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1. The supergauge N:4 model [1} had been recently widely discussed in 

literature. The model is notable, 1n particular, because it has a vanishing 

three-loop Gell-Mann-Low _f-l-function[2-6). However the question whether 

the model can be supersymmetrically renormalized was not so far considered. 

This paper is devoted to the investigation of this problem. The proof is 

based on the analysis of super Ward identities for r(¢) , the generating 

functional of the one particle irreducible (oroper) vertices. In sec .2 the 

derivation of supersymmetric Ward identities is presented. Sec.3 contains 

the results of the diagrammatic analysis of the divergences of the vncuum 

expectation values contributing to the \lard identities. Sec.4 presents the 

most general"expression for the structure of diver~ences qf the f(cP) that 

respects the gauge invariance, while sec.S contains the analysis of super 

Ward identities. The investigations of secs.2-5 were carded out in the 

Wess-Zumino gauge. In sec.6 the supersymmetric (K"'1) gaug~ is discussed. 

We prove the renormalizability on the assumption of the existence of 

the regularization that conserves the supersymmetric properties of the theory. 

2. The free lagrangian of the N=4 supergauge model has tl':e form [1] 

S =.!...U_Go. Go.,J'' • .!...t,)t,nt.)(vf'·"c 10 c,lj) + 
o <12.l l.j pv 4 \ jJ '1l J '1' . . . 
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•• ..x~ c,J"v;t ..x'·~. Ja (k[-.:t''cL.XJ'~tV~j -.X:"cRii~'f"''iJ-
•· 

a. "-

Y1ij =o-~jl' 

L =t (l•~s) 
A"' 'vo..,i. 

Here JIA ......, are multiplets of gauge, spinor and scalar fields, 

respectively, which transform as the adjoint representation of the gauge 

r a. I> c.· 
group, J · are structure co.nstants of the gauge group; moreover, the 

' - <L 

fields X o., ~ , f._~ L\'
a. 

and · · 
'J 

transform (over the indices i. , j 

as representations 4, 4 and 6 of the SU(4} group; C is the charge con-

jugation matrix, % is interaction constant. 

The action (1) is invariant under gauge transformations 

a. o.t t. . a.t ro..ct c,i. t a. fa.cL c C. (2) 

6'3AJ<•VJ< 'A, s,.x '•t J.. .<., 6fl',j=J 'l'tj A 

( At is the infinitesimal gauge parameter), and also under global super­

symmetry transformation [1] 

(3} 
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Os ( L x"· K) = ~ 6JUY Gpv, 0.. L d • ."+ ..[2 (v;t l.l'") r/'Rcd. e + 

ro.&, "t,Kn /0< Ld. e 
+j ~ ~n~ ' 

_ 0. ~ - JUV, 0. f"::' ( a.t t ) J J' 
6

5
(.x, R)=-2-"ct,RG E,J".,-~2 VJU td'cj d.CL 0 • 

+ f"tc ':Yt~n !Jc,n• cle R 

{d.. l , di. are spinors, infinitesimal Grassmann parameters of supertrans­

' ~ormations, transforming as 4 and 4 of the SU(4) group). 

Ao.. a.. ~o...~ 
Henceforth for the set of vector JA ,_scalar tp~j and spinor fl.. , 

-o. o.t(Aa. o.. o..i. -Q,.) xi. fields the notation cp '= .?,_lfi.j) X J I X~ will be used. 

Consider- the generation functional "Z · of Green's functions of the 

fields ¢ ~. e, : 

J { l [ " Q. a. C' •• a.t . ) J~ ~.1111 
i'.= d¢exp if L

0
- y+. t- c'l..::>pcn.M (4> + e<P ] = 

(4) 

where L 
0 

is given by (!), C , C . 1 .. R e,,a.t 
are ghost fie ds; are ge-

-+> o.,B '.(- ~ to. t 0 
) nerators of the gauge transformations of the fields ~ c 

is the gauge fixing term • . 
Prior to the derivation of supersymmetric Ward identities, one important 

· ~ · ,,B t,& ~,e 
fact must be stated. Under the change of variable cp :..... cp + Os <P 
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in the functional Z(CJ)' os<l>~.e being given by formulae (3), the OX• 

pressions for to.. and Ma..(, naturally transform int~ 
'" " M'a~ "~( c ) t = t (AJ" + Os AJ" ) and = M AJ" + v5 AJ" , respec· 

