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Te my father's momory

1. Introduction

~

In refs. [1,2,3] authors have investigated classices
equations of motion of non-Abelian gauéé fields, properties of
both separate solutions and the system as a whole. In particu~
lar, they have considered the solutions which in a certain co-
ordinate system depended on the time (ﬂ,‘ ({) ) only. It has
been shown that the system described by such poientiuls
(H}.( } ) is reduced to the discrete nonlinear mechanical 8ya-

tem (YMCM) with the Hemiltonisnm 2]

cay2 3* e a2 . ,
e 2 7 (A0 s T [080 A0 (43 45 )°) .0
and coupling equations
nt= et H H | . (1.2)

where ,j, K=1,2,3, a,b ¢ = 1,2,3 ave for the 5U(2) group.
Solutions of this system in an arbitrary coordinate system are
nonlinear plane waves ﬂ_,u (K- X) with a non-zero square of the
wave vector K __Jma [2 3]

The general picture of the variatiori of the color ampli-

@
tudes ﬂ;_ in time is characterized_by alternate rapid
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oscillations and decrease in some color emplitudes and growth
in others, color "beats” {-21.

The strong iustability of trajectories of this system
with respect to small variations of initiel condltions in
phase space has led the authors of ref. [2,1] to s conclusion
on the stochastic'ity end nonintegrability of YMCM. Characte-
ristically it has at least 8 countable set of periodieal ire-~
jectories‘f-a].

In the lasi paper of theee suthors D] analogous proper-
tiea of clessical gsuge systems with a spontaneously broken
symmeiry are investigated. Such a gauge aystem with 1sod.puble‘d
preaking of SU{2) group in the gauge ﬂ": = () is described by’
the Hemiltonian 0 ot

*2

H = va"%(éa* Bo) *

T LR R BNl Sk
and coupling squationa

abe "¢ L p ' al . .
et L bor blebuBad-€ By B0 a0

(1.3)

where '1 is th;a vacuum expectation value of the scalar

field .
(l?‘ ) 4 L&-‘ + ba .
= == ; (1.5}
P=\g, ) F \WEne-1hs
Since the field \§ should coincide with Wyac at large |X|
then this implies for uniform fields thet & = Pa = 0O
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In [1] a two-dimensional case was investigated when ﬂ; z X
2 a
ﬂa 2§ and all the other components AL are zero

.2 rl‘_
He£ 0597+ B g%+ £ ()", .6
This system is cheracterized by one parameter
2 L
T R , .
F= (<) (5) o (1.7

it being shown in [1] that et ﬂrc“—‘ 0.15 there occcurs a phase
transition in the fellowing sense: at large values of I the
system is close to the integrable one, whereas et J < fJTc _
the motion is stochastic, just as fér T ( g # 0, n =0
This phenomenon is well illustrated by figs. 1-3 (ﬁn = 4,84,
ﬂTa-—. 0.35; W = 0.15) from ref. [1:1 , which present cross
sections of phase trajectories in the four-dimensional space

i (X, X, g.g ) with a plane oi=(g, g) at k(ol) >0.

The purpose of the present paper is the further investi=
gation of the gauge systems (1.1} and (1.3). Let'é first note
that in refs. [‘t,é,B] such two- and three-dimensional subayge
tems of (1.1) and (1.3) are considered, when the coupling
equations (1.2) and (1.4) are identicelly satisfied. It is iHe
case when the metrix HO. ig dimgonal in indices @,1 . It
has seemed impor'ta.nt to consider the general case when all
the components of 't:he matrix AT are not zero and coupling
equations are taken into asccount. In s recent paper by two

suthors [17] new compact veriebles * have been introduced,

* It is implied that thelr varisticn range lies on the com-
pact manifold, in this cass on a sphere (see sec. 2).



where the general system looks much simpler &nd has & natural
anaglogy with the sclid body mechanics. In the second section
the necessary information from ref. [j?l ia presented and at
the seme time a method of describing YMCM by means of compact
variasbles is developed. The concept of F5 (2.12) of ¥YMCM in-
ducing gtochastic properties of s complete system is intro-
duced.

In section 3 the YMCM is considered from the viewpoint
of ergedic theory. The need in such an investigation followed
from refs. D,Z] . A8 has been mentioned, it has been proven
in these papers that trajectories of P35 (2.12) have a strong
instability which lesds to the fact that the phase trajéctory
chaotically £ills up the emergy surface E = const. It is in-
tuitively clear what is implied by chactic or stochastic mo-
tion, but it is imporiant to define these concepts more strici-
iy,

In the ergodic theory, or otherwise, the theory of dyna-
mic systems (DS). the classification of motions as the increase
of chaotic~stochastic properties is obtained: they are ergo-
dic systems, systems with weak mixing, with mixing, with n-
fold mixing and, finally, K-systews. Tt is important to estab-
lish which class of D5 the YMCM belongs to. It is also
clear that if the arbitrary trajactdry uniformly fills up the
hypersurface E Q const, then thers is mo sense in searching
for concrete solutiona of the system. Instead one should in-.
vestigate the global properties of DS as a whole. It turns
out thet if it is established which class of DS the YMCM be-
longs to, then if will be_p05§ible to find out these global

-]



propertiés.

Section 3 is planned as follows. First, the necessary
information from the classification of DI is presented. Then
we consider the sufflclent conditions satisfying which one
may answer the guestion: which class of DS the system with the
givenrﬂamiltonian H belongs to ? In papefs by Hedemard, Hed-
lund, Hopf, Krylov, Aneosgov, ‘Sinai et al.[9'12] fairly general
criteria for the asbove qQuestion were obtamined.

Using these sufficient conditions and the conbept of
structural stebility in the narrow sense (see sec. 3, p. 24 3
one may prove that the YMOM is equivalent (homeomorphic) to
the billiards system of Krylov-Sinai with byperbolic walls
(fig. 4} and thaet it is a Kolmogorov K-system{B] Fhysicaelly
the strong statistical properties of the YMCM are due to the
instabillty ariging at the scattering of phase trajactary on
the .convex ingide hyperbolic boundary of fig. 4. In this cass
the convex inside boundary plays the seatterlrg role of nega-
tive curvature (see Appendix B),

After this fact being established, all the global proper-
ties of K-systems are asaigned‘to the YMOM. The YMCM possesases
exponentially compreasing and extending transverse fiberings
egquivalent to approprlate flberlnga of the hyperbolic billi-
ards, positive entropy of Kolmogorov [ ], the strongest statig-
tical propertles, Kumlxlng. Finally, there is one property
which we would like to especially dwell on. In 1931 Koopman[7]
obtained a brilliant result indicating that 'to each classical
DS ‘corresponds a one-parametriec group of unitary operators .

whoge spectral properties characterize the DS. Since it hasg

b
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hegn proven bﬁ Kolmogorov that K-systems have a countably-
quitipie Lebeogue spectrum, it turns out that the group of
noitery operators ify;a eorreaponding to thé YMCM has &
unifoern countably-multiple Lebesgue spectrum.

Thus, she YMCM is unot oniy a nonintegroble system but
aloo posgesges the strongest atetistical propertiea which are
dosceried by concepis of ihe ergodic theory.

1n sectiou 4 gmuge systems with spontaneous gymmetry
breakiug aré invegtigated. it ig shown by introducing conve-
wient variabies of the type angle-action thet at I >> Jlc
the system (1.6) is close to the integrable system {(in terma
of KAli-theory) with the Hamiltonian {4.,20) whose phase picture
looks like fig. 1. This result is of interest because the per-
turbation Hamiltoridan H1 {4.3) congiets of five terms of the
some crder. The femct thet there is a close integrable subsye-
tem i obtained by averaging over rapid varisblesa. The phase
gpaneition inr the YMH aystem to the disorder phase ia shown io
be due to the infinite sequence of rapidly growing bifurcations.

