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Loop Equations (p)

This section is devoted to the loop equations. He start

from the trivial loop equations corresponding to classical Y.M.

eqc,, discuss the rich variety of spurious solutions and the

means to eliminate them. Then we discuss the abelian(Peynman)

loop factor and the corresponding abelian loop equation. It

gives us some insight into the problem of boundary conditions

in loop space. Next we proceed to the nonabelian equations,

iiscuss the rotating colour spin and vacuum pairs created at

selfintersections of the loop. After that we derive basic loop

equation at N»«° , show how it gives the planar grapHfe, discus?

it's physical meaning, and turn to the renormalization program.

We discuss the peculiarities of the renormalization procedure in

loop dynamics, and introduce the regularization of the loop

equation. Finally we derive the area law as a self consistent

solution at large С

LOOP Fields Corresponding to Classical

Gauge Fields

The classical loop equations follow directly from the Y.K.

equations

Fjuv » О (3.D
9

The classical loop equation reads

. о O.2)

Whenever the gauge field /4p(x) satisfies the nonlinear £.u.
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the loop field .satisfies the linear equation (3.2).
• • • • • — • " • • ' • • - • . ' • • • ' •• • ' •• . • • • . • ' • . ' . . • ' . . • • x

Moreover »ote that the operator Lo * Ъ** ТХ .

satisfies the Leibnitz rule.

'
1

Hence not only does any stiperposltion of solutions of classi-

cal loop equation serve as another solution
f
functions of these

Solutions also satisfy(3.2).

|i - О (3.4)

Something went wrong. Wê  lost some important piece of infor-

mation concerning classical theory. The information is partly

contained in the пол.linear MandeIstam relations, (see appen-

dix В )• These relations between products of loop traces

foirlow from the fact that these are traces of К rank unitary

matrices» The more sophisticated relations in appendix 0 en-

sure, that these matrices- are unimodular. There is no theorem

known which would guarantee that all the information is given

by these relations. As usual, the missing information should

be. compensated by common sense. In perturbation theory, to

which the classical equation serves as the zeroth approxima-

tion, we know that no classical solution should be added to the

trivial one i

•_,



This trivial solution corresponds to asymptotic freedom

the amplitude of quark propagation along the.small loop is the

same as in the free quark theory. The formal perturbation thep-

ry also does not involve riontrivial classical solutions. Thie

perturbation theory can be reproduced by direct iterations of

the quantum loop equations starting from (3.5). Nontrivial

solutions would arize were we to try to take into account the

instanton corrections. Here we cannot offer any cure to the

well known.instability of instantons. Our plans concerning non-

perturbative QCD are much more radical. We hope to work

out an explicit solution of the N = °o problem and evgn the/W

corrections^ Prom this viewpoint the ambiguity in the solutions?

of the classical equation is in fact irrelevant. The loop equ-

ation at N - во is nonlinear, and we have to find the proper

solution of this nonlinear equation. The solution hss to be

asymptotically free and have to satisfy other physical require-

ments such as unitarity of the meson amplitudes corresDondii:g

to this solution of the Wilson loop. In finding an acceptable

solution we would automatically reduce the ambiguity corres-

ponding to the possibility of adding classical solution to the

zeroth approximation of perturbation theory. For example in

the random matrix model there was a similar ambiguity which

was removed by the asymptotic freedom condition like (3.5)

together with the unitarity condition

The latter condition exist in any theory and follows from



the positivlty of the functional integral in P.CD. together

with unitarity of the loop matrix inside the trace. If there

is still some anbiguity then this will be a physical problem

rather than a mathematical one. This would mean that Q.C.D.

is hot unique at the nonperturbative level. So far there is

no point in discussing this possibility. The problem is to

find at least one solution.

So, the classical loop dynamics is quite complicated and

implicit, but presumably it is irrelevant as well as the clas-

sical colour dynaiiics.

Abelian Loop aquation

Let us turn to quantum loop dynamics and first recall the

abelian loop factor considered first by Eeyntaan thirty years

ago. He introduced the abelian loop factor as the amplitude

for a charged Klein-Gordon particle to propagate along а с1озе{1

world line* In loop dynamics we have the same physical picture

in mind, but generalized Feynman*s ideas to Dirac particles in-

teracting with nonabelian gauge fields. In the nonabelian

case such a simple expression for the amplitude can no longer

be found, but the functional equation for this amplitude can

always be written down.