M ... ~ tively. It turns out~ however, that the expression for coincides 

with the one constructed using .the function 1:.'ct. In other words, for the 

theory under consideration the result of the sup~rsymmetry transformations 

{3) is equivalent to a transformation of the gauge. Using this fact and .the 

invariance of L 0 under the gauge transformations (2), we change the vari· 

ables in (4) 

cpt,B_ cpt,B + 5 cpt,B , 

Ecp~'B= <'is cp~'B + 0-a<Pt,B = bs cpt,B_ RB,k.VcdcS5 t d 
( 5) 

Here <\ cp t, B are given by (3), &'! cp~B denoteo transformations (2) 

with a gauge parameter 

~ tc c 
"A = - JJ os l: 

2)tc being defined by the equation 

" Under this change of variables t does not change. Besides, it is easy 

to show that the Jacobian of this change of variables ( <f>t1 B by <P 1

{,,f>) 

in the functional integral is compensated by the change of the summand 

- lSp ~n M o.t ( ¢>) in the exponent. 

Thus, after the change of variables (5) the generating functional 2. 

is given by 
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(6) 

From (6} follows the Ward identity 

(7) 

In the identity (7) the exchange of cpf.,B in the operator 

in the brackets is presumed. 

Introducing now the generating functiondl r( ¢) of proper vertices 

r(<PJ=-'~en.<.(J)- :;; <Pg,B 

<Jlt,B=-i'l 6 f• fnl(::J) 
0 

we write down (7) in terms of ~ ( ¢) 

li_ <li -h~'B_ RB,k cd li d 
7 

= O 
ot&·" s 't' 'J) s t 

Here <-,.. > is the vacuum expectation, which is a function of ¢ and 

~hich is obtained from the operator in the brackets of identity t7) by re-

placement 

where O~..j6¢d,D is a left derivative, PE) is the Grassmann parity of 

~he field ¢ t.& . and [ ( r "r 1Jtd,&'D denotes the rr.atrix reverse !.0 
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. In the following it will be conve­

r(¢) tO r(<j>) defined by the relatiOI 

Using the relation 

.. ~ . . l "-- .t p ( "') . 
< 'J) p (¢ ) "': = ~ 1:".< c c '+' 7 ' 

where P(q>) is a~a~bitrary :FunCtional. of the fields cpt~B , we obtain 

for the functional r ( 4>) the identity· 

(8) 

In the sarr:~ notations the gauge SlaV~~v~~-~~1-~r· l~e~tit;, which i-s a result 

_of the. invariance of L 0 under transformations (2)', reads 

oF B,~c c-d 
sq,'·e.< R c c > = 0 . 

(9) 

Using the identity (9} the second summand in (8) can be rewrit~en in 

terms of qua·ntities.·dScrilied by :one particle irreducible Feynman diagrams. 
. . . · · · · . c of'l 

To this end,_ introd~c·e th~ no.tation~ <·· ·.· ·> and < > for the conne~t-

ed' and one parti~l~: irre~uci~l~ ~arts of:-.<;.-.·· .. > . Let us define, besides. 

r~d<<l>~'Bc"C<o,t< >OPI = ~ Tq,G.,5 
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) 

a.,~ c: B "CL 
where T~ , T8s.~ , T,' are one particle 1rreducible diagrams. 

Taking into account that 

B ~._ B ~.. ( < < ) ~. B <R · c"-c<s.t<>=<R · c .. c<> o,t •Ts.t ·~Tq, 

and using (9), the identity (8) can be transformed into 

( 10/ 

where 

let us now exploit (10) for the ana.lys-iS _of th~ stru'<;tuT-e of· the div.er­

gent parts of the functional F (4>} .. ,<1~ 'qo ~hat,_ W\'! mu~t _ma_k.~ ~se Of -thf 
loop decompoSition of the quantities enterirtg {10) 

r ~ s •• 'l F. • tt' F.. ~ .... • 
<<o<j>~'s>> ~· «o<j:>~.l'>~>,. o('l), 

1nd aJso detach their diverg~rit. and ·fi.rli.te'Tiarts · . : . .. ·.··-· .. . . . 

The identity for the dfverqerit pari. of -r~ ( ¢ )· · .fcllowfn9 fr0rr1 (10), 

then reads ... 