Results of sections 3 and 4 are substantially of theore-
ticol-nonperturbative neture owing to the following: if H0 is
the Homiltonian of the integrable system, and gf ﬁ1 the He~
miltopian of perturbation, and if by meens of & canonical
transformation (pq)-‘ (P:qj one manages to reduce the Hemil-
tonian Hu+% Ha  to H;(ﬁ)+§& H;(piqj
$hen during the time + ~ 31  we shall have an approximated
golution with an error of the order 1/ﬂT . That is the clas-
sicpl perturbation theory describes the syatem during & finite

time interval, therefore, any statement concerning the nature
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of the syutem behavicr at L - oo has & theoretical-neaporiue—
bative character und cannot be obtained in any finite order of
perturbation theory*.

" In the conclusive fifth section quantum-mechanical pro-
Perties of the YM mechanics and their relation to the problem

of confinement are discussed.

2. Pundamental Subsystem of YMCM

As is shown in ref. [17] the Hemiltonian (1.1) has an ob-
vicus mechanical interpretation. bue to 50(3)&50(2) symmetry

are preserved the moments

a abe 6 ;¢ .
n = & A i A i (2.1
aQ :a :
mi"'-ELJ'K ﬂ_f HK (2.2
with (2.1) coineiding with coupling equation (1.2) at a cong-
tant external density of color charge. If the new variables C%l

E, O, are introduced by means of the relation

A=0, E OF (2.3)
where
X(t) 0 _
£ = " (2.4)
o) 2 (+)

and ()1 and ()a are orthogonal matrices, then the Hamil-

* “

The creation of a convergent perturbation theory (KaM-theory
ete.) is a vivid éxemple of the achievements of the classgical
theory of LS. In the quentum mechanics o similur result is
lacking despite the recent progress,



torran {1.1) will be rewritten as [171

2
HYM"{?T(P- a'é)+—%- xg+gi +lx)+ YM (2.5a)

1 2 2 o
TYM;'-E— 2 (ILQL *IQ We -2 Tai QLC\JG.) (2.5b)
N
where - ' . 2

I|=‘;‘a+zz, Ia_”x"za: Iﬁgxa*g"
Iu =e!:§2; Ic’ia:ax?-J 13.3:2‘)(91 (2.6)

Iai=0 for L#Q
and 9;_ and Wo are the vectors of angular velocity dual

to appropriate antisymmetric tensors Dﬂ _
AT - « T
(L) =-04 01 N 9 =-O oa . ] (2.7)

Projections of the momenta (2.1-2) on the "movable" set of co-
ak &
ordinates have the form =0, Nj.m; Oa,,JM LT]

No*Ta o-Toi @1, Mi-TiQiTia W ¥

and obey the generalized Euler equations (1]

dt”ﬁw N)-0 43 ML[Bxl=0 @9

qQ
The variables X,Y,? satisfy the following equations:

X+x{yez )+x(9a+9 AN vw,) 2R, W,-242, u(-o )
2.10

g§g(xaiz‘)*g(ga,~92f{d, + w,) 222w, -ax'Q,,ma_ 0

- 2 2 L3 '
Zea(xhy)e2(Q,+ Rt Qa.+ W) 2y R, w4 -2x2,w,=0

Thus eqd.. (2.9-10) together with the relations (2.8),

10



(2.6) completely determine the YMCM which has tHres indepen-

dent single-valued integrals 57 ]

H\‘.M , M= M: Mi.  N%= Na Na ‘ {2.11)
ihe following analogy with the mechanics of gelid body.ie
rather useful. as is known the kinetic energy of the sniid bo-
o 39 ~solid 4 z
T = = %; Ii §Zt
and due to SU(3) symmeiry the latter Preserves the square of
the totel momentum M® | f the inertic senaor 1. i inde-
pendent of time, ii =70,'the energy is pireserved ag well,
which permits to completely integrate the Fuler équétinn l}ﬂ

7
otherwise (I; £ 0) it would be impossible, since {373

sofid : L
E RIS e @
dt

Similarly in (2,5} we have & kind of "gauge" Lody with.
time~dependent inertie moments (2.6) which rotates in ususl
and internal spaces (preceésion of spin and igogpin}, wnd it
is essentisl thet due to nondiegonal elensnts.of the inertia
tensor I ol there is a correlation between theselrota—
tions. 4

We shell cull the system with the Hemiltonian

. . 3
e Kaor Ups 05 04 2% & (% et 2yt o)

the fundaemental subsystem of the YMCM. Then

- (2.13}
Hym Heot Tym

48 o whole the picture is this: one may imsgine the vori-

11



ables X, Y, to be the coordinates of & meterial point per-
forming compound motion in a three-dimensional space limited

by an equipotential gurface

Ug;g = Upgt Tym = conat (2.14)

At TYM = 0 (Qz We= O) it bas the form shown in fig. 4. I
Q@ wa ¥ 0, then Tyy > O and the equipotentisl surface lies
w:.th:.n $hat shown in fig. 4 and has a somewhat more complicat-
ed form and, besides, 18 yime-dependent. It ig convenient to
present the rotation in the following woy. Since Ma anda N°
(2.11) are comserved, one mey present the vectors Ml and N;,
ag points on spheres with redli “42 and Na .

S¢ we have a very obvious description of the YMCM when it
ie necessary to follow three po:mtﬂ, two of which "run" over
the sphere surface and describe the rotetion, and the third
wruns® in the space limited by equlpotentn.al surface (2.14).

Ag it will be shown in the next section, the pagic role
in the foﬁnation of stochastlc properties of the YMCH is playsd
by the equipotential surface of the FS (2.12) which has a ne-
gative curvature, in the sense that it is'_convexed intco the
region of the motion of the point with the coordinates (%, Y,

2 ). As for the ¥S of the YNOM (2.12) itself, it iz a Kolmo-
gorov K-system and, hence, podsesses the strongest astatistical

properties.

12



3. Yanp-Mills Classcical Mechanics sas a Kolmogorov K-System

- Conglder the YMCN from the viewpoint of ergodic theory.

It hags been shown in refs. [1,2] that trajectories of the
PS {2.12) are gtrongly unstable with respect to small changes
in initial conditions and that this systém'is nonintegrable.
- Phase trajectories chaoticelly £ill the energy surface F{£5=
const, It is intuitively clear what lsg implied by chaotic or
stochastic motion, but it is important to formulate them more
definitely, In ergedic theory[}'7] these concepts are definite~
ly formulated and the clasgification of the motion as the in-
creade of chaotic-statiatical properties iz obtained.

The aim oif this section is {0 show that the T3 cf the
YHCM (2.12) possesses the strongest statistical propertics
from all known ergedic theories, that it is a Kolmogorov ¥-ays-
tem, and to descfibe its global properiies. Let's first pre-
gent the necessary informetion firom ergodic theoryiﬂ"?]n

The ergodic'theory investipgetes the statiasticel properties
of the measure-~preserving mapping T"t of the phase apuace M
on itself . The seb of cvrdinary diffareniial eguations ol the

Hamiltonian dynemics

. 9H : 3 H
q L me—— ; ‘)- = - -LH;-‘-{ _ {3.1;
LAy ' i

gives such & mapping T of the phasc spacc ™M . on itsel

winee to each poind \p)quixakﬂ 6 detgrmined an approprinbs
w . B . )
The right hand s1de of (3.%) determines in tne phasn epace

M tke vector flela calied the vector fiold of phnue volo-
Cibya



voint (p,q),2X,€ M and due to the Louiville theoven the
initial phase volume is preserved.

The mapping Tt forms a one~parametric group called
phase flow. An important result of the ergodic theory [4_7] is
the existence of the time average (averuge along the trajec~

Gory)
e

Pim -% I ff—f;)dt i@

T G p
where .f is the arbitrary function in M . If f(x) =--Xﬂ (X)

?Tg (3.2)
4

is the charmcteristic function of the set ACM (Xﬁ =1

ir Xe A and io zers if XE& A ), then from the Birkhoff
theorer (3.2) follows the existence of the mean number of hite
in any measurcd set ‘(,' for almost every point (X ).

