y see,there are no singularities at cusps or self-intersectiems
in the regularized theory so Wilson loops are wéll defined,
There is only one real problem in such an approach. This 1s
the problem of regularization ambiguities, related to the phase
transition problem., The ambiguity in the regularization proce-
dure has to be utilized, rather ,than avoided. We have to find
the regularization which has the smooth local 1limit. The phase
transition should be absent. In lattiice regularization this is
not quite 80, It is difficult to see asymptotic freedom and
quark coﬁfinement at the same time, Also, violation of Lorents
symnetry and the absence of dimensional transmutation! is an-
noying in the lattice regularization, Something better can be
done with the loop equation than introducing a hypercubic lat-
tice.
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- With the gluon propagator _

Anslytic :lezularization of the

Lenp  _wnuatlon
e most conveniznt regularization for perturbative gaugsa
boesry 15 kne Feuosun Alroingional regulsricaticon, ohich was 3
fact lmplisd =zdbove,  lowawsr LY turns out to te 11l Cefived

reyond periurcaitiocn ‘heory. Fov eainpleilt misses such an -

nortant phenomenon as the axial anomaly, whicl: requires expli~
2 s

[¢]

it point splitiing., 2he version of the point splitting pro-
cadure closest $o0 dimensional regularization is analyiic re-
gularization., Now we are going to adapt analytic regulariza
tion for the loop equation. The idea is to replace the propa-
gator K.a"'> K'a- €

‘"The regularization will_consist in analytic continuation in &

in a gauge invariant manner,

from the" domein of convergence. ’l‘he number of dimensions d=4
will be unchanged, so the loop. functlonals will be well defi-
ned. Only the ccefficient functionals i.,e. traces of gluon

Green funct:.ons .v111 become nons:lngular at coinciding points.

KT 2£ : in planar graphs

 the above line .vith a cross in (3 51) will correspond to K e¢
V since the v-ertex (3. 47) will rema:ln Ka as before. At finite
“€ the points . and Y. would be Bplit with the weight~€(::g €4
instead of: the 8 runction. Naturall,v there Bhould arise extra
:'graphs to compensate the violation oi’ gauge 1nvariance at the
?po:lnt splitting.- In the old formalation 1t corresponds to path

'factors u(rxg) :l.n the ad.joint representation where My is some

.'_path betweenu: and g e In the loop equation the pathe I xy ,
rag ‘should be addan tb clou the loopl c

- -'i‘é,a



W(Cxy) — W (Coey My )
(3.54,

W(ng) — W (ngc rxg) (3.55)

From the point of view of gauge invariance these paths are
arbitrary but space symmetry is violated for arbitrary paths.
There is a natural choice of these paths preserving the symmet-
ry. Namely they may be chosen to coinside with the path of the
gluon. The extra vertices arising from the factor (ll(racg) di
now can be interpreted as gluon interactions. Ioughly speaking
this is the same as replacing the &~ function by a covariant
derivative in the adjoint representation VJ“ = Qpu + C ﬂJu ,
raised to the non integral power (- Vﬂz)- &

Let us now make these ideas more precise. First of g1l it
is convenient to consider the integrated version of the lcop
equation .

LW (€)= N fdun [ddp &(x-y)W(Cay)W(Cye

‘ c _ .

Cxax

3.56)

The origimlnlochl version represented a vector gquat:lon forxr
the scalar functional W(C) ,80 it was overcomplete. There
were certain comsistency relations following from ‘the identi-
ties (2.)s The R.,H.5. satisfied the self consistency relations
due to conaei'vation of the vector current jq(sz) in the
sence of loop calculus (8“(:::) j, (Czag) = 0 ) . roint
splitting in the original equation should respect self-consia-

tency conditions. There is no real nmahlem, since there sara
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no anomalies in the vector current but it leads to unnecessary
complications. The scalar equation (3.56) is, in principle,
equivalent to the overcomplete system, but it is more conven-
ient for point splitting.