.9. 



(!!) 

The expression (11) is the eQuation for the ~ di.v and we'll proceeed 

now with solvinq it. 

3. To find out the structure of .vac~um exoe~tntion values one has to 

analyze the diaqrams, taking into account the SU{4) synwnetry,, the momentum 

• 
dependence, the '6 -matrices structure. the CP invariar1ce . The diver-

gene~ index of the diagrams <<O<P~'.i).);s equal to w"'d4>t.,fH· !-N- ~ n.l 

where d q>t. e is the dimension of the field q>~' 5 • N , Yt. are the 

numbers of external boson and fermion lines, respectively. 

The result of the analysis is that 

;(u,<lAa.·•\ t.:~' ~~.~t A~) of' Rcd:e + 

+t:~" tf~,,K, lfJ~e c~.~1 + oh'") 

( 12) 

*The definition of C transformations for 9auge theories is given in 7 
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where a. , 0..1 , ~1 
a•c 

are diverqent constants. tel. 

are divergent quantities with invariant isotopic structure. The structure o-, 

~a.. . 
dlverqences ot<<&XK>> is not written down since it, due to the CP 

ihvariance (which like any qlobai sym11•etry holds for ·the vacuum expectations), 

can be derived from <<8Xa.., t<>> by the Dirac conjuqation of fields (and 

not of coefficients). Also due to the CP invariance we have only by cine 
. ~ 

Uivert"_Jent constant in each of the one-loop apnroximations. of 6/!r~ and 

6lp ": 
'J 

4. The ~enera 1 structure of r
1 
d i V 

me try was deduced in (.9} 

~1hich respects _tne ~~auae sym-

In obtainin'l (13) thl'? 5U(4) and C.P invariances of I ~~ere taken 

into accour.t, the consequence of the ·latter be ina the equalitv of the coeffi-

drnts of the 
< - 2 

s trurtures ):... lf and X ~ . 
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5. Substituting the expressions (12), (13)' into identity (11) and ana· 

lysing the st~uctures in it we derive the relations .between 52 and di­

vergent parts of <<.8<P>>1di.V 

where 'l, • 'la • 'b are divergent constants. 

Moreover, we have 

!f-we introduce new notations 

o"l, ~- 2.o '-'a 

6"l._ = 6t.x- 25~~ 

6t., ~6;:.'1'- 2.&~'a 

' 1 -.s~<f' ~8t.'1''- 2: se.'1'' 
then the remaining relations are as follows 

\2 

(14) 

(15) 



I 

a., " ~ (ot..x- 8iA) 

~1 : 1- ( Ol 'f - 0 i:' X) 

1 Ll,=4 (cStA- O'lx) 

'l.," --1-- (2s~A- St.,) 

, owing to the rela-

tfons (14}, (15}, coincides with the one·loop approximations of 

$,~ = $ ( z~r.<f>, ;:, ~) 

. . - g B 
while one-loop approximation of new supersynrnetry transformations b_s

1
R 4' 1 

coincides with 6e ¢t,ll -t<.< 6<j>t,B>>10 ;y · · .. 

c ,;.. ~.!> i'.~ ~.B (t_'/2 ,;.. i'. ) 
OSIR't' =~<\<j> <j>'t'> 3\l > 

~~ . (16) 

SSIR ¢~' 5 = os <j>~.B_ 'J. <.<.5<(>t,e.>>,d;v + 0(~') 
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Here Zs= 1-'l_o.., i!.q,= 1- '(0"-q,, 2.~ = 1- ')_6i!.\l. 

Let us now start with a new Lagrangian (with the Lagrangian of the qhost 

fields, which is defined by the qauqe symmetry} 

(17) 

RR; B to.__ -'/< 
where ~ c ~ lf~,e 

tional of Green's functions 
( 18) 

'J ) r { ' (s + J: "'~.e.) t\ = j d<j>dcdc exp 'l >R " 't' 

and integrate over the ghost fields. Changing in {18) the integration vari­

able 

where 0 ,;,~,&_ RRB~o..1)a.c8 tc. 
~IR 't' -- R IR 

we come to the '.-lard identity 

Going t~rougn the step analogous to those leadinq to the formula (10), we 

obtain for the r functional 
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where 
tB S•R t,B oPI ·T~'B 