Let us iniroduse the classification of- various itypes of
Flows in the phase . space M Which characterizes the flows
by) the increase of their etastistical properties. These ure er-

- godic systems, sysiems with weak mixing, with mixing, with n-
fold mixing snd, Yinelly, K~gystems.

The DS is called exrgodie if all invariant sets of the
wapping T% sre sets of zero measure or sets of total measure
M. .

Ther concept of ergodicity, undecomposebility of mapping
or metricél tranaitivity is a natural requirement that the gi-
ven mapping 'l"Jt mixes the ;;o'ints of M well enough. It i
¢lear that if there is an invarient set B (TiS B = EJ)
whoge measure differs from O undﬂ[M] then the DS may be
considered acting independently on [  &nd its supplement

M\B, i.c. the mopping does not mix the points B and MN\B

4 “



and, hence, the flow is not ergedic.

Let, for'example, the Hamiltonian system (3.1) have a con-
gerving integral q)(p.q), then the conudition (b(*qu)= const
picks out the invariuant subset and, hence, the [low TTt is not
ergodic. Hrgodicity thereby means that &he D3 hes no conserve
ing integrals.

In_particular, it follows from ref. D,E] that the ¥5
(2.12) is an ergodic system. It is its weakest statistical pro
perty. We shall leter show that it has much strongef stqtisti-
cal properties.

Fof the arbpitrary mapping -rt the space M (ﬁitﬁ an
aécuracy up to the set of zero measure) may be represented as
& sum of the counting number of invariant subsets, on each of
which T‘t is alrea&y ergodicfsl. Thus, every IS T-t mas be
decomposed to ergedic components. Thus, in the previous exam-
ple, slready on the subset QD(p,q) = conat the flow 7‘t is
ergodic. I )

For ergodic systems the Birkhoff theorem allows to prove

the equality of time averages to space ones[}_7]

t
Limt [T < {1004y 623

-] ’M
Let gi ~Xﬂ then it follews from (3.3) that

H(x JEVE ﬂ[ﬂ]
hence, for er"odlc Systems the tragectory of almost every
point X e;h1 falls in any measurable subsel of the positive
meaggure and stays in this set for a time in mean pfoporticnal

to 1ts measure. The equality (3.3) muy be congidered as ano-"



ther definition of ergodicity. From {3.3) followa that for ar-

pitrary functions .?(x) gand (a(x) in M we have

+
Lim %—deJ¥(Tx %(X Jdpu = jg(x du - S%(x -4
or:.i‘g _)(A % x then
¢ (3.5)

Lm— jaccju[T ank]=pm[Al M (D]
that 1s, u.ny two sets A and B ore statistically indepen-
dent only on the average.

Let us determine the DS with stronger statistical proper-
ties. The flow T-t has & property of wea.k mxl_n_g if for ax-
bitrary functions -¥ and % in M we have [s- 7]

t .

_ 2
Jbm b .ga«.»[x (TE) gl dp ‘i#(")d}*!‘é(")dﬂ] -0 (3.6)
and the property of mixing, if simply

tai.m “('ﬁ()%(x)d;&=S$(x}dﬂj%(x)dﬁ (.1

-0 ™M 4]
Let now :gain .¥=.)kﬂ. g=Xp then from (3.7)
tELmﬂ[THﬂE)] J“'Lﬁ] J“[b] (3.8)

hence, during its motion the arbitrary set A will all the
time traverse the set E) , the measure of %the part of ﬂ

that at the moment t hué- fallen in B being asymptotical-
1y proportional to that of B , i.e. A is uniformly mixed
.all over the phase space. .

Let us cite un example used by Gidbs explaining these

L



définitions. Add some vermouth into a vessel with gin (pfapor~
vions 10% to 90%, respectively). Brgodicity means .hat after

& foirly long time there will bé on the average 10& of vore
mouth in an arbitrary part of the vessel, though it is not ex-
cluded thet in definitely Ffar moments of time the ligquid in an
arbitrary part of the vessel may be either too strong oi too
sweel, whereas the mixing means that after a foairly long linme
the liquid in an arbitrary part of the vessel phould contain
10% of vefmouth. .

It is easy to show that if the flow T‘t hes o weak mix-
ing, then it is ergodic, if it is wixing, then it i3 both ergo-
dic and weékly mixing. The opposite is ihcorrect:_there are
ergodic systems without weak mizing, systems with wealk mixing,
without mixing and systems with mixing.

The ‘DS has an n-fold mixing if for eny functions Fv,f1

" ‘?n in M we have gl

. Y Lo ttn n
L [ 60 4, 07) o g (7775 Y= [toydu G
{ tmm . . \.--01«‘II
wnd LY % -ng . fn“lﬁg then

ELmﬂ[ﬂﬂT A N.. nT{" }HJMLA]

i kp ™o

The ordinary mixing (3.7-8} ig a 1 mulu1p11c1ry nixing.

Let us finally introduce the concept of ¥-flow which we
shall need later. K-aysteus were introduced by Kolmogorov in
ret. [8] wherc they were called quasiregular. K-systems nave
8t1ll stronger stutistical properties than thogse nentloned

above. Untortunatoly, i% fu lmposuible to define the K-fiow in

.



terms of concepts used above.
The £low Tt is ealled K-fiow, if there is such a measu-
rable split-up E = {C} of the space M (UC§= M,
f u b Ce
T NCy=D ) that °
RIS _

1. Tt‘ioa %, st L£>o0

ro0 %
2.V T £.=¢ ' (3.10)
I [ e £ ‘
3. _/\T E.=V

whers £ " isg the split-up to sepsrate points M v is
the split-up vonsisting of M  itself or empty set q) ,
\/4 )g-‘_k is the upper bound and o/{\ Ed the lower bound of the
spiit-ups gc{ . The :i.ﬁequality between split-ups is defined
es follows: é‘srl ( " i not smaller than n ), if each
element of C§€ g is a combination of a number of elements
of Ct-LQ hL . The upper and lower bounds are understood by
means of this ordering relatien.

fhe mesning of this definition is the following. Let M
be the region on the plane covered by the split-up ?o
(zee fig. 5). The first condition of {3.10) implies that st the
mapping Tt there arises a new 8piit-up T ‘5,", which is al-
ways smaller. The second and third conditions nean that during
the evolution of the DS from - == to + o= split-ups will
arigse, whose intersections consist gimply of the points M
{they are the same as the upber bound), and their lower bound

is equal to M



1% ig intuitively clear from the very definition of {3.10)
that there ocours o very strong_mixihg. Indeed +the K-flow has
a mixing of any multipiicity nISJ. At the same time there are
D5 having mixings of any multiplicity, which are not. K-gystems.
K-systems have very good statistical properties (in o certain
sense the best). There iz a fine example of a E-system in Ap-
pendix A.

Let us now assume that a DS is considered whose Hamilton-
ian is given. Will it be an ergodic, mixing or K-system 7 Aire
there sufficlent conditions by means of wnich one can answer
this question ? The importence of this question lies in the
foact that we woant to define what cluss of S the YMCH belongs
to, i.e. whut meximum stetistical properties it hasg !

In the pa@ers by Hadmmaerd, Hedlund, Hopf, Krylov, Anosov,
sinei et ol. 9712} such sutzicient conditions were obtnined.
These authors have investigated the behavior of geodegic Llowa
on Riemannian msnifolds of negative curvalure- They proved
that the geodesic flow on the manifold of a constant negaetive
curveture and on the surfaces of the varisble of negative cur-
vature has a strong instability and that it ig & K-flow., The-
refore, the negativity of the curvature of the manifold M is
the suffioient condition for DS to be a K-system.