As a first step in the gauge invariant point Bp]_.itting
procedure let us introduce the heat propagation kernel K, (:z:,y)

K,‘(@-B):(I\ exp(-T §2)|U> (3.5T)
= 9 (3.58)
PJu.— { 35n

At vanishing proper time T , it reduces to a &-function,
so it may serve as a regularized definition of the &~ function.
However, it would be more convenient to introduce a dimension-
less cutoff & by intégrating the heat kernel over proper time
with the corresponding weight.

@agx-g)= E{dTTE"fKT('x.-‘J) (3.59)

iThils function interpolates between the Peynman gropagator
(& =1) and the - function (€ = 0). At finite & it corres-
ponds to the propagatoz- r (EH)( Pa)-e with a ‘oranch point rather
than a pole, The Feynman integrals with such propagators are
defined as analytic continuation in € from the domain of con-
vergence.
_ Next recall the well known path integral representation
of the heat kern:ei . ‘
x{r)=Y
Ky(z-y)= [ Doc(t) exp (- §o dt § £3) {3.60)
x{o)zx
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Je shall use a 8special notation for such a path inteygral

(includinz the proper time integration)

o xlr)zY
JdTJ Dax(t) exp (- jdt{; )= {Oly ety
x(o)z &
With this notation
_ E-!
De (x-y) = [Dlxy €T 5.6

"The reader is warned that sometimes  other definitions
are used in the literature of the path integral, in particular
in the author's papers. e use this one here, sinece it is most
traditional and (therefore) the essiest to memorize. Now we
are ready to write down the regularized lcop cquation

{3.63)

LW(E)= e [dnn [dy [0y T WGl et

c

The 4iteration of this equation would produce regularized per-
turbation theory. By construction the first jiteration ylelds
the one gluon graph with propagator I‘(E,M)(K‘).&-' In higher
orders extra vertices will arize, The following graphical rep-

resentation of (3.63) proves to be convenient.

@@ = A G (3.64)

Here the functional integration over patha’rzy correspond-

ing +to the double line and the integration over the end points
%,y 1s implied, Each window corresponds to the W -factor
of the corresponding loop. We refer to such a graph as a "glas-
ged" grap&. Note that only planar graphs can be glasgsed. We
hgvp already. dealt with glassed graphs in the random matrix

3



' m_podel, in whlch they were only - & technical device. {ere the

R graphs have to be understood in the usual Feynman sense of sum~

-~}_ging over a11!histories the corresponding amplitudea The itera-

";ftlons of thia equation can be performed in an.integral form

R 1 }\ C @. o ésp ~

A ;iIn the flrst order on the rlght -

@. Idx, Jdg,. _é::),' ?;K:;)& l‘(g;f) (3.66)

The appllcatlon of the 1nverse operator (with the Euclldean

'_boundary condltlons) reduces to multlpllcation by K> in momen~

tum space i.e.

= '@D fd""‘fd 4 (o (2:0* ew(ﬁl%%’%"

(3.67)
In the next order we find- : S
2@~ 2t GJD QD)

where the wavy line denotes the regularized gluon propagator.

(3.68)

-1
J“Q( ) (&+1 ) -Application of [, here is a bit .more te-

dious, but Streightforward., The result has the structure{’

H=RoRol



The regularlzatlon 3~noint vertex and the self—ener,y part
- can be found: by applyirg L to (3 69) and using ‘the o-raphic
rules (3 46) We omit these calculations, since for practical
"-;_‘,-purposes of nerturbative Q c D. analytlc regularizata,on is 1essh-'
convenient than dimensienal regularization. However 1t is ac- P
ceptable from the theoretical p01nt of v:Lew and it is particu

_-_"larly comrenient for the 1nvestlgation of the loop eauation. S

' E"Seli"'-A'C-'en‘aisf eﬁfj AreaLaw A

Let us start the 1nvest1gation of the loop equatlon 1n the
most 1nterest1na‘ 1n1’rared domain. Note t‘aat the equation can
be reduced 'l:o a umvereal form by renormalizing the Wilson 100})'
factor ‘ ' L et 1 S R B
(C) : ~-(JJ (C) T3 70)__
The renormal:.zed factor &J satzsfles the equation without .

