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To my fether' s memory 

1. Introduction 

In refs. [1 ,2,3] authors have investigated cla.ssi'cP.:. 
equations of motion of non-Abelian gaug9 fields, properties of 
both separate solutions and the system as a whole. In particu­
~ar, they have considered the solutions which in a c~rtain co-

o. ordinate system depended on the time ( P,JI- (i.) ) onlY- It has 
been shown that the system described by such potenti~ls .. 
(A JU ( t) ) is reduced to the. discrete nonlinear mechanical sys-
tem (YMCM) with the 'Hemiltonian(2] 

t ~ Q. a ~e. [ Q. a. a a. Q. a HYM=.t "E (A;) •~; (A, fl,)- (fi,AJ) J 
and coupling equations 

n .. s c'"'c 11~ A~ ( 1 .2) 

w;ttere i.,j. K. = 1,2,3, a.,~.c =·1,2,13 are ror the SU(2) group. 
Solutions of this system in an arbitrary coordLnate system are . .. 
nonlinear plane waves P.JU (K·X) with a non-zero square of the 
wave vector Ka=jJ?- (2 , 3]. 

The general 

tudes ~~~ 
' 

picture of the variatiori of the color ampli­
in time is characterized by alternate rapid 
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oscillations and decrease in so~e color amplitudes and growth 

i:n o·theJ.'a; color ''beats11 (
21. 

The strong :ixJ.atability of trajectories of this system 

with ·respect to small variations at' initial conditions in 

phase space he.s led the authors of ref. [2, 1] to a conclusion 

on the stoche.sticity and nanintegrability of YMCM. Characte­

ristically it has at least a countable set of periodical tra­

jectories.l21. 

In the last paper of these authors L1) analogous proper­

ties of classical gauge systems with a spontaneously broken 

symmetry are investigated. Such a gauge system with isod?uble~ 
<>. 

breaking of SU{2) group in the gauge A • ~ 0 is described b) • 

tho l!alnil toni an \:11 

(1.)) 

(1.4) 

whore 'l 
field 

is the vacuum expectation value of the scalar 

( 1. 5) 

Since the field \j1 should coincide with tfva.c at large \XI 

then this implies for uniform fields that 6 ~ f>a. : 0 
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In [1 J a two-dimensional case was investigated when fl~ =. X J 

Ll~ ~~~ " ~ and all the other components n ~ are zero 

9' • • H~~(x'+~')• c_'L (x'•Y~)·~(xy)' ( 1. 6) 

This system is characterized by one parameter 

( 1. 