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1. The supergauge =4 modei'[ll had been recently widely discussed in
literature. The model is notable, in particular, because it has a vanishing
three-1oop Gell-Mann-Low ﬁ -function[z-ﬁ]. However the gquestion whether
thé model can be supersymmetrically renormalized was not so far considered.
This paper is devoied to the investigation of thislproblem. The proof is
based on the analysis of super Ward identities for fqﬁb) , the generating
furctional of the one particle irreducibie {proper} vertices. In sec.2 the
derivation of suﬁersymmetric Ward identities is presented. Sec.3 contains
the results of the diagrammatic aralysis of the divergences of the vacuum
expectation valuves contributing to the lard identities. Sec.4 presents the
most general expression for the structure of divergences of the F(dD) that
respects the gauge invariance, while sec.5 contains the aﬁalysis of super
Ward identities. The investigations of secs.2-5 were carried out in the
Wess-Zumino gauge. In sec.6 the supersymmetric {N=1) gaugé is discussed.

We prove the renormalizability on the assumption of the existence of

the regularization that conserves the supersymmetric properties of the theory. .-

2. The free Lagrangian of the N=4 superggﬁge model has the form [1]
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Here Aju . X , L?lj are miitipiets of gauge, spinor and scalar fields,
respectively, which transform as the adjoint representation of the gauge
group, 59.%_;-_ are structure constants of the gauge group; moreover, the

o H e O . N
fields X ' xi and L?;j transform {over the indices v , } )
as representations 4, 7 and 6 of the Su(4) groups C 1is the charge con-
jugation matrix, % is interaction constant.

The action (1} is invariant under gauge transformations

. ach ol 'o,ca e e

( 7\E7 is the inf1m‘tes1_ma_'l gauge-paramete!‘). and also under globa_] super-

symmetry transformation [y

SoA% =il X - X RY M)

S ¥ = J R =T Sa K (3)
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A I '_i Lare spinors, infinitesimal Grassmann parameters of supertrans-

“ormations, transfor'ming as 4 and 4 of the SU{4) group).
Henceforth for the set of vector AJM , scalar LP..J and spinor X

Q. 0- i\ = q,
X, ffelds the notation c|> (A ,lzPLJ : X ) will be used.
Consider the generation functional Z°  of Green's functions of the
& .
fields qﬂ’-

Z=Jd¢axp{-:i—[L L LquEnM (<1> +:ra¢" "1\ -

(8)
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where Lo is given by (1), C , 6 are ghost f1e‘|ds, R B.a are ge-
. o oB
nerators of the gauge transformations of the field.s d) S (“-—t t }

is the gauge fixing term,

Prior to the derivation of supersymnetric ward 1dentit1es, one important

5.8 )
fact must be stated. Under the change of variab‘le cp . ¢: + &g db



B, .
in the functioral 2(J}, &, B_ being given by formulae (3), the ex-
Mu.b ‘ )

pfessions for ﬁa and naturally transform inte
2% 5 (Au+8s A ) and Mo M“&(ﬂﬂ +8g A ) respec-
tively. it turns out, however, that the expression for M'H’ coincides
with the one constructed using the function 't."‘- . In other words, for the
theory under consideration the result of the supersymmetry transformations
{3) is eaufvalent to a transformation of the gauge. Using this fact and the
invariance of {,o under the gauge transformations (2), we change the vari.
ables in (4} i
6B

¢ .
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Here 65¢z'§ are given by (3}, 6% ¢%E‘; denote transformations {2)

— ¢%,B+ gct)!;,b ;
{5)

with a gauge parameter

bc c
?\e:=_z) ss't

sz’C being defined by the equation

Vs ?

Mﬁ.g D&c - Sn,c

Under this change of variab't_esl; ta‘ does not change, Besides, it is easy
.. to show that the Jacobian of this change of variables { ¢s,,e, by q‘?'é’b )
in the functional integral is compensated by the change of the summand
- iSan MGE’ (d}) in the exponent.

. Thus, aft.ér the change of variables (5) the genera{:ing functional Z

s given by
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From (6) follow; the Ward identity
b 6.8 &b cd d 7
35[65¢7 - ° SS‘E]Z(S)= 0 )

In the identity (7} the exchange of C]:>€"E> by %— gi—é in the operator
B

in the brackets is presumed.