' _7\ . ‘l‘he baru-ceupllng entera the initlal condit:.on. o

]\ m(i) Tl

.'ie may treat this condition as a definition of the bare coup-
ling )\ (&) L : - ._ ,,_ |
czearly this constant 15 1rre1evant. The physi.cal acale 6

(3 71)

can be defined as a coefflcient in front oi’ the area 1n the i :
area law whlch we expect to ar:.se as a seli’ consietent asympto.- ﬂ
tic solution at large C . RS AN

an(c)——-wé[sclw (372).

. Here S‘-_ is. the minimal- surfrde boinded . by C and ,Sc]:.s the '.
area of. th:.s surfaee. ; The ahalytzc reﬂularization of the area

crn be . given. B

S



£-1
51 & [dens [d6m ((5-9)
S

: (3.73)

nare

a 6J\N (x) = tJu\) (I) da‘.'ju (3.74)

iz the tensor area element in the lozcal tangent plane. The
tangent tensor tJuv('JC) ic normalized tc unity

4 3% 2 (3.75)

Lt E— O the donain of Y- 2 contribute.

E-19
—J%- J‘tﬂv('ﬂ)dZQ.,((x—g)a) E—= O (3.76)

— tuv (x) |
Hence at €= 0 the standard definition

|s|= fd*y, (3.77}
is recovered. Lat gs now demonstrate that the area lew does
indeed satisfy the loop equation at large C . Substitufe
the following ansatz into the loop equation

w(C) =eXp(-.6,.5c‘£ )S(C) ' (3.78)

Only the exponential factor has to be differentiated for large
C .

-18]6 .
Lw(c)—=sy(c)e 1 ’-l5=|e - (3.79)
A simple calculafion yields

£ ) 2'"€"1
L.‘sc,e""é'} !dxvéjéﬂ\)(‘!)ﬁiﬁ«xﬂ)) (3.80)
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In the right of (3.53) we find thzt tle ex;onential factors

cancal (at E=0)

exp(-8[S,]|-€[S.|+8 S| ) —~ 1 (2.21)
It was implied here that the path r::g varies a2t the nirni-
mal surface S. . Then the sum of aress of the two wirdows,

S, + S5, = S - For +he regularized arza this
is not quite so, but we expect that at &= O tiie dominant poihs
I‘T_B vary along the minimal surfece, ke transverse corpe -
1ents ij;(f_) can be taken into 2ccount perturvatively. in th

Gaussian approximation we shall obtein some determigant

[ Dxe) exp (-8]S,]-e]5.])

(3.82)

-6|5cl S@x eocp( JT t(-4 L x%8°(S, *Sa)))

=exp(-6|Sc|) A (Ixy, C)
®e shall not work out the details, here, but in princinle tais
determinant is calculable. The fesulting equation for ths pre

exponential factox 9(C) reads

6 9(°)Id1v§d6m(9)ag (- u) —trjolxw(dgﬂ

Cvr.::: -
{

]

-2

[ DTy T8 BTy, €) 3 (Cory My )a(Cym Fmd) 383

rfr‘:l C "S.'.



At present we do not know how to solve this equation; even
the determinant £1 is unknown. But maybe sone approximation
to this equation will be found in the future. it least we see
that Lhe area law is self-consistent. Note that this mechanism

of the area law is explicitly Lorentz invariant and exhibits

linensional transmutaiion. Ihe same glassed graph which des -

~

eribes gluon exchange at small distances, leads to confining
forces at larze distances. So we have a smooth interpolation

netween asymptotic freedom and confinement.
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