We start by describing the loop equation in the abelian case,

where the exact solution is known in advance. This will provide

us with experience necessary to proceed with the nonabelian

loop equations. The abelian loop factor



ф (с) = ехр
' с

reduces to the source term in the action

(3.8)

with the well known current created by a point-like relativis-

tic particle with the world line С

Note that <Хд| is purely imaginary in our notations. This

removes all the factors of i from the Euclidean jauje theory.

The Gaussian functional integral over OLju in any bauge yields

the same as elimination of Ct/u from the Maxwell equations

(classical equations for this action)

The solution decreasing at Euclidean infinity

yields the following classical action

C 3
'

1 3 }

The abelian loop factor is just the exponential of this clas

sical action



Note that the .Euclidean action is negative, in agreement

with inequality (3.o)« It is most easily seen in the momentum

representation

j?his expression diverges at d s Ц due to large momenta, or due

to smalx distances (x-yj in (3.13).

It can be regularized, say, by inserting the factor К

The regularization can be removed after performing the path in •

tegrals relating observables to the loop factor. This path

integrals produce additional divergences, which lead in parti-

cular to the charge renormalization. The charge € e in the

above relations is the bare charge, depending on the physical

charge Си and on the cutoff £ . The latter dependence will

be compensated by the divergences coming from summation over

paths. Phis point of view will be developed below in nonabel--

ian theory. Let us proceed with the abelian loop equation.

As is well known, the classical equations of motion are valid

for expectation values in quantum theory. In our case

<• (tS£-.•"•»• Ж е
) > - О . (3.16)

Note that it is not ithe Maxwell equations in the vacuum, but

rather the SSaxwell equations with the current created by our

loop. The formal proof of equation (3.16) from the functional

integral can also be given. It follows from the translation

identity.

8
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(3.17)

S ЪА* _ ЗДА % Either oLor j ^ * ju (not both)
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riai3 is an integral of the tot&l derivative of a function

which vanishes at the (infinite) ami points. The integral

ie therefore zero. The variation of the exponential yields

the L.H.o. of Maxwell's equations, and variation of the loop

factor produces the current. It will com? about in the same

way in nonabelian theory,though the loop "actor will not reduce

to the source term in the action. The abalian equation (ЗИЗ)

can be immediately translated to loop spn.ee usin£ the rethodn

of the previous section

Or, using the Leibnitz rule

Ф { с )

already know the solution (ЗИЗ) to this equation, end it

is trivial to verify it by th«= methods of the previous sectioi

The nontrivial problem; is now to eliminate the rich variety

of classical solutions which could be added to

In the old quantization the Euclidean boundary conditions

for the Green functions served this purpose. '.Vhat substitute

these boundary conditions in loop dynamics?

.11



Elimination of Sniiribue' Solutions

,; •••.'/Tdi-'get- some ineigat to this problem, let us take a epecifi

exa^ple.Con»ider the following solution of the loop equation;

>;.-.«. $(<:•)+S(c) (3.20)

<* ( Q ) •"•'a | >. -A<i •*• к** >• '*• .'/-\ * (3.21J

The additional teirm S ( c )
 i n
 the loop action satisfies

the classical equation

* О

This is trivial, since 6j»v ( в ) (вее (2.25)) ie a Stokes

type functional without marked point. At.first glance the term

S ( c ) ie acceptable. Say, for the big rectangular loop - %

grows like the area inside . So, is it the confining solution

of' abelian theory? A closer examination reveals that it is not.

Thi& teracan be expanded in a series of multiple loop integrals,

;(2.15>\aa any Stbkee type functional. The coefficient fune -

tipna in <4*? wi^l correspoud to many photon Green functions.

In partiouiar; the two point term will get the following contri-

bution from S • '.'. ..:' ••.••.' . ••• .•••••.•'. . . •

two point funbtion does
 c
not decrease at infinity. We ru*»

) edr-wtfc Bvioh funpiions in Bolving ^he Maxwell equatioM. But

' • &



maybe i we did it wrong? Are. there an/ inherent paradoxes ii

loop space with the term (3.21)? Consider the case of two se-

parated loops Cy and C
2
 connected by the wires /~gj.'••':fĵ'--

;
'••'••..•.'