On the other hand, it follows from the Naupertuls princi-
ple that trajecteries of the system (3.1) are geodesic flows
of some Rlemannian metrics DB]. If the Hamiltomian is writteﬁ

a3
2

> ) +U(q)

&

Hez

o
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dSa'-’-dCf?i'uq-dqan (3.11)

and the Riemannizn metrics is given in the form

ds%= (£ - Ulg ]ds _ | (3.12)

where £  is the totel energy, then the negaiivity of the cur-
vu-bui:e_ in thes region of configuraticn space U(q) < E will
be the sufficient condition for the system {(3.11) to be a K-
.oystem.
Gonsider for gimplicity the two-dimensionsl FS (2.12} when
- G- - i
Mi=N"=0 (a more general cese is considered at the end of

this section)

'P_+'E e :
'-H=E-‘—aqa + %‘(‘%-%)? G

The metrices {3.12) hag the form

N 2 o e R
TR NCRRIESIEE T CEEL N I

The curvature in the region U(q) < E is

?.
R=- Aznl- 9, +qa)(E+aqaq:)

0
E- _33 3 > b :
[ 9295 ] (3.15)
_ 2° 2*
3q% g7 ’

and it is strietly positive. Thus, the sufficient condition is
not satisfied in this case. But this only comes to indicate
that the phase irajectories are stable, if considered only in

the intervals between itwo scatterings on the boundexry U(q) =
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const (zee fig 4n}. As it will be shown latexr, the instability
detected in [1,2] develops due %o the scattering on the equi~
pofential boundary-U;Jﬂ): const. Por this purpose speciel cri-
teria should be uged obtained in papers mentioned abov49"12’3é1
The investigation of geodesic flows on the manifold of ne-

gative curvaturéb“1él

has shown that in the formation of statis-
tiecal properties of H-gystens an important role isg played
by the so-called expenentially compressing and expanding
tranaverse fibers ﬁé]. fn particulaf, 1f the curvature is ne-
gative, then the existence of appropriate fibers is proven.

The negativity of curvature is a sufficient but not & necessa-
ry condition. Therefore, the way to find out when the 1S is &
K-system lies through the comstruction snd investigation of .
transverse fibers.

Ancsov and Sinai ﬁ1’12’14] succeeded in constructing anc
investigating & wide class of DS with trensverae fibera. They
are systems of Anosov‘B1] and Sinai's seattering "billi-
ards" ﬁB], which due to the éxistence of fibery wi}h required
properties are K-systems. We must shoy that the P8 (2.12)
hag exponentially compressing and expanding transversze . fibera
which ere homeomorphic to fibers of hyperbolic K-billiards of
Sinai and, hence, the FS is o K-system.

In our case there is no need in a sirict definition of
fibers, it is enough to have an obvious ides of them. Consgi-

der the integral curves of equations
X=-X, §=y -
near the solution X=y= 0 {see fig. €).
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To describe the arbiirary itrajectory nesr the solution
X= y =) one should follow how its coordinates X, y vary to-
gether with time in the plane perpendiculsar t6 + . It is
easy to see that solutions with initial values lying oh the
X-axis‘form a family which at 1 - =< exponentially approxi-
mates to the solution X=Y = O , whereas solutions with ini-~
tial vealues on the Y-axis behave in the same way when the
time direction changes. The first femily of scolutions forms
an exponentially compressing transverse fiber, the second
an expanding one. Thé DS is a H gystem of Anocmov, if the
phaigse curves near any datum behave like integral curves near
tae solufion X =Y = O in the example considered above. For
such systeme Anosov has consiructed transverse fibers and
proved that they are k-systems.

in Ginai's papers Bs]transverse fibers have been systema-
tically used $o0 prove that the given DS is a K-gsystem. In par-
ticular, he has considered the motion of elastic bulls in e
box with elastic and convex inside walls, a scettering billi-
ards[32], and by means of transverse fibers it has been pro-
ven to be a K-system. Unlike bs gygtems of Anosov, Sinai's
scattering billiards hes no uniform instability. However, the
instability arigsing at the scattering on the convex inaide
boundary is already sufficient to form strong statistical pro-
perties like those of K-systems. In this cage the scattering
role oi the negativé curvature is played by the convex inside

"
houndary .

r—.—-—-—uﬂ-———n—- '
In Appendix B an exemple is given used by /srmolo 7o aliunte
rating this sitatement.



Let us come back to the Yang-Mills equations. As we have geeln,
the curvature in the range qrs(l])< E is positive, i.c. geode-

8ic lines are stable there and the aystem is not uniforinly un-
stable, as was the case with Y systems. But in spite ¢f this,

the equipotential boundary U, = E (gee fig. 4}
: ‘ ¥s _ o

(qs qz’.}a+ (qa ‘13)a+ (qa Cf.,)e = const

id convex ingide and has & negutive cui'va.tu_re 1 As iy tho casne
with Singi's billiards, just this circumstance provigdes strong
statistical properties of this system, K‘—mixing. Below it will
be proven that trensverse fibers of the FS {2.12) have the
same structure as in the hyperbolic }(-‘billiards qf Sinai  and,
hence, the FS (2.12) is a K-system.

Te prove the equivalency (homeomorphism) of these systems,
one should 'introduce the concept‘ of the ‘“stmctu.ral stability
in the narrow sense. The concept of coarseness Or structural
atabiliity of DS was introduced by Andronov and Pontryagin 'BB]_
The dynamical system Tt is called coarse, if for gny system

St fairl# cloge to Tt'* (in the sense of Q' metricsf(?,g)
=J] .g '%‘ dJ‘u [19])' there exists a mutually single~
valued and continuous tramsformsiion (hemeomorphism) clcse to
the identity transformetion (in tHe sense of C° metrics
P(¥1%)=Sup| ¥- % I [19]), transforming T*_: system tra-
Jectories into those of St system, the direction of the no-
tion slong the tra.jector.? being conserved {the velocity of mo-

tion may be various, i.e. for example, periodical trajectories

* By the distance between DSs is implie& the distunce in the
metrics C*' between the vector fields generating these sys-
tems (right hand parts in (3.1))}.
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corresponding 0 each other mey have different motion periods)p

Anouaov has prdven thet any H system is coarse, hehce,
g0 is the geodesic flow on the manifolds of negative curve~
ture.

Thus, sespite lhe complexity of the picture of phase
ocurves, each cif which is exponentially unstable, a2t a transi-
tion to & ¢lose wector field defined by the right hand part of
€3,1) all thié pieture with everywhere dense phase curves and
an infindie number of periodictl trajectoriés stays almogt un-
chenged. The ¥5 {2.12), as we heve noted, is not a Y system
and, pessibly, iz nol coarse. However, as we shall show below,

i1 is setable with respect Lo special perturbations and is

coarde in ilhe naITow DENEG.

-t ‘
We snall cell the system 1 structurslly stable in the

iy is strncwurally stable with respect to

ot . . . 1
serturbati ong only slong 9ome curve in the C topology and

uoi in the whole vieinity. In fig. 7 the & —vicinity cf the
: 1

syatem | t in the ¢  topology is represented by a circle,

and the . & -vieinity along the curve by a fragment of the

curve Al within ihe cirele.

Congider the following perturbation of the system (2,12)

) o . )
' U}'sﬁ; U;S:%[(Qﬂa) +(qaq3)u{+ (qb ch)gl] (3.16)
The parameter ok defines the curve in the space o? vector
fields deternining the DS, At ol = 2 the (3.17) coincides with
the systen (2.12) (in fig. T we denote it by Aj, and 2t ol = oo
{the point B in the space of vector fields in fig. 7} it is
Sinaits billiarde with sbsclutely elaétic walls depicted in
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fig. 4.

The main statement of this section is thet at the change
of o from two to infinity, phase trajectories are homeomor—
phic to each other despite the large change of o !_Wé have
made sure in this celeulating periodical and nonperiedical tra-
jectbries of the system (3.17) with a computer and then com-
paring them to trajectories of the billiards system withdl = oo
constructed by meuans of laws of elastie feflection from abso-

lutely elastic walls (fig. 4)

=
UJ-‘s (q)= conat

The above fact yields three significant conclusions:
firstly, the strong instability of the ¥YMEM deveibps at the
scattering of the trajectory on the equipoteﬁtial boundary of
negative survature {fig. 4); secondly, the structure
of exponentially compres#ing and expending transverse fibers
of the FS of the YMCK (2.12) is similar ¥o that of Sinei‘'s
billiards system with hprrbolic walls of fig. 4, and hence,
finally, the PS of the YMCN (2.12) is a K-system of Kolmogorov
and possesses sirong siatistical properties.