Introducing now the gemerating functional ["(¢) of proper vertices
: b 8B
M(¢)=-iqlnz(3)- 75 &

"% = ingie t2(9)
we write down {7) in terms of I"(cb)

b e% d
¢ <6<1> c.’DCStd> 0

Here <.... > is t.he vacuun expectation which is a function of cb and
vhich is obtained from the gperator in the brackets of ident'l_ty 17) by re-
placement

bd,BD S,

\ 65 . P { Pyt1) et
CPGB__.. B+ LP‘L(-T) ( [(I‘) ] 5¢d,3’)

where SL/6¢er is a left derivative, PB is the Grassmann parity of
‘he field CP%.B cand ({1 )-,]%d,l’ﬂ) denotes the matrix reverse zo
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nient to-turn from the functional F(ct:) to r‘ CP) defined by the relatio

= S f_/5¢3> 58¢C‘ D . In the following it will be conve-

e Q

'f‘f§:4>)=-r(q>)+%t_ t*

Us’i-ng the relation .-

<p(e)p ek ctE PO 7

where P( q>) is an aljbitrary '_Funi:tiona]'of the fields (P%'& , we obtain

for the functional’ f‘(qa) the identity' h

= . (&)
56¢°-5<8¢ :l 5¢N<R Cc:“cs t°'> °.

In the sam2 notations the gauge S'Iavnoy-Taylor 1dent'ity, which is a result

" of the invariance of L o~ under transformations (2}, reads

SR (9}
Sscba.e,.(R ccd> = 0.

Using the fdentity (9) the second summand in {(8) can be rewritten in

terms of quant'it':es dscr"lbred by one partic1e 1rreducible Feynman diagrams.

To this end introduce the notatwns <. .. > and < > for the connect-

ed and one part1c1e 1rreduc1b'[e parts of < > . Let us define, besides,

jf PFLLY cSt >°”*qT¢

- ¢
<ctessic>"= <ctee > T,

%3 ctE g,ba
terEesE < ctE s T
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where ij ’.T;St . T are one particle rreducible dtagrams.

Taking into account that o
8,% - 880 o . /. < _¢ S
<RTTICTE A > = <RTTC TS5, Tage ) T

and using (9), the identity (8) can be transformed into
(10

cp“’[s(p FL<<6¢%’B>>-];‘O

where .
_<5.5_‘<1>E"Ef>,=8 q>"'e’+q<s <;>-5'B>°"‘,I
I _
<& ¢ bs =<5 cp“‘“ °_.p+ LTq,

Let us now exploit (10) for the ana]ysis of the structure of- the d1ver-
gent parts of the functional [“ (q)) .'.0 do that we must make use of the

loop decomposition of the quantft1es enter1nq {10)
. _ = .
=S «nlye ’t'ra-*.“".
<<5¢> >> <:<.<S<p >> fO("L)

and alse detach their divergent dnd finite varts

-—' —_—

r. = r: ' 1d|v E 'n‘” D

«s bt >>~<<6¢ Pia <<6¢ >>,d.v

The identity for the diverqent part.of [" ((¢;)'i foTlowfnq from (10},

then reads
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The expression (11) is the equation for the ﬂdiv and we'l11 proceeed

now with solving it.

3. To find out the structure of vacuum expectation values one has te

analyze the diagrams, taking into account the SU{4) symmetry; the momentum
*

dependance, the \6 -matrices structure, the CP invariance . The diver-

gence index of the diagrams X5 %15 equal to W= d¢¢,b+ e_‘N 2 n,

B
where d¢a,_ B js the dimension of the field CP% N .mn  are the

numbers of external boson and fermion lines, respectwply.