<< 5 4> . >> ~ < 5 <j:> > + c 4> ' 

I~erting the loop decomposition of r:. SQ+ ~ F1fih +' ll.c.r:. + 0( ~:!>) 
(~finis finite because we deal with the action (17)}~ and also taking into 

account "that 

we- obtain for the divergent parts in the two~ loop approximation 

(19) 

·A+-~ B ,.._ =. <<"'8,1-,~•B>'-d.,v + 5, "-t,e, where <"-"'t' ' >-'2dlv " 't' < 'l < 't' 

Note that an one-loop subdiagrams of <<0cf:>t e,>> are finite (due to 

(16)), and hence <<6¢t, B~,~;vis a local functional of the fields. Thus 

the structure of the divergences of vacuum expectations in the two-loop 

approximation coincides with the structure of one-loop divergences of vacuum 

expectations. Moreover, the structure of radiv coincides with that of 

r, q;v [9). 
Hence, the equation (19) which coincides wfth the one-loop equation (11) 

leads to relations between Oc and divergent quantities in <<55·1 R<Pt~.::?. 
~d·v 
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that folloWed· from {11). Acting by induction we obtain that the renorma­

lized action is 

Which is invariant· under the new supersymmetry transformations 

Thus the supersyn»netr1c .(T001tipl1cative) renormalization of N:4 supergauqe 

. theory on the.· ~ess:-z.Umi.no gauge is proved. 

6. In papers [3,4]the action of N=4 supergauge theory is expressed in 

. -terms of N::l superfields 'I and t.p i. • The explicit expression of the ac­

tie:n which we'll write down as S5s.(V,lf~- 'a) , is of no importance to us. 

The thing that matters is that the action of sec .. 2 may be obtained from the 

action [3,4} simply by imposing the Wess-Zumi'no's gauge condition. Thus the 

.. - . . ss. . 

~ction o.> ~nd -the .. action s \V~\f~~ <a) may be considered as the same 

· ~~ti.on· und_er _ d1f.ferent ·gauge conditions. 
so 

· ·To ·c~nst~uc't ·i:.h~ i-enoJ!IlilUzed action, correspondin_g to S . in the 

~-u~~r.~y~t~~ :11 ~-e~-~-:· 9au~~ _, -:~~- .make ·u,se of t_he result of Ref .[to]. accord-

: ~ng -to-:WhiC!l- 'the· _re.nOnnalized ·actiOns of th'e gauge theories in different 

gauge~ are connected. via a (canonical) change of variables (for details, 

see 10· ) .. For. the case of linear gauge we obtain making use of the dimen­

s-iOna·l-anahsis (i.e. with the account of the divergence index of the diag­

r:ams.·defining the change of varia.bles) and supersymmetry, that the total re-

normalized action is 

16 



where l~ is the char!Je renormalization constant, which coincides with 

i:~ in the Wess-Zumino gauge ( l!<a is gauqe-independent [lo]), 2 ls 

a renormalization constant, FR ( V) is a local function of V ( V is 

nonlinearly renormalized, since its dimension is equal to zero); ~~ is 

'the gauge fixing term (which is sunersymmetric, quad~atic· over V and 

co~nciding with the initial $<;} ); 5<8~ is the Lagrangian of the ~host 

field, which is obtained via usual Faddeev-Pbpo.v rules ._and generators 

Nhere~c is the ghost superfields renormalization constant, <f::>t,~ ('!1
\fi.) 

·~B •f• ) B~o. · 
(in this 'case), ¢ = (FR(V), i! \::f R are the generator.s nf the 

,. 55 . 
supergauge transformations of the initial action .:=> • · · 

Moreover, there is a relation between the renonnalizat.ion constant spe­

cific for Nml supersymmetry .(that the _Ve-rtice:s' of ~h~ :~hi.r:~!·.·field ""( lp~ )3 

do not renormalize [11]) 

?.'1•: ~; 

Note that the explicit two-loop calculations in the Feynman gauge dis­

close [3-6]that the theory is finite 

F = V l ~ '-• = 1 
R ' o 

and, of course, 2 =- z~::;. 1 )n three loops [3,4]. 

The authors would like to thank. S.G.Mat'1nyan_for·· th~ 1i1terest in· the. 

work. and useful discussions. 
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