The tensor atea for the total loop О
(
 " T ^

;
' C \ Г * |

to the sum of areas for C* and Cx f

(С, П* X»; Г^

The contributions from the wi?ee cancel, as one.may easily

check* Now we come to the paradox, since for arbitrary sepa-

ration between C, and C
2
 there will remain the correlation in

(3,21). The implied decoupling

< ф (C, & C
e
 Г,,) > «. < ф Се,) ф-(С

я
)>.

corresponds to the Mandelstam relation in the abelian case. So

we impose the Mandeletam relation together with cluster decom-

position (i.e. unitarity) to eliminate the spurious classical

solution. Analysing such examples we get the feeling that th«
 ;

loop equations cian be saved in loop spaoe, without inrolYing:
 :

any information about colour dynanica« • This makes loop dyna-

mics a genuine alternative to the standard quantisation of gau-

' ' • • • • • ' ' ' .' ' • • ' • • ' " . . . . • • ' . • • " ' • • ' • • ' . • . • ' . • • - j . .

ge theories. The question is whether any tractable чрйЬете will

emerge from loop dynamics, beyond perturbation theory. Remember

the S matrix approach, which also arose as an alternatite to

local field theory, led nowhere basically because of '<he t«ott-

nioal difficulties. Hopefully it will hot happen to

m i c s . • • • • ; • • . . . . ' • • ' . • ' • . ' • '"••'. . •• ; •-••

Colour SDin

basic differenoe between the propagation of oha;rged



particles in the abelian and nonabelian theory reduces to local

rotations of the colour spin in the latter case. The colour of

зп.у particle, however heavy, cannot avoid rotations induced by

vacuum fluctuations of the ̂ au^e field. This ic t,->"fen into ac-

oou.nfc by the nona'oeliun loop factor i.e. the Wilson loop.

TT <Tr U (
Сзсх

) > (3.2s:

JV? colour spin matrices (^QJ) L К i-
n
 ths loop product inter

through the rvn^e fi Ids

ftju s L 2LJ t a Л ./ч

'Г-теу are ordered alon^ the world line 0. The colour spin

at a ~iven point of the trnj?ctory depends on the whole trajec-

tory rather than on the local gluon field. The local avara^e

colour spin

vanishes due to ̂ auge invariance, but there are correlations

dascribed by the functions

&b(C
1 t f
 c

e
,)«4)T<'

t
-'

u
(c^)tbai(Ce0>

 (3
'
28)

j.f г.* coincides with ::., in co-ordinate space then this func-

tion may be finite. Prom gauge invariance i t is diagonal.

Jab = Sab f(Cl&tCai) ( 3 * 2 9 )

a?he correlation function fi , describes the average "sca-

lar product" of colour spins at the two points X> , Xs, If

X ^nd Х г coincide at the loop i.e. if t , s t a then J> s -j in

14



our normalization.

Рог self-intersecting loops there may be nontrivial cor -

relations between colour spins (Pig.2).

Pig. 2

Prom the point of view of Hinkowski space the self inter-

secting loop describes pairs created from the vacuum. So, this

correlation function measures the angles between colour spins

of particles and antiparticles.

Now we are in a position to write down the nonabelian equah-

tion of motion. Instead of the abelian identity (3.17) we empb

loy the corresponding matrix identity

Varying the exponential we find the L.H.S. of the Yang Mills

equations and varying the factor in front we find

>. * - Jd Уу 6
<l

(3.3D



Collecting the terms we arrive at the following matrix equa-

tion of motion . . .

/ /* • г "** / \\ (3.32)

. •.• Л'-yU Pjuv "* 9
O
 J

o
 ( ̂ xac)) X£. ( C » x )• "> = О

here

serves as an effective gauge invariant current created at the

point ЭС by. a particle with world line Cx.x • This current de-

pends in a nontrivial. way on the form of the loop. In the

abelian pass > when the correlation function was absent, the cuij-

r.!Tit could be regarded as a function of the point ЭС- in space

depending in addition jpn some closed loop С • In notations olf

the previous section, this was a Smokes type functional with-

out marked point. The point <Xi could be freely shifted aside

from С,and one should^not care about the wires in the abelian

case. In the.case at hand, this is a Stokes type functional

with a marked point. The j>oint JC enters not only as'an argu-
• • - • ' . • ' . • • : • • • • • • . r ' ' • • ' • • . - • • •

 :
- - . ' • . . • • . ' • • • • .

ment of the О function but also as an endpoint of the paths

in the correlation function. This correlation
.•Cfct-a

function represents a Stokes type functional with two marked

points. The significance of these mathematical properties will

become clear below.

Let us discuss the physioal properties of our current. In

the absence of self-intersections it does not differ from the

abelian current.; So ire have to include self-intersecting loop»

: to dieti^iab-\-b«^.een.'4..BiDv;/a^
:
jJ,]^,b*. The self-intersecting



loops, as it was mentioned above, correspond to vacuum pairs.

