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A dedicated storage ring for the synChrotron radiation is 
speci'f'ied with the brightness of the source [1 •2•3]. For the 
given values the particles energy E , 'Stored current I 
bending radius f and mean radius of the machine R th6 
mB.ximum brightness can be achieved by the choice of be.tatron· 
oScillation frequences ~~. ~l and lattice st~cture defining 
the forms and values of the amplitude functionsci.(.S),JO(.S),~(S}. 

~he .development of the Correlatio~s between the space and 

' angular distributions of the 'electrons 6::c, 6~', 6~ 1 61.' · and sit 
Diler parameters ot: the phqton distribution 6"~, 600·~ is compli+ 
cated according to the lack of the corresponding analytical 
~elations. That is why the criterion o! the betatron oscilla­
~ion values selection (2 ,3] corresponds to the minimum of the 
electron beam cross-section dimensions, which requires a ~up­
plementary investigatiOn. Besides, tor the pr•sent there is 
no qualitative determination of the source brightness, which 

per.mits to define the source optimization as a whole. 
~his report presents the· results allowing to find the ana~ 

l1tical criteria for the optimizatiOn of the betatron osoilla-
,:lion · ya+uos....AWi,_t..b&.. .. l_att:f ge parameters tor the dedj cata.a...a.t.O:-



rage ring·.· 

The source brightness, which is a storag~ ring parameter; 

is independent of the beam collimation, and, hence, we can 

chose as such a parameter the photon density at the origin of 

the coordinates Xo 1 X 
1

0 • ;rn fact, let the photons end tted 

from the equivalent source be arbitrari'ly distributed in the 

phase plane X 0 , X~ at the point S ~ of the design orbit 1 

the tangent to which at a particular point coincides with the 

core of a symmetrical 2d wide collimator spaced at e from sol• 
The projection or the slit at the phase plane (rig. 1b) is ob­

tained by a linear transformation 

X =x-x'~ 
0 ' (1) 

X~=:x:· 

Photons emitted from the limited plane uidt o:r the pro-jectiori, 

of the slit ahape the _SR beam. The collimated system with ar­

bitrary parameters e and. 2.d gives the photon coordinates 

X~= 0, )4
1 

= 0 in SR beam. To achieve the maximum photon deJ?-Bi· 
. ' 

ty at the origin ot the coordinates Xo, Xo we have optimized 

the storage ring parameters ·of the periodical mS.gnetic· system. 

The calculS.tion Or the source brightness, i.e. ·,the photon den­

sity at ( 0, 0 ) point is carried out by summing up the photon 

number at ·the shaping area ot the beam of emitted photons. 

The rad~al oscillation X 1 :c' of the electron distribution 

function at the phase surface at any point of the as.imuth co­

ordinate S is known (see [1] ). to be determined by the 

normal rule 
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One 6 contour of this distribution is described by the 

equation of the ellipse 

(J) 

where "r is the correlation coefficient, 6x,6:x:' is the elec .... 

t'ron distribution dispersion on the phase surface. Using Ku­

rant-Snider•s invariant the formula (J) may be presented as 

(4) 

where d.. P. v are Twiss t "'•J">:,Ooc elements matrix of storage rint 

periodical magnetic system, E :Jr.: is the radial osciJ lation 

emittance related to 6!;)C and 6t~e' by the expressions 

.,. 
6"' (S) = (E.,· .f'>x ( s JJ , 
6,.• (s) = (E.,: 15., (S)) '/~ 

(5) 

Taking into account (4), the formula (2) takes the form 

--~- (lf x•• 2<X.,xoc'•f.J :;c'•) 
P.(x,x')=-1-e z<,., " "' (Gl 
,e. 29H,. 