The properities enumeraied sbove are those of the global
characteristica of DS. There are two more global characteris-
tice of classical systems which are essentisl for the under-
gtanding of quantum mechanics of K- and Ym-sy;tems.

To each DS T* one mey juxtapose the number h(T)
called the Xolmogorov entropy(?]. The quantity n is positive
and at various T't may have values from 0 to+ oo ,

K-systems possess positive entropy[sl. Since the PS8 of
the YMCH is a K-ayatem, it appeara that its entropy is strictly
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positive.
h(Tgfs ) > O .
Secondly, to each D3 Tt is juxtaposed a group of linear

operators U t

U (x) = 1 (TY)
wheie {g{x) are the complex functions in M , Summed up
with the square ('gae‘ ."_,a( ))

In 1931 XKoopman hes proven that if T is a measure pre-
serving transformation, then the operators Ut_ form a one-
parametric group of unJ:.tary operators [4’10’7]. The properiies
of {the DI manifested as speciral invariants of the group Ut
are called spectral properties. Ergodicity, weak mixing, mix-
ing and K-mixing are speciral properiies. In the case of K- .
flows one may calculate completely the spectrum of conjugated
group of unitary operators U-t . It iz a cou.ntably-multiple-
Lebesgue spectrwn[B]. This i)_nplies, firgt, that the group Ut
acting in the Gilbert space La(M) has no invariant subspaces;
second,' there is such a countable set of functions {‘?L(XJ}
L=4,2, e that UT{, , =00 ¢ s < 20
forms on orthogonal basis in L, (M) . Thus, we mansge to com-
pletely calculate the spectrum of the group of unitaxy operé.—
tors U t conjugated with T't (2.12).

Fs Fs

Up to now we have considered two- and three-dimensionel
I3a. Consider now & FS which arises in gauge theories with
higher crder symmetry groups. Let's define the N-dimensional

S as
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N N oge

H(=Zjﬂt+—irtc PO ;-e"la- 4 -’i.“!
Fs P21 a 4 LAY v qN/ ql—“'_lﬂ..il

and celeulate the survature in the range of configurational

space U‘(Q_)<E. According to (4) the metrical tensor is

. NEIIN _ ) ‘
gij=(E Uys)sij‘%(q.-"%)sij

and the acalar curvature ig

B SO 1 3 ( )
" (N»i) R?sr" ﬁa A%—(_LT~EJ) "E
2 L
SN e gYy) 1o 2) (O )
TN T TRy T

It is meen from this expression for curviture Lh:LLN)at thG, .
R;:)a O . Thi§ implies that within tie i U}(S(q)<8 L1
Jectories are aguin stable, and the ingtusility urises due to
the scattering on th.o gquipotential boundary U;;)(q) = E of
negati\.re curvature, since the F¥ ig homeoucrphic to the scat-
tering hyperbolic billiards. thim fact cannct be sstablished
from (3.21), since it is valid beyond the equipotentiul boun-
dary U;:}(q):: & only, and doean't take into account the
boundary effects which arc essential in this cuse,

A surprise erising at N > & 4g the emergence of the'

range with exponential inetability defined by

N
N-1 /2 2 i3 2 ia ra 4. el .
T ARG R LA (dd a1 G,
_ {N) ‘
since there RJS < Q.

n
~1



C, T ¢ | G
Ce t >0 65 62
s ' £
g, T %o
Pig. 5

Prom {3.17) follows that the range of exponential instability
is oleng the equipotential'boundary and brosdens inside the
range U;.:L E with N -+e= ¢ Thig comes to once again
confirm the fact that the instability arises due to equipoten-
tial boundary.

In coneclusion iet us present the considerations indicat-
ing that statisticel properties of the YMCM st the mbsence of
external sourcea (!1m== O ) are caused just by the PS (2.12).
"o do 8o let us consider eq. (2.9) determining the motion of
rotational degrees of freedom, assuming at the same time that
+the inertia moments (2.6), i.¢. the variables X,Y, & are in
dependent of tlwe. Whereas it iso easy to understand from
(2.112) that 'rYb4 will be a conserving quantity
and that ome can integrate eqs. (2.9) like Euler equations for
& freely rotating solid body'DB]. This is an obvious indica-
tion fhat rotationﬁl degress of freedom in (2.9) do not induce
statisticel properties of the‘YMGM,‘and that these properties
ere caused by the PS (2.12). i

Ih the next section clessical gauge systema with sponta-
‘ neously droken symmetry sye congidere. and 1t is shown that
when the value of the vascuum average of the_scalar fiald (P
is sufficiently large, the aystem doesn't manifest its statis-
tical properties and is in a kind of order phase (it is close
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to the integreted system), and that with the decrease in < P>
by way of an infinite Sequenée of repidly gx'owing bifurcations

the system passes into the disorder phase.
4. Gauge Systems with Spontaneous Symmefry Breaking

In ref. [1] .statistic/al properties of classical gauge
systema with spontaneous symmetry breaking are investigated.
In the present section thesé systens are gnalysed theoreticul
ly. | 7
Let us first consider the two-dimensionsl Hemiltonian (1.6
2 - 2
szi(ﬂatP:)+%(q?*q:)+%(q.qg)a . (4.1)

2 2 2 .
. where ) =9'n /a » Let's introduce the variables Ji, ¥

i R 1
9= (23:/w)®siny, Pi=(eY; w)feosy (42
(t=12) whers {(4.1) will read
H=H0+H1‘,. (j‘] ja)
15 ' (4.3)
H‘_'z‘ 1 3[1 cosal{?, (X413 e.‘-?a+ cos(at{?.-tatpa) ‘E“COS(ESO alﬁ__)]
As has been noted [11 the pa.ra.meter X-= q{ % jU com—

pletely character:r.zes the system. At = °© ype Hamiltonian

H  ia equal to Ho (harmonic oscillator). Trajectories of
the system with the Hamiltonian H, are well known. The main
problem is how they will behave at the Presence of the pertur-
bation H1 yand t - oe

It is convenient to consider, Tfollowing Poincare and
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Birkhoff [20'2"], not the trsjectories themselves in the phase
apace, but their succegsive intersections with two-dimensional

cutting surface ok + Let us determine the mapping |

traasloming A inte it9el? ms follows: fixing on ok
the poinit X% » we let the ftrajectory out of it and follow
Toy ill i% again traverses ol . The new point will be 1X

This Folnciwe mapping replaces ihe trajectory by an infinite
863 of pointy om o obtained al successive applications of
The mapning Tnx *. 41l the essential properties of the tra-
Jectory ure reflected in the peooperties of this set, which we
phalll cell o phosge picture.. ! .

I the motion is pericdic, the corossing oceurs in a Iinite
number of points; if it ig limited by the tore surface, then
the peints ar::z leocated on closed curves, and, finally, =t er-
godic motion the poini chuotically wanders over the plane &k ,

The pl-m:sé picture of the system (4.3) with the Hamiltonian

H. in the plane o(=(q(,_’ Pe.) et P, (d)> O represents a
circle of immobile boints, and it is of interest for us how it
will change ot J] % oo

Let us pass from the variebles (4.2) to Jule by, .

..J|=:j1+:ja ) CP.:&ia_L‘{)—a"“')

(.4.4)

T A T .