At multiple self-intersections the current contains some number

of terms corresponding, to the solutions of the equations

Cju(tL)=Xju £ С (to) i* Ь ••• П, (3.34)

In each term иге may take out, which yields

Ы
С
* * ) * ̂ £ J4Col , С )jiij

(x) (3.35)
I'd

with abelian currents

i : Li

t*i being the contour consisting of two rays- one coming to

X with the same direction as Col end another coming out of

X in the same direction as СLo •

Cju (tl-.O)T

Naturally these currents should be understood as distribu-

tions, like in the abelian case. The problem of regularization

will be discussed at length below. At the moment, note, that

expansion (3.35) is a counterpart of the expansion of the cur-

rent in creation and annihilation operators in the second quan-

tized version of the theory. In the path integral representation

pair creation is taken into account implicitly by letting the

world lines intersect and turn backwards an arbitrary number

of times.The same is true in loop dynamics. By incorporant

self-intersecting loops we take into account part of the vacuum

17



quark pairs. .Another part corresponds to disconnected loops

and enter with the factor N , as we discuss later. Naturally,

the physical quarks have ordinary spin and flavour as well as

colour,v/hich was disregarded here.

•However this can be accounted for afterwards in loop dyna-

mics. Xhe amplitude for the physical quark to propagate along

С equals to the .Viiaon loop factor times the standard ampli-

tude in Dirac flavour space.

The Loop .Equation at N

»/e come to the most important part of loop dynamics - the

closed equation for the Wilson loop at N
 =
 °° . This equation

follows from the factorization property, which in turn can be

proven nonperturbatively from the more general loop equations,

as in the random matrix model. For pedagogical reasons we pro-*

ceed in a more natural way. Pirst we assume factorization as

a working hypothesis, and later we consider the generalization

to finite N , which confirms our hypothesis.

In order to apply the factorization we use in the correla-

tion function the Piertz identity

Here

S * O forU(N) and 1 for SU(N) (3.39)

For theLL(N) group.this identity follows from completeness of

basic tou for theN*N hermitian matrices. ForSU(N)the term

18



with (fa)
L
J* \/

a
/N 5lj should be substituted with the

Piertz identity we find

The last term is negligible at ft-*- o©^ and the first sim-

plifies due to factorization

(3.41)

1

Note that still the correlation remains nontrivial

W(C«a)V(C
a
«)

unlike the abelian case. In fact the limit Nj-^^is the ex-

treme opposite to the abelian limit U ~*" 1 in Lt{N) theory. The

equation of motion can always be written as a loop equation

56juv(oc)

At N
= t S o

 the general expression for the loop current simpli-

fies

Сзсх
with

* - con,6tarvt
 (3%45)

This equation was first derived in 1978 within the frame-

work of lattice gauge theory. The physical meaning of this eque

tion пая-.completely unclear at the beginning because of lattice

1 9



artefacts. It took the whole year to reformulate this equa -

tion in continuous terms, and establish the connection with

gluon exchange graphs. Only after that could we proceed fur-

ther with the area law and with the string solution.

Planar Graphs

As is well known at N = <» we" are left with planar

graphs inQ.jC.D.. So the loop equation (3.44) sums the planar

graphs. Let us explicitly demonstrate it. With the graph no-

tation of section II the L.H.S. of the loop equation can be re|

presented as a sum of three terms

The three vertices here arise after applying the path deri-

vative Э
л
 to the previous vertices (2.43). (2.45) namely

(3.48)

20



P = В
л
р

(3 9

These three vertices correspond to the three terms in the

Yang-Mills equations .

0.50}

Let us stress once more that we derived them from the geomet-

ric definitions rather than from (3.50). Agreement with (3.50}

indicates the consistency of the geometric language. As for

the l.H.S. of the loop equation it can be represented as the

following graph

W(Cxy)W(Cy«:)

(3.51J

Here the iine with the cross stands for ЗК Б^ы. S (
a
 ~ У ) j

the vertex without a dot denotes the unintegrated point ОС , S>

and the rest of the notations.are the same as in section II.

This graph is planar since the points at the two parts Соси, C

of the loop С are ordered and do not cross the point <j . I f

the reader is not satisfied with this loose definition of pla-

nar graphs he is addressed to the original paper by tVHooft,

where the precise definition was given and various fundamental

topologleftl. QhaafYwtlnHH Tftr? ДЯ
Д
>«

 r
^t »ff yqtiifw to thfi



equation.

Note that the first term in (3.46) contains exactly the

same graph as in (3.51). This is the disconnected one-gluon

graph

i+f

L*1 ,Я>'
1
"

+ connected graphs + nonplanar graphs (3.52)

In the ]?eymian gauge the first term in the vertex (3.47) just

produces the S - function

(3.53)

Therefore the rest of the terms in (3.46) should cancel among

themselves. As is shown in our papers with Makeenko,

this concellation followed from the Dyson equations and Ward

identities. The ghost loops are necessary to cancel the longi-

tudinal terms.