The distribution of photons emitte1.by the stored elect­

rons at the unit arc dS from dx dx.' surface in the dX 1 

angle, according to (1) looks. like 

,..., ( ')=I P. ( ') r-~; (x'-x>,) dxd:x:'cix' (7) '21: x, X 0 t. X, X I , 

where Io is the electron current density at the center of tht 

~r6S~_~ection dist:;:ibution of fi (:l:) , I is the streng<th of 
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stored current, N: is the polariz.ed photon number at the 

face orbit as defined by the formula (1): 

.J 
j 

N;(-t.~)= ~~roe;.P~s a:( ~c )'(H~.Y·)•Kef,[~~ (1•a:-r•lll•], (B) 

where 'f = X~ X 
1 

is the angle· between the electrons movement 

and the emitted photon directions, A c. is the char&cteristic 

lerlgth of the SR sPeCtrum wave, ~0 = E/lTle.e 1· K 2/~ is Bessel's 

function, h is Plankiirs constant. 

To obtain the totatL distribution of the radiation Pu(X~;~,X~) 

at the ~base surface X0 ,Xo' in the orbit center~ where the 

SR beam is shaped, the expression (7), "allowing for (6) and 

(B), should be integrated in the limits of the range S,, s. 
and over x' in the limits of ! oo 

The coordinates X(S),x'(S) are transformed into Xo, X: 
using the expressions 

X ( ) ( ) , ( ) (S -s,) a 
0 = X S - S- So X $ + . G_P > 

(9) 

. , s -s. 
X.=X(S)+ .f' 

Taking into account (9), the expression for .the density 

distribution of the radiation of en equivalent source takes 

the form a ~ 
~4s))' I ' 3(4$)) ' •• 

S (X.+.as.X~JT ·~xt&l.~l!o~A~)( .. -ep x+,::.:.:C 

·- .s D(X x')}.dX,dX,: ( r N~(X:-y->:') f 2E,., d 'd (10) 

~o,. 2srE)(jJ. I l . xS 
s,·oo 

In particular, for the sourqe brigbthess we ~ave 

n ( ) _A"':. d:--X-.:::• :--d c.:..:X ~'-­rll" 0,0 = 
2:rr EX 

6 

(11) 



To obtain the qualitative value of the brightness and de· 

termine its dependence on Y:x: and Vi! we must numerically 

integrate (10) and (11) using preliminary· tabulated values 

ol,.(S),f.>"(S),o.,(S)and Eoc for Y,, .;>1: selected values. 

Analytical criteria which may limit the optical frequency 

seSrches, can be obtained in the following way. According to 

~), for smat-1 4S the emission for all points corresponding 

tc the ordinates X o of the ~lectron distribution is .summed 

up at each P<:>~nt 'X
1
o on the ordinate of Xo when inequality 

t>.S(<X'•T) «.6oc is fulfilled and the values ofo\ 00 (S),~.,(S),~.,(Sj 
could be taken unchangeable. Thus, the emission at any point 
. ' 
Xo, X o at ~he _s~ equivale.nt source phase plane is obtained by 

integrating the diatributiyn (2) over.:LQ· • Confining to one 

6 contour for the direct ellipse cas, (olx(So)='O) the pho­

ton distribution f"Unction at the phase surface XQ, X~ will 

.be descri.bed by 

where <P(J1- ~~) is the probability 

falling function, which will van±sh at 

x/' 
""' ) ' 

( 1 J) 

integral," being a fapt 
2 • 

XQ:::. 613e • For this 

reason the expected photon smnmed d{stributiof,l will be narrowe:lt 

than the electron distribution along the X 0 core .• This con­

clusion has a principle meaning, fo~ it permits to approximate 
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the SR source by a point source. 

According to the rormulae (11) and (1J) it follows that 

the source brightness is inver,sely proportional to the radial 

oscillations emittance Ex. which is determined by the ampli­

tude and dispersion runctions ~d their derivatives for the 

given structure of the gradient period [4] : 

( 14) 

where 

( 15) 

-ro i r 1 ( • ( , 1 • i) < d1. >..~~ = 2!li.f:', j ·)?,. 't + f.l:x: 'l - ~J\, 'l cl s 
M~ 

(16) 

In (16) the integration is taken over only those parts of the 

design orbit which are in the bending magnets. 