" .
This is = general construction sllowing to compare each con-
N + N
tinuous flow T ™ (aee aec.2) to the cascade T" , where I is
the integer number. -



then

HO:JJ(*)

(2.5}

e BRI coueprad,)-cos(ed,-26,)+ 5 Zeos ks feosiyy)

Since H is independent of the nmotion proceeds at
o p 2

one frequency @

. . 8H
J]'—‘O) cb]:_aj:g—“:w)

Loa L o OHe
Ja ¢, = Fh= 0.

The variables |, , (b‘! are called fast, and j, q)a slow.

(4.6}

H

When the motion in the unperturbed aystem H° is described by
a smaller number of frequencies than the mumber of degrezes of

freedom (the gystem iz "ghifted" by conserving integrels)

then [1 3]

dz{;u_a_i,‘_"_ = 0 (4.7}
‘*l a_}x Im ,, _

Thig is a case of self-degenracy.

The answer to the guestion raised st the bepinning of
the section on the cffect of the perturbztion H iz given
by the Kelmogoroc itk :orem chﬂ“ If the perturbsiion H-, ig
small and the interruble svatem with the Neuailtoui: ,.1*'l Ho is

not degenerate

d Jt“ a\;x 5 !Efc {d.0)

*
then the majority of nonresonant tores are slightly deformed.

w . » ’
The frwquencies on apprepriute tores ure inceisiensurable

(see [2] ).
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frajectories of perturbed motion beginning on these deformed
tores fill them everywhere dengly and quagi-periodically.
These tores form & closed set nowhere dense (bétween which
glits are left f£filled up with the remments of disintegrating

' resonance tores), which has a. positive measure tending to that
of the whole phese space when the perturbation Hi—~ 0 *,

If the Hemiltonian Ho' is degenerate, as in our casze
(4.7), then the perturbation will have a different result. The
problems Gue io degenera.cy were solved in Arnold's papers [25’261
Belqw the results of perturbation thecry for degenerate sygtema

are used, Ny ,
4a, Self-Degensracy . Extraction of Age Pari

The bagic idea of classical perturbat:.on theory for dege-
nerate systems [26] congigts in the averaging of the Ha.m:.lton-
ian M, (4.5) over the fast variable CP1 and eztracting-
the age pa.rt from H [27] |

g1'=;"§'rJH1 (—51 aJa;¢v»¢a)d ¢1 ""?- (;L;ia) D,.%coéh@] (4.2)

-
or, in the variables J,, Ja, P, f,

ﬁ‘ \96:1*’3 [1+ acOg(ELP, atpa)] {4.10)

The pericdicsl part - Hl is

®x - .
This pfxenomenon was observed in various numerical experi-
ments : ’
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ﬁle*ﬁ, KR N [ =042 ¢ 120, )-coaY, - cogaLP]{ﬂr 1)

2w

Cancuical eguations with the Hamiltonian H‘, * H.

. aH,
= * "—“‘
Jl 0 ) Cp W J ) (4.12)
" . a4
Ja= o ) ¢ = 1
2 aJa
define the slow, "“age" variation of the parometers Je s q)a .

If the system with the Hamiltonian Hui- H.l is integ-
rable, and in our case it is so0, then at a proper seiection of
new variables S, S, 6, 8, the age part oz H will
be independeni of anguler variables. The periodical part of H
leads merely to an additional vibration of the perturbed tra-
jectory by the quesi-periodical mot:.f.m with ~ rapid ?1 ~ 1/3T
and slow ‘g ~ () frequencies.

-

§,-0, $,-0, 6,-%_, §,= %, . (4.13)

The basgic result obtained by'Arﬁold @5’261 is that a.*r;

2 small enough perturbation H, for the majority of initial
conditions the perturbed motion is indeed quasi-periodicel

and close to the above quasi-pericdical mation (4.12-13) with
the Hemiltonian M, +H, at 811 t

4b. Quasi-Pericdical Motion with the Hamiltonian

The system (4.10), (4.12) with the Hamiltonien H_+ H,

is 1ntegrable° along with the energy is conderved the quantity

I=17,+7, =40 ' (4.14)
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dluce }1c+ FI, depends on the difference of angulur veriableg
W @a only. ’

Let us define tie phase picture of this system in the
plane ol =(q,, Pa) ot P,{d)> O or in the varisbles 31,ja,%,42
(4.2} in the plane Y=0 . Let us substitute Y, =Yy - 3,
rom (4.14) into {4.10) ’

2
M= Jw +§i‘€_%é—j%)[1+—1€coﬁ aLP?_] {4.15)

This algebraic equation detines the lines of intersection of
invariant tores with the plane of » dince one may find from
it Jy  es a function or Yo and then substitute it in
(4.2). 4s n result the phase plcture will look as shown in
fig. 1.

To centers of two cloged curves correspond étable perio-
dical trajectories, and the twe points-of comtact are met by
unstable periodical trajectories, Separstrices. We #ing the

Periodic trajectories from the conditioni?s]
J=0,=9%-%, -0 (4.16)

Por the stable we have:

2 I oag
Ji=3, ) \P.‘kP?_=T~ —éi {4.17;

and for the ungtebls

. (4.18,;
31 :‘ja H (?l- L?a = C% ar

It is seen from these relations that it is the viciniﬁy of the

resonunce tore of the system wiih the Huomilfond e



9°%, 7,

h‘(jﬁfia)w* Tl (4.19)
3 i . %ajl )
Qrwedit Qeeig '

that is substantially distorted: (at J, = T2 we have @,= Qg)i
the circle is rgplace by a zone containing crescent curves )
grouping near periodica; trajectories (sees fig. 1).

Finally, it is useful to write this integrable system in

the old varisbles (q,,4.,9,,q,)

- . 2
HoHi= 26 'al) o3 (B3 0')) o oy (PR g ) -
(4.20)

2
2 22y § 2 2 2 , 2
(Pg*w qa)+1m[(P.Pa*“q.qa @ (qua'Paqd) ] ¢
#hose Lagrangian ig an infinite series in ’/aua , and the quan-

tity

}
4 2 2 e 1_ A 2 3 .
wl=z{prwq,) 7 (R0 (4.21)
is the second integral. The periodicél part of H. is

LT

H, = SQH(Pa (*3%)( maq?) 8903"(3 q )(p}waq:) (3.22)

¥ 1,3@ [(pa-©'q.9,)- @ (R R )}

Thus at small perturbation the syatem (4.1) has a phase

picture close to that of the integrable SJstem (4.20) in
terms of the above KAM—theory[?E]
It should be now clarified what will happen to $he phase

Picture when the perturbation increases ? The KilM-~theory
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glves no answer tc this qﬁestion.
4c. Amplitude Instability

The answer to this question is in principle known. It has
been shown in the third section that the classical gauge sys-—
tem without spontaneous symmetry break:l.ng is & K-system and
haz strong statistical properties because at T o=0¢ n
- we have a K-system, and at 1= oo g -ntegrable system (4.20).
What happens in the intermediate region ? Is there any cri=-

tical value fJTc_ at which moét Kill=tores will be destroyed ?

There are no satisfactory answers to such questions yet
but it has been ascertained by means of numerical experiments
that isolatéd rescnances have no seriou_s effecf on the moiion,
but as soon as resonance zZones are ovezllapped, there appears
an instability, and relatively many trajectories leave their
toxres too [31].

One may estimate the cr:\.tlcal vaiue lr; "at which ‘the
overlapplng of resonance zomnes occurs. To do 80, one should,
~following Walker and Ford [28], turn to the veu:’ia.bleﬁl.‘:3.,,52,@hGa
(4.13), where the Hamiltonien H_+H, is diagonal

- ~ {4.23)
H= Ho{S,8.)+H, (5,9:)* Hy (5:5:.61,6; )
Expanding ]’-T, in Fourier series in 61 " apd Qa
Un8,+m&:) (on

H Z Hsmn( Sa)e

we shall obtain new, the so-called secondary (h.-m ) resonan—

ces, whose position on the plane A iz estimable, since ai
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each fized (L, m ) the system is integrable. The origin of
secondary resonances is well illustrated inm fig. 2. jrc_ ey
now be approximately estimated by means of the overlapping
condition of the primary 2-2 and these secondary resonances,
Tne ‘phase" itransition detected and discussed in {1] is due fc
thig very bifurcation.