The result of the amalysis is that

o a ' = Ko '.o_ ®
AL = a8 A e (i X X X (1),

o o n v n X o, Xl
K89y =ad i + by (AiCR A3 - MR T Eigres XN

X v, o {12}
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* The definition of C transformations for gauge theories is given in 7

i0



X1
where ., Oq, 'b., , U, N ue ., U3 are divergent constants,td

are divergent quantities with invariant isotopic structure. The structure o
divergences of <<5 7—(0,{)) is not written down since it, due to the CP
jhvariance (which 1ike any globai symmetry holds for the vacuum expectations) .
can be derived from <<SX™' K>> by tie Dirac conjugetion of fields (and
not of coefficients}. Also due to the CP  invariance we have only by one

- (-3
divernent constant in each of the one-loop approximations. of Sﬁy and

5%

4. The qgeneral structure of rw’iv which respects the (auae sym-

metry was deduced in [91

1 .2 - ,Qjo z;,'t
Edav:?[_%sz‘((}ﬂ") Hszaxiﬁj“vﬂ Xy,

g ' i, ~ & i,
-1-%823(?; kPLE)(VJM QCLP )HSZL?a kP,_‘] k? - {13)

1

F(Szaﬂc _xaiCL_x lPL_\+LPLJ' x CRX )

o c - 1¥d g
%df% ~hedf B oo ivd e j)+

1 i ‘
"Té(SZLP‘* PRIt azLPu Yoo b B P

—a. ach “ &1 o b ade pd 1,0

*%-SZA{LXLK;“JE AU L
v, % o abe g <1l
cse™ et Lemeaf gl A TY]

in obtainint {13} the SU(4) and CP invariances of [ were taken
“into accourt, the comsequence of the -latter being the egualitv of the coeffi-

cients of the structures X0 W and 7(_2(?
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- 'Substi'tut"lng the expressions {12}, (13) into identity (11} and ana-
lysing the structures in it we derive the relations.between SZ  and di-

vergent parts of <<5d>>>1dw '

-~ '@c. abe T
62¢a=O,ua=OJ ‘tq?::o) 'ta = O (14)

ab abe a

< . be Be be abc
t‘l :I’L‘} » +‘ :QEJCG' ’ {: =P133C

where Q1 s Ny o an are divergent constants.

Moreaver, we have

ob

- _abe e
Ged § bc ,adf
SZLPCM =J(QC} (Sch“
~kcdf abe .adf _~
62?{‘ = :[ _{' S‘ZL?H .

" The latter equality leads to the relation

'.\,'%cc{; E,. iKd, ¢ 50 1 oY abe adf o  ijd e «L, f
62‘1?“ "‘PLj ¢ L?KCL? ="'a"53'“?‘*_‘; 5 (PLJL? . LPKCLP

L If we -‘introduce new notations

. s7,=- 287
§2,=825-252
§%,=52¢q- 2524
BTy =52gu 7 52 g

then the remaining relations are as follows

1
SZIZLP=SZX+§82¢~2.SZ% (15)
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§2gr = 2 (62y- S2q)

Q1 = %(SZ‘X—SZA)

L
b= (524 -62,)
.f
4 =_L,'(52A SZyx)
Ny = T (282, - 62y )

le, = J%? ((SZL?—SZ.;()

Mg = é 82y +82,-562,)

© .
o= 82y~ 5 52
It is easy to see that Sp = S-nlg;y . owing to the rela-.
tions {14}, (15), coincides with the one-loop approximations of

Sw = S(Z¢,249)

szs""l_ruiiv + O(Qz) )

| 56
while one-loop approximatfon of new supersyrrmetry transformationsb R(P

B
coincides with 63 ¢ ’{"(( 54)% S>> diy

55|R q)%'b Zga & cbgb(i ¢ ?‘3 %)

{16)

sm CP =8, - <<8<p' =40t O(’lz)
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Here Z$=1FQO‘"Z¢=T_QSZ¢) zng—q_éi%.
Let us now start with a new Lagrangian (with the Lagrangian of the ghost

fields. which is defined by the gauge symmetry}

' (17)
o Ma T —q Rﬂa& 2
Soreft™ Sig -5 (AuA J+C 3R c,
R;Bh -
where R’ = Z. gqj;& B, %a( ¢) Lonstruct a generatinn func-
tional of Green's functions
(18)

Zw)=jd¢dcd€ exp{.%: (SIR + 3; ¢%,5)

.

and integrate over the ghost fields. Changing in (18) the integration vari-

able

. &, 68 . 5.5
<P%"&—*' ¢l%’5= $ e 8 d t Sq1r $

Raba . 0 (<8
D

her .8
Here S%mq’ =-R R81Rt

Ea.& - La RRJH::.%)""

we come to the Ward identity

78 o 4" Bge $7712(9) -

Going througn the step analogous to those Teading to the formula {10), we

obtain for the | functional

%8 66 r
(Squ) +Q<<‘8<P >>)5§T—¢%=O
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where