9 Э

in the connected and disconnected graphs. The second and third

terms in (3.46) cancel with self-energy par"ts in the connected

graphs

conn.

+ (ghost ).oops) + longitudinal terms.

, 22



Gluon" "Jxchan;4.s and the Loop 2<iaation

.is do not Л-.vell on details, they can be found In Vie ori-

ginal papers. Our aim '-ere is to surpacs perturbation tliaciv»

t'.ie above companion v/ith у1чпаг srapiic .'/as only ^iven for Metho-

dical purposes, Папу people, inclu-iin» the author, h?.vc a Vlnd

of affection to Feynman graphs, end filvayt: try tc trsnslst
1
?

complicated dynamical aquations into graphical b.njiiage, Jhen

we feel safsr and start understanding what is joins on. In

the cess of tiie loo;? equation we find, out that the special

variation of the l:>op on the L.H.3. emits only one glujn. All

otuer glo.onB) usually emittad .vhen the chargsd particle changes

it's trajectory^completely interfere each ether. However,this

single gluon doss not propagate. The affective £luon field is

zero everywhere but in the infinitesiiral vicinity of the varied

point. The gluon propagator ̂ К
г
 is cancelled by the vertsx-v|̂ 2

Hence only quark in the infinitesimal vicinity СР.П absorb this

gluon which happen when the loop intersect itself at thin point.

The total amplitude equals the product of all quark amplitude

W f C x y K W ( С и * ) before and after gluon absorption.

This factorization is explained as follows. There are ti colour

components of quarks and H components of £2.uon3« ./hen the quarl:

number i units the gluon number ( Lj J it goes in most завез to a

different quark j Ф L . In further emission it will become j
 >
 j

and it is unlikely that it will be itself a.5ain at V-*» oo. Kote

that the interaction of g].
u o n B

 goes with a wider phase spece-

gluon (i, j) goes to gluon (i, к) plus sl«°n (K, j) with any K
S
V. •

= 4... . H . ̂ e correlation between different quark loops co^rcs-

23



ponde-to identification of emitted and absorbed gluons, which

is unlikely at N ""̂
 o<s
 • Only one of the ft gluons

will be the one we need this gives the estimates/'"'N
2
 for the

correlation. This explanation shows that factorization has no-

thing to do with classical gauge fields. Some types of quantum

factorization have more phase space than other.types, that is

all. In the functional integral it corresponds to the fact

that most of the relevant field configurations are charged i.e.

t'hey correspond to off diagonal components of the gauge field.

These charged components produce an entropy ̂  fy)
г
 which chan-

ges the effective action, like the energy Is changed to the free

energy in a statistical system. The large N liait in this sense

is analogous to the statistical limit. The number of colour

degrees of freedom goes to infinity. We avoided hopeless prob-

lem of the calculation of the entropy in loop dynamics by deri-

ving a direct equation of motion in loop space. How we see,

that it sums planar graphs.

••' :'.'• '•••••'•:'.• .'..•••-• . '•'.•.•: D y n a m i c s " . .

Renormalisation is the most delicate part of gauge theo-

ries, siaoe the regularlsation has to preserve gauge invariant..

Such inportaht phenomena as quantum anonalies, e*g. would be pis-

sed would we not insist on exact gauge invariance at finite cut-

off. '• •.;•.••'• *•: •:.''.' '. • '.;.-.-. •' ";
 -
."' !.''"

:
;:>" ' .

In''/looji dynamics gauge invarianoe corresponds to oloeid

loops. As long as the regularised loop equation involves clo-



sed loop factors gauge invariance is preserved. In the old

language it corresponds to the iorertion of path factors

between the split points in the regularized currents. She

foz*m of the wires Гхц connecting split points is arbitrary.

This produces the ambiguity of regularization procedure.

The renormalizability of ,Q.G.D. guarantees that in any

order in the effective coupling constant the ambiguities in

the regularization procedure will disappear. The problem has

to be reexamined if we intend to go beyond perturbation theory*

The universalityof renormalized perturbation theory is repla-

ced by the existence of universality classes, or phases* of re-

gularized gauge theories. For example» with lattice regularize-

tion, there are generally two phases depending on the struo -

ture of the lattice action. One is the vertex monopole phase

with strong fluctuations . tat the lattice scale and another is

the gluon phase we need. In the gluon phase one may vary the

bare coupling, constant together, with the lattice spacing with-

out affecting the physical quantities, such as meson amplitudes

(up to powerlike corrections at vanishing lattice spacing).