Uongider now the three~dimensional case

k) 2 2 2 b 2 2 2
He2s (R o) r $[09049.9,)5(0,9)°]  wes

which also is characterized by one paramet'er F . Let's int-

toduce the varisbles Jt, l?{, {4:2)

H=H.,\‘Hl , Ho=(3,+f]a+3'3)cd
{4.26)

H1 a%c.)ﬁz,‘j :IK[‘I CoA2 Y -corY, + acos( %f?t}){)hmﬁ(”g@ 24 f

The age part can be distinguished by introducing the vovinbles

A d)i by meane of canonical tremsformabion
)

F:'stt‘?*#s‘a(LPa‘(P1)+J3(LP3'LP|) ""”

whence
aF aF - \
S — Ji =~ - .28
$: ajs TdY o (4-267

For the Huuiltonian Ho the variable d)‘ is rapid, and
CP9 and (f}:;. are alow. Averaging the per.turb'a‘tion H-,

over the rapid variable (b1 we obtain

H :a——-oaz jiUN[i’%COf’(aLP;_—aL?K)] (4.29)
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In the syatem with the Hamiltonian Ho + ﬁ, one may immedia-

tely find the second integral
J=0,+3,+0,= 1, (4.30)

{Has it a third integral ? The answer %o this question is un~-
known to u8. )
Whet will happen &t verious Jl  in the system (4.25) 7
;As in the iwo-dimensional case, at XA - o= we have
ithree noninteracting oscillators, With the decrease in N
(i.e. with the increase in perturbation)} the system (4.25) -
' comes closer to the system with the Ham:f.ltoni&n

2

h=Lj1"'J?_*'J;)Q) +é‘—3(.—d‘(3,-3a+je33+3531) (4_31]: '

which in initial coordinates has the form

3 : & 2 %a - .
3 (Rroq) ok (Pl oa))Rerwy,) @

Finally, at some 9T the system will be stochastic.
5. YM and E~Sysitem Quantum Mechanicse

'.In previous sectiéns properties of clasaical solutiong
o.\; Yangwiilla equa.tioné have beén studied. It has been shown
thet in the phase space of the system the energe surface
H = const is ohaotica.ily filled with trajectories, and that
this flow is a K-flow clese to that of the billiards system
with hyperbolic walls (f'ig. 4}. 'ﬂa_ereforé, the phase flow.
of the Yang-Mills claésice.l mechanics poasesses all the pro-
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perties of K-flow: mixing qf any multipiicity, the positive
Kolmogorov entropy, the spectrum of the unitary operator Us
conjugated to‘TYM s, the countably mulitiple lLebssgue one.

The natural question arising now is what quantun-nechoni-
cel properties the sysiem with the Hamiltonian F{YM posSses~
ses if in the classical limit K — O it is a K-system?

The significance of the answer to thils question consists
in the following. in the field theory, e.g. in (B, the electiro-
wagnetic field is represented in the form of a set of harmonic
oscillators whose'quantum—mechanical properties {as ol an in-
tegrable system) are well known, und ithe interaciion between
them is teken into account by the perturbation theory. such an
approach excellently describes the experimental situation. In
QUL the state of things is quite different. “he properties of
the YHCH as of a K-system can't be establighed in any finite
order of perturbation theory to 2z harmonic oscillator * (zec
secd. 3 and 4). Therelore, o understand the 4CD, it scems bi—
portent to investigate ithe quantum-mechanical properties of the
aystems which in thé classical limit are h-systems.

Historically the problem of the cuantizetion of noninteg-~

rable systems, i.e. systsms which have no conserving

except {or enerygy, goesd back te the dawm of gquantum mechanics

after the definition of the Johr-Sommerfeld gquantization
(20, 33, 34)

" rules It has been proven by roincare thas the

problom of threc bodies is not integroble, und, therefore, the

The classicsl perturbation thecry 1o iuplied, not the qguoii-
'
tun-mechanical e



Bohr-Sommerfeld quantmahon rules cannot be applied to uhlﬂ

aysten (20, 33, 34}

Considex the stationary equation of Schrodinger in the YM

theory in the Hemiltonian zouge ﬂ: = 0
@ a
L Lo W R VA= ey 1A
SR ) .
with the coupling equatiens

[ o.%a+ Ea.ce: C]Sﬂg, III[H:I 0

a. { Q. .
where H.L= 7 Eijx Gy - Let the fields 4 be again time-depen~
dent only. Then (5.1-2) may be rewritien as

g S @ v - ey

o.e:c < 5'4; O

i 84, sAE
where &£ - is the energy .densi‘cy. Let ua call the system
(5.3-4) the Y# quantum mechenics., In the case when the matrice

) a
of the fields f; is diagonal {see sec. 1), we shall have

. .
q [9 22 2 2 2, _
-5 AYr+ —a—(Xg+gg+2x) E]'lP'—O
Eq. (5.5) is a quantum analogy of the TS {2.12). Since the ¥S
is nonintegrable (see secs, 3 and 4) the Schrodinger equation

(5.5) carmmot be solved by the separation of variables. The only

quantwn number is the energy, since there are no other integ-
rals. ’
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The staticnary wave functions of the quantum syétem (S0 2
pend quasi-periodieslly on tinme, therefore, there can ke no
question of the properties of mixing and instability like those

.of classicgi gystems. The complexity of the classical gystem
trajectories turns ndw into the peculiarities of thebenergy
level spect}um and wave function of the corresponding quantum
system. ' .

It now seems reascnable to define more exactly ihe ques-
{ion raiée& at the beginning of the section in the following
way: what is the structure of the energy level spectrun. and
wave funetions of quantized gauge systems, if in the classical
limit they are ﬁonintegrable and are K-gystems 7

- Consider first integrable systems. The peculiarity of enerw
&y spectira of integrable gystems with ¥ degrees of fresedom is
the degenracy of their energy spectras, since in that. case the
Schrédinger eq;ation is factorized into N one-dimensional
equations with ¥ various quantum nyhbers.

In contrast, nonintegrable systeme have nc degenerscy at
a1l 135,36,37,13]

» The energy levels are at finite distance
from each other,'and their relative arrangement is like that
arising in the systems defined by the Hamiltoniaﬁ matrice with
rendomly distributed elements [?8’ ?9’ 4q1. There cccurs the
so—called:"level repulsion expressed in the fect that the pro-

~bability of finding two neighbouring levels a% a digtance A
smaller than ithe meen velue < D > tends to zero as

aP o

A0

where P  is the criticel exponent. This implies the existence
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of a strong cerreletion between near levels. For the typical —

integrable systems this quantity behaves as

exp{-'d} —
a—~ 0
These conclusions are coniirmed at analyzing energy levels

of concrete K~systems: square billiards with a scattering cir-
cle of the radius R in the middle[4'] (see fig. 10}, and the
billiards with a stadium-like boundary - twe cirele halves of
the redius T are connected by gtru.ght lines of the length
q_@2] (see fig. 11).

Both systems have integrable limits: the fizst at R = O
is an infinite potential well, the second at W= 0 is & round
well of the rqdiué Y . As is known, the energy specirum in
this limit is strongly degenerate. A% R: ana @ being d4if-
ferent from zerc they are K-systems, and the behaviour of their
energy levels is shown in fig. 12 Ifrom ref. [41]. The depene-

recy is eliminated. Distributions of energy level spacing are

shown in fig. 13 41 4‘2], which is consistent with (5.6).

Cf special interest ia thé structure 6f wave functions.
In fig. 11 & {ypical wave function is presented. The nodal
curves are seen to be irreguler in direction and thelr separa-
tion is roughly regular verifying the prediction about the ran-
dom orienfation of the wave vector at different poritions.

Let us come back to the geuge system (5.5). Let's apply
t6 it the regularization method applied to the PS5 (2.12), i.e.
intreduce a spontaneoﬁs symmeftry breaking. The Hemiltonian
will then have the form of (4.25), where ‘P snd q are the

operators.
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2

In the integrasble limit ( &) —= oo ) the spectrum of this
system coincides with the spectrum of the sum of three harmo-~
nic¢ ozecillators. It is degenerate, as for the blllisrds systens,

: 2
at R=G= O . ¥ith the increase in perturbation { (J <e= |
the potentizl energy gains channels along the axes x, 7, .
. . . 2

On eliminating the regularizeiion (J = O("L:O) the chamels
lengthen and tend ito infinity.

Heking use of the results obteined at snalyzing the bil-

. f41, 42] . s . e
liards systems , One may qualitaetively degeribé the
gauge spectrum. It consists of the nonzero energy ground state
and periurbed states where degeneracy is lacking. There occurs
8 level repulsion {5.6) with the critical exponent 55 so far
unknown. The wave function reliefl is like the one depicted in

2
fige 11. With the decrease in & the ground staie energy
tends to zerc together with the average distdance- belween le-
vels. Thig fact is easy to understand talking intc zccount that
- a a kS .

there are no dimensional parsmeters ai =0 . Tote thut
the dimensional parameter may arise only when allowiung for
space degrees of frecdom that we have neglected. )

In conclusion consider the connection of the discussed
problemlns with confinement. In papers by Nilelsen, Ulesen, PYuri-
e a1l 43-451 L o : s nas sed whi on
si et al. a sinple argument has been proposed why oie

has confinement in a random vacuws. “he assumption 1hat in
vacuum there exist random fields with nonirlivial topology has
sl on i instebilicy 143+ 48]
been based on tne vecuwa instability « & number of
questions the avswe-s to which snould be given by the coupleie
dynamical “heor; ol vecuum, remained ungolved. fhe results ob-

tained at the invaafi-rvnion of a4 one-dimensiongl nodel of



suuge fields (Y:iCH) allows to hope that the assumption of ran-

qonness has = deep dynumical origin.

. Conclusion

The basic purpose of this paper is to investigate the
Yang-idills clessical esquaiions in the case when the vector po-
tential depends on the time only. The TS of the YICE is shawn

' to be a kolmogorov K~system and, henr~-. possess strong statis-
ticul srepertisg. Phase trajectories of this system by thelr
soructure are cimilar to the trajectories of fthe Krylov-Sinai

pilliards system. Lilke every K-sysiem éhe FS of the YICH has

& positive Kolmogorev entropy, = miking of any multiplicity:

and the aspectum of one-parameiric group of unitary operators
conjugated to the flaw TYN} i8 o counﬁably—multiple Lebesgue

Q13 .

UOESidereé are zlso the systems with spontaneous symmeiry

. e . e . I . a
breaking. Lt ia shovm that in the "ueen' lHiggs reglon Ji - o=
i v ]

tka wyster 1s 2lose we the lntegroble one, and the phase Space
8 ™n the main composed of invarient teres. Then, with the
Joerense in ﬂ? , oy means of the infinite sequence of rapihly
Zrowing bifurcations ihe systen becomes stochasiic. all these
resulis zre cf & thecreticclly-noaperiurbative charavier and
cgennot be abtuineﬁ in way Tfinite order of clugsicul perturba-
tion theory.

‘ Jrgodic propexties of classical gauge gysiews affect the
giruciule of energy levels of appropriate quantus gystems. the
encryy Spectrum ol one nruteﬁs with & gponturenusly brollon

B
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symmetry in the region J =~ o= , where cne may still meke use
of conserving integrals, is close %o that oflharmonic oscilla-
tor. With the decrease ip 9T there occurs a relevelling and
the degenérate spectrum trensforms into the nondegeneraie spec-
trum of z gquantum K-system, whose bazic proﬁerty is the level
.repulsion, and their wave fucntions are iscotropic,

In conclusion the author would like to thank H.E;Asatryan
G.L.Balian, V.G.Gurzadyan, K.Zalevsky, S.G;Matinyan, B.A.hlela~
med, N.G.Ter-Arutunian-Savvidy and ?.4vitenovic for helpful

digscussions.
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Appendix A

In section 3 the mapping of ihe phase space M on itself
dz—:pe'nd’ing on the time TY was considered. It is natural te
|
coneider also discrete mappings which merely repeatedly act on

o9
Ly - Y. = A, .
. These mappings are sutomorphisms [7] . Through | X

the
result of n-fold mapping is denoted.

In the proposed example[11”13] as & phase space we have
‘teken the surface of the tore with gecgraphic coordinates: the
longitude §, and the latitude lPa . The square Q<@ <20
on the plane (Pl . \.Pa serves as the tore map. One may as well
Eonsider the whole plane U?Hqé ) without distinguishing the
points with the coordinates multiple to290 .

fhe tore sutomorphnism is determined by the integer number
wmimodular linear tronsformation of the plane Uﬂ)qz) with tﬁe
matriz [11"13] '

y' 2 1 @,

1 = . (h.1)A
Vo 71 Y.

n
The action of the transformations 1') >0 on the plane con-

sists in a rapid, at an exponential speed, compression in one
direction an;i' extension in another one. These directions are
determined by eigenvectors of ihe transformation (A.1).

fhe properties of automorphism (5.1} 8re well in;\restigated
in [”'13.:\ . It has a countable aumber of cycles, is comrse
i(see the final peragraphs of sec. _3) and posseéses compressing
and externding fibers and, hence, is a K-systenm.

To make thic example lock more "physical" let us drow a

4



square with a black blot in the centre. Under the effect of tha
transformation (A.1), which is not difficult to congtruct, the
blot, alresdy after several first iterqtions will wniformly

spread over the squere (fig. 8).

Il
|

@

i

Fig. 8

o
irrevergible solutions of bleck ink

fhis is a good model of
in & glass of transparent water, with the tranaformation (i.1)

corresponding to the mixing.

Appendix B

v

The example preposed by Arnold frs, 30] illustrates how
the mizing (K—mixing} appears in the Krylov#Sinai billiards
' system, and how this property of being a K-system reletes to
:the beheviour of gevdegic lines om surfaces of negative curva-
ture, '

Conaider simultaneously two aysteng. In the first the
point moves by the geodesical on the surface of a triexial o1~
lipsoid of fig. 9%a, in the second by the surface of a pretzel
from fig. 9b. The ©1llipsoid has a positive curvature whose in-

tegrel is 4% + the pretzel has a negative curvature whose in-

4y



tegral is - 4 , therefore, the geodesic flux on the pretzel
surface i8 a K-flux, and on the ellipsoid surface it is quite
integrable P3] and, therefore, non-mixing. ‘

Gn the other hand, if the smell exis of the ellipsoid is
reducad to zero, the ellipsoid fturns into an gllipse and the
geodesical flux in the 1limit transforms into the billisxds

system in the region limited by the ellipse of fig. 10a, with

\vs‘

&) Fige 9 o).

the trajectories within the ellipse never being everywhere
dense. Let us turn the pretzel In the second sysiem along the

- ¢ircumpherence (: the pretzel deganerates intoe a two-sided torg
with & hole (Ffig. 10b), and the geodesic Flow inio the biLli-

ards system orn the tore with a hole {fig. 10b) (the dotted

LN S

h)

/T“r} |

Fig. 19

1ine denotes the motion in an internal surfase ol torel.
wes the borde bllliards wath a dissipuabtiog roung wall ol

the coavex .nside repion of motion hes o ghrong mlxing and .o

u Kesystem. The inslability develops On the round s Lo tae



negative curvature of the pretzel is gathered along the oir-
cumpherence edge during the flattening.

Here we éee e good anamlogy with gauge systems, (2.,12)
whose motion is stable within the region Uyy < E  and
the insiability develops at scattering on tHe boundary [ormed
by the equipotential surface UYP1= E of ihe convex inside

_Tegion of metion.
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