Using a good approximating for ~ -functions [4] 

(17) 

we shall obtain 

( 18) 

From (18) it follows that the maximum brightness corrsponds to 

the maximum value of ~~ ~ • HenCe we can take s as a 
~· ' brightness criterion. The analytical expression for s para-

meters of FODO symmetrical structure can be obtained. by appro-

ximate formulae for P-t~ 1'1'1""' P'1 . [5] 
)-' -- 1 J'-'X:.W11n 



{ t· sin (1''/e.) 
Sin (J') 

( 19) 

where 

P,.~ .. , = 2!... 
mi:rt C::n~ J" • N' 2.1... is~ the coll length, N is the total 

number ot cells in the ring • .llrom ( 19) by a good appro:d.matio>' 
the quantity ~?'- equals: 

- <u .. J\ .. = ~\n ( J") 
(20) 

and the expression for f is read 

rJ2 •. 
~ = a.,.• L ·f' S<n;u . 

(21) 

Replacing L • 2~ R in (20) we shall obtain 

(22) 

where R is the mean radius of·the storage ring. Analyzing 
(21) :for the given values of N and R we have the maxi-
mum source brightness at JA. ~ 1.31~. According to (16) the 
absolute value of S also allows to determi~e the quanti ta-
tive measure of the source brightness. As i.e seen from {22) 
the aouroe brightness at the given R is proportiOnal to 
the total· number of cella. So for the generation of SR beams 
in dedicated storage rings, it is necessary to provide th~ 
ma.ximwn value of N o To comp~e the brightness of a number 
of operational, constructed and designed SR sourcQS we present 
the values o~ ~ in Table 1 • 

It is easy to show that for an asymmetrical PODO system 
the criterion ot b~igbtness ~ is: 



(23) 

where }16. is the vertical betatron shift per cell. Prom1 (22) 

is seen that· the source brightness slightly depends on }.1~. So thl 

optimization of the number of vertical oscillations per turn 

is achieved with the minimizatj_o~ of pi. "'a.x which defines the 

amplitude of vertical betatron oscillations. In accord with the 

calculations f;Or .fAx • 1.31° ,J\ mQ..xree.ches its minimum value neal 

.JUl = 90°. For .this case the region of the optimum choice of }J 'i 

is in the vicin:i.ty of jU 'Z ':IIG 110°, according to the. resonance 

diagram L4} • 

Acc~rding to {12) the source brigbtness also depends on 

the b;eam formation length ~ 5 .. -This can be easily obtained 

from the condition 

A$ - 6 ' 
s> - "' 

or taking into account (5). 

'/a 
AS.= 5' (E.,_· o-. (S.)) 

(24) 

(25) 

As is seen f'r:om (25), the source brightness is achieved at O"'o.· 

points. To test tbe obtained analytical criteria the summary 

photon current was computed, using ·the formula (10), tor ~'he 

parameters ot the designed storage ring ERSINB of the YereVan 

,l.'hysico Institute [G] • In Tabl.e 2 we give the values of b!right'­

ness Poe and the criteria of ~ tor diagonal pair~ of' Yx. 

and ..Ji. values as well as the values of electrons a.p.d pho-

·, . ~ a 

t·ons distribution parameters 6_.A, 61f • The data confirm the 

corre.ctness of brightness criterion choice. Prom the data in 



and 6~ ' it is seen that ~ho distribution o~ 
the equivalent SR photon source ~ows' down as compared with 
the ~lectron distribution obtained by the formula (13). 

The dependences of Poo,·~, f.>.l;.mQ..J(> p:lt. '""" l f.>l"'o.xon the 
vertical betatron· oscillation .V~ are presented in Table 3. 
The dependence of Poo on vi coincides with 'the dependence 
~ ( -J,) determined by the formula (2J) :ror the criterion of 

brightness of the asymmetrical FODO structure. 