This is a nonperturbatlve analogue of the renormalisation group

law. What are the imp'lications of these ideas to the Wileon

loop factor? Thia factor depernds upon the bare coupling g

and Q in the regularized theoiryi, it also depends 6n this; 'cat-''v
:
..Q1T§.;:•i^.^ef/meeon^.a^litiide^^a^e^ertain path- integrals invol-

ving the Wileon loop factors ae well ae other factoredepead

ing uppii the quaarte p^aai^a;-^^h--if .'•epin^laveury-ete^eMeV ;• \:

' path integraie produoe'. divergencee of their own* There are» v



of the path integrals relating observablea to the V/ilson loops.

In the simplest case of <<J,<^/expectation values

I(C
3C3
c)W (Cxx)

Cocx

The sura - over paths Cxac and the explicit expression for the

weight I(Cxx) (Dirac amplitude) will be derived Inter. By

varying the bare coupling 9oC^)
 3 n d t h e b a r e

 raiss n t
o
( E )

according to the renoriaalization group law with the (S func-

tion of the pure gauge theory we ra^lce keep the m
o
a,a. expec-

tation v::lue finite at t - О in (3*53). Both types of diver-

gence mentioned above ;/ill be eliminated. Sy varying the bsre

coupling Q (£) i n IV(Cacoc) w e eliminate part of the singula-

rities, but some dependence of W ( C x o c ) on С r/ill re-

rja.in. It will be eliminated later on, when the path integra-

tion is performed. This path integration will produce the fac-

tor £.j^(£) which will cancel with the factor 2^(6) in the

bare mass. We could include this constant in the ,\Hlson loop

W(Cxx).This would renormalize W ( C ) in this particular

path integral, but for some other amplitudes other factors

will be regularized. Say the Green's functions of two rector

quark currents, Ц, ̂  (̂  (the quark-gluon vacuum polari-

zation by the photon) will also be expressed as a path lnte -*

. s^al of W (Cj with a different weight facto-. Here no renor-

raalization constants are required since the vector current has

no anomalous dimension. It was implied above that N ~ °°.

In higher orders in Уц the H f corrections to the

bare coupling Q (ЕЛ inside the Wilson loop has to be taken into

account. These correctionsлеЩ-cancel rai.th._corrections from
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path integrals involving extra quark loops. So there are delica-

te cancellations of divergences in loop dynamics. Divergences

appear all the way from the bare lagrangian. to observable quan
i

tities, and the Wilson loop is only an intermediate stage on

this route. Unfortunately the cutoff has to be kept finite to

the end.At the same time the relevant loops are not regular.As

it follows fron the above arguments the velocities X fluctuate

as in Brdwnia.n motion» So we need the iVilson loop factors in

the regularized theory (i.e finite £, ) but for irregular loops

(i.ei loops with cusps and self-intesections). As we shall short-

ly see,there are no singularities at cusps or self-intersectiens

in the regularized theory so Wilson loops are well defined.

There is only one real problem in such an approach. This is

the problem of regularization ambiguities, related to the phase

transition problem. The ambiguity in the regularization proce-

dure has to be utilized, rather .than avoided. V7e have to find

the regularization which has the smooth local limit. The phase

transition should be absent. In lattice regularization this is

not quite so. It is difficult to see asymptotic freedom and

quark confinement at the same time. Also, violation of Lorents

symmetry and the absence of dimensional transmutation1 is an-

noying in the lattice regularization. Something better can be

done with the loop equation than introducing a hypercubic lat-

tice.
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Analytic j;e^ularization of the

Lc op filiation

T'-'O rp.ost convenient regularizsction for perturbative gaug-з

y,
r
.r. •г'у is f;̂e f $-.;.- ;:v

s
 -'i..-; visional regul;-ri'̂ ~;tî '!, ,'hioh was 1

r.jct implied above, .•lovw'-'-r it turne out to be ill C-afixed

beyond pertarc-Htior. theory. Tor example, it mieses fuch an in-

port ant phenomenon as the axial anomaly, which requires expli-

cit point splitting. Ths version of the point splitting pro-

osdure closest to diaensional regularisation is analytic re-

jularization. Now we are going to adapt analytic regularize

tion for the loop equation. The idea is to replace the propa-

gator К •"*" К " in a gauge invariant manner.

The regularization will consist in analytic continuation in £

from the domain of convergence. The number of dimensions cf=k

will be unchanged, so the loop functionals will be well defi-

ned. Only the coefficient functionals i»e. traces of gluon

(Jreen functions will become nphsingular at coinciding points.

With the gluon propagator К . Xh planar• graphs

the above line with a cross in (3.51) will correspond to К"
г €

since the vertex (3.47) - vfill remain K 8 as before. At finite

в the points X. and у would be split with the weight«*6(:s-y)
M
'
A

instead of the S - function.: Naturally there should arise extra

graphs to compensate the violation of gauge invariance at the

point splitting. In the old formolation it corresponds to path

factors U (_Гху) in. the adjoint representation where Пху is some

._»th^e>wiiea*-aiid.:a
:
;;-;-

:
.ittth»

1
l9bp-ieW^oii'-t^ pethe

Г*у should be addea to cloee the loop*

" • • • • • • • • • 2 8



-1

(3.54,

W(Cyx) -* W(C
y
« Г

Х
у) (3.55)

Prom the point of view of gauge invariance these paths are

arbitrary but space symmetry is violated for arbitrary paths.

There is a natural choice of these paths preserving the symmet-

ry. Namely they may be chosen to coinside v/ith the path of the

gluon. The extra vertices arising from the factor (Т/^Госу) •*

now can be interpreted as gluon interactions. Roughly speaking

this is the same as replacing the 5 - function by a covariant

derivative in the adjoint representation V w = 'Э/и + С fl ы

raised to the non integral power ( - Vyu J~

Let us now make these ideas more precise. First of all it

is convenient to consider the integrated version of the loop

equation

L W(c) - >
c
 Семь

The original- local version represented a vector equation for

the scalar functional W ( C V s o it was overcomplete. There

were certain consistency relations following from 'the identi-

ties (2.). The 3.H.3. satisfied the self consistency relations

due to conservation of the vector current J^(Cxx)
 i n

sence of loop calculus (e(x)j^(Cacae)s. О ) • Point

splitting in the original equation should respect self-consis-

tency conditions* There is no real п-n^hlem» since there ят>»
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no anomalies in the vector current but it leads to unnecessary

complications. The scalar equation (3.56) is, in principle,

equivalent to the overcomplete system, but it is more conven-

ient, for point splitting.

As a first step in the gauge invariant point splitting

procedure let us introduce the heat propagation kernel \{
f

K,-(oc-y)= <oc| exp(-T Р
г
) jy > (3.57)

p . ±_ (3.58)

At vanishing proper time T , it reduces to a 6- function,

so it may serve as a regularized definition of the S- function»

However, it would be more convenient to introduce a dimension-

less cutoff 6- by integrating the heet kernel over proper time

with the corresponding weight.

This function interpolates between the Peynman propagator

( £ e1) and the 6-function (£ = 0) • At finite 6> it corres-

ponds to the propagator Г(£+|)(Р ) with a'branch point rather

than a pole. The Feynman integrals with such propagators are

defined as analytic continuation in 6 from the domain of con-

vergence.

Next recall the well known path integral representation

of the heat kernel

j ) (з.бо)
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;7e shall ase a special notation for such a path integral

(including the proper time integration)
х{т)=У

 т

о

With this notation

(3.61

The reader is warned that sometimes other definitions

are used in the literature of the path integral, in particular

in the author's papers. 7e use this one here, since it i3 acst

traditional and (therefore) the easiest to memorize. Now we

are ready to write down the regularized loop equation

(3.63)

L W ( c ) = t * j [ f ^ V
с с

The iteration of this equation would produce regularized per-

turbation theory. By construction the first iteration yields

the one gluon graph with propagator Г(£-И){К*) -
I n
 higher

orders extra vertices will arize* The following graphical rep-

resentation of (3.63) proves to be convenient.

(3.64)

Here the functional integration over paths fxy correspond-

ing to the double line and the integration over the end points

X, U is implied. Each window corresponds to the W-factor

of the corresponding loop. V7e refer to such a graph as a
 n
glas-

sed
n
 graph;. Note that only planar graphs can be glossed. Me

have already-dealt with .glassed graphs in the random matrix
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lv. in; which they were only . a technical device. Here the

graphs haW.to*be understood in the usual Feynman sense of sum-

(ning over all ihiatoriea the correspdading amplitudes.The itera-

tions . of this equation can be performed in an. integral form

X t
13.65)

In the first order on the right

(3.66)

The application of the inverse operator (with the Euclidean

boundary conditions).reduces to multiplication by K* in momen-

tum space i.e.

-aJr(€+!)

(3.67}

In the next order we find

it? D QD]
(3.68)

where the wavy line denotes the regularized gluon propagator

$д,^(к ) Г(£*1 )• Application of L, here is a bit more te-

dious, but streightforward., The result has the structureT

(3.69)
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The regulairization 3-?oint vertex and the self-energy part

can be found by applying U to (3.69) and using the graphic

rules (3.46).. '.7e omit these ealcxiiationSj since.fo.r practical

purposes of perturbative Q.C.p. 'analytic regularizutiqn.is .less

convenient than dimensional regularization. However i f is ac-

ceptabie from the theoretical point of view and: it is partieu .

larly convenient for the investigatibn of the lobp' equation. • .

Self Obnsistent Area Law ••',/'" .•

Let us start the -investigation.of the
:
 loop, equation in the

most interesting-infrared domain. Kqte that the equatioft c,an

f h l lbe reduced to a universal form. by rehormalizihg the; Wilson

f a c t o r - • . . . ' • • " • ' • • • • ' • : • ; ; • • • • . • • ' • • ' • • • • • ; . • •; • • " • ' • • " . . ' ; ' • ' . ' . • . . . • • • . . • • • •

W ( c)> - ^ • • ^ : f r ) . ; •, ; •; \ ;; : (зло?.

The renormalizsed factoi- CO satisfies .the equation;without.

,yV . The.bare pouplihg enters- the initial condition,; v .

>Уе
 :
m$y treat this condition as

:
a- defii^tion.bfth?

Ojearly.this cphstaht is irrelevant. The physical scale ^

can be defined as a coefficient in front of .the 'aiiea. in the ;
' • • ' • ' • ' • • • • • • ' • ' • • ' • ' . • . ' • ' • ' • • ' • . " • . . • . : " • . ' • • • • . ' " . • . ' ' ' ; • • . ' ; • ' • • • . " • . - • . '

:
' - . ' ' - . л ' " ' • • " • • * • ' . - • " ' • . . • • . : '•-•

area law which we expect to -arise as .a self .consistent" asymptq*

t i c s o l u t i o n a t . l a r g e С ••.;':'•. '.-'•.'•/. •.'• '••'• .•..••.•'• ' . - л ' - . -
1
. ; .•:'•' • \'.

Here S^ is the minimal surfaoe bounded by G. and jS^Jis the

area of this surface. The abalytic: reguiarizaticfri of the area

с я п b e K i v e n . ; ''•'•.•'•••'.••.'••'•. ' . , ' • • • , • - : ' • . • ' ' • ' " *

• • • • • • ^
V

: . : ' • • ' • . - .
;
. ' - " ' : ' - -

:
' ' - • 3 ? . ' • • • • • . • • . . • • . - • • • •



(3.73)

(3.74)

is tiae tensor area element in the local tangent plane. The

tangent tensor "tjuV^) is normalized to unity

Z * 1 (3.75)

t £.—*• О the domain ofy-*-ac contribute-

( З Л б )

(X)

Hence at £ « 0 the standard definition

d e y H (3.77)1

is recovered. Let us now demonstrate that the area law does

indeed satisfy the loop equation at large С . Substitute

the following ansatz into the loop equation

W(c)sexp(-6|Sc|£)9(c) ( З Л 8 )

Only the exponential factor has to be differentiated for large

С

L|S C| £ (3.79)

A simple calculation yields

\\
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•Jn the right of (3.63) :rie find thst the ex;onential factors

cancel (at £ m О )

C3
.ei)

It was implied here that the path Гху varies at the nini-

ual surface S
c
 . Thsn the sun of areas of the two windows.

S
1
 + S » = S

c
 • •

? o r
 *^

e
 regularized area this

is not quite so, but v;e expect that at £-*• О the dominant path;

Гхц vary along the minimal surface. The transverse corpo -

lents X rtj(d) can be taken into account perturbfitiv^ly. In tr

Gaussian approximation v/e shall obtain sone deter

(3.32)

We shall not work out the details,here, but in principle this

determinant is calculable. The Resulting equation for the pre

exponential factoi 9(
c
) reads

6 9(c)

Г»., С-Si



At present we do not know how to solve this equation; even

the determinant /\ is unknown. But naybe some approximation

to this equation will be found in the future. At least we see

that the area law is self-consistent. Uote that this mechanism

o-f the area law is explicitly Lorentz invariant and exhibits

dimensional transtfuta-tion. The same glassed graph which des -

oribea gluon exchange at small distances, leads to confining

forces at lar^e distances. So we have a smooth interpolation

en asymptotic freedom and confinezaent.
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