<8¢ - < gt T 2
Gad ' B-d
Towe= § < C 5,01 >

Inserting the loop decompositmn of = Sg ”'lr:l;m“‘ 1 r .}0 'l )

(I_,',} pis finite because we deal with the action (17}), and also taking into

© account that’

[ &8 &8 L EB 3
5,R¢B=55c|> —FL<<64> }>Idiv+Q28€¢ +o(r1),
«8¢"% = <8¢, 1 << 89 + O(1))

we obtain for the diverqent parts in the two-loop approximation
' {19)

8 S Mg b8 §S.
S.b ?ﬁ»f«w > 0

2 5B
mere <EPEED, = KEGTO, 6, 950
Note that all one-loop subdiagrams of <<6¢% 5» are finite {due to
(16)), and hence <<6¢%‘ B>>ad.'vfs a local functional of the fields. Thus
the structure of the divergences of vacuum expectations in the two-Toop
approximation cofncides with the structure of one-loop divergences of vacuum
expectations. Moreover, the structure of r:adiv coincides with that of
r1 div [9] .
Hence, the equation (19} which coincides with the one-loop equation (11)
leads to relations between &Z and divergent quantities in << 55‘”;‘19%%)3&“’

15



that followed from {11). Acting by {nduction we obtain that the renorma-

lized action is

g=.5(zl§ CP,?_%%)

which is invariant under the new supersymmnetry transformations

6.B Z 6.8 Hz -

- e

Sen " B 847 (25 4 %49)

© Thus the superSymetrfc.‘(multiplicative) renormalization of N=4 supergauge

_theory on the. Wess-Zumino gauge s proved.

6. In papers [3,4]the action of N=4 supergauge theory is expressed in
terms of H=1 superfields \f and LP-" The expifcit expression of the ac-
tion wh‘ich we'll weite down as S (\j q) %) , is of no tmportance to us,
The th'ing that matters is that the action of sec.Z may be obtained from the
: action [3 41 simply by imposing the Wess-Zuming's gauge condition, Thus the
‘.lact'lon (,1) and -the act1on S (\f q) %) may be considered as the same
‘.action under different gauge conditions.
' To’ c\:nstruct the renormalized action, correspondmg to S in the
supersymetr"lc hnear gauge we make u.se of the result of Ref. [10] accord-
-; *nq to- wh‘ich the renormaHzed actions of the gauge theories in different
gauqes are connected via a {canonical) change of variables (for details,
: see ‘10 }TlFor the case of linear gauge we obtain making use of the dimen-
sibnai 'a'na]ysis (i.e. with the account of the divergence index of the diag-
ﬁa.gmsl“definir-\g the change of variables) and supersymmetry. that the total re-

‘normalized actien is

16



where Z% is the charae renorma‘hzation constant, which coincides with
Z% in the Wess-Zumino gauge { Z% is gauqe- independent [_10]) is
a renormalization constant, FR(V) is a local function of  ( \/ fs
nonlinearly renormalized, since its dimension is equal to zero); 5% is
“the gauge fixing term (which is supersymmetric, quadratic over v and
cmnc:d‘mg with the initial S% H S?q, is the Lagrangian of the qnost
field, which is ¢btained via usual Faddeev—Pbpov rules and uenerators

Rsm_ 2 54°° éi'db RD'df (CP) .

8.5 v
ahere Z - is the ghost syperfields renormaHzation constant, q;; p (_qu’ )
Lo d
{in this ‘case), CP -' (FR(V) Z g) are the gener_a'tnrs of-.t_:he
) - D

supergauge transformations of the initfal action S s

Moreover, there is a relation between the renorma}izatwn constant spe-.
cific for N=1 supersymmetry {that the vertices of the thirﬂ ﬁe!dw(LP )

do not renormalize [11])

3ia 2
2 =
Zg
Note that the explicit two-loop calculations in the Feynman gauge dis-
close[3-6]that the theory is finite ‘

Fe=V, 27 -Z% =
and, of course, Z = Eq = {  in three loops [3,4].

The authors would like to thank S.G.Mat'inyan_for_" the interest in the .

work and useful discussions.
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