The dependence of ~o(S) and ~(S) , respectively on the 
•alues of J\c(s) and a,_ (S) for .:YJ< • 5.82 and vi • 5.8 is 
presented in TBble 4· As is seen trom the table, the bright­
ness criterion, when 15-x. is replaced by .f>'X(S), reproduces 
on the change of Poo(S) alOng the azimuthal coordinates. This 
allows one to use the criterion of ~(S) for the cell optimi­
zation with a view to achieve the· reqUired source brlghtness 
at the given points ot the orbit.· 
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Table 1 

Fa.cili ty ~'X f.> 'X. "'a.. )C f->~ ~~t1 ~- -~.' 
~. (M) (M 

- )5;; 

ESF [7) 26.2 35 1. 2 37.92 
13.7 

' VEPl'-4 [81 9.29.2 12 1.5 12.54 

DORIS [9] 7.25·3 13.5 1.4 6.96 

NSLS ~01 9.75·7 26 1.4 6.87 

KEK l11J 6.255.25 12.25 2.56 5.275 

i ERSINE l61 5.824.85 17.55 1.2 ).613 

' [12} 5.25.1 14 2.5 3-277 
l SPEAR 

I V1J<f. Ring l131 3·321.32 12.5 1.1 1.62 . 

L Daresbury ~41 3·252.25' 32.5 o.8 0.634 
. 

Table 2 

' ..). 6!,. 1o" 6,'· 106 ~~t't\Q.)I' !1(:!• 
Poo·10t;0 ..;),• 

I 
~:~ 

~~ ( .... ) (M') ( M) (~·"'·pog 

I 6.856.8 6.113 0.375 32.958 0.572 1.88 2.799 

6.18 4.005 0.567 21.525 0.932 2.273 3.401 
6.15 .. 

5.82 3.816 0.720 18.612 1.123 2.314 3.468 
5.8 

5.2 4.217 ·~ .208 15.114 1.527 2.198 3·348 
5-15 

4.8 4.996 1.718 13.901 1.818 2.027 2.9)1 
~·85. 

4.2 7.107 3-119 12.571 2.355 1.718 2.251 
4.1 

3-85 9.489 4-598 12.233 2.370 1.4.98 2.03 
3.8 



Table 3 

f.>x,.~ Px· 111in fl>a rntA.x P.o · 1o"0 e/ . 10• 5 ;) •• ,.. 
:) (M) (M) (M) (~·,.:;' Poi'J (M•) =15: i! 

6.8 19.076 1.107 29•05 2.247 4.053 3.356 

6.2 18.721 1.124 20.23 2.262 3.928 3.413 

5.8 18.612 1.123 17.25 2.314 3.616 3.432 

5.23 17.92 1.165 14.71 2.363 3.65 3. 549 

4.65 17.55 1.164 13.73 2.402 3.527 3.616 

4.2 16.676 1.221 12.92 2.476 3.307 3.743 

3.6 16.452 . 1.246 12.65 2.526 3o174 3.627 

3.2 15.631 1.263 13.37 2.602 2.982 3.958 

Table 4 

.f>,., (S) 
.., . .J. e Lattice Points (("'(S) P..-10 ~ = J>,.(a - (M) (~·l'i'f'<'1' 

Bending magnet entrance 14.6 0.69 1.93 2".269 
after F lens m:l.ddle 10.67 0.66 2.31 3.1 

exit 7.45 0.69 2.87 4.54 
Bending magnet entrance 3.5 1.78 4.09 9.64 
after D l,ns m:l.ddle 6.92 1.7 2.98 4.9 

e.xi t · 11.63 1.71 ·2.33 2.9~ 



collimator 

Equilibrium orbit 

Fig. 1e. 

x' 
0 

Fig. 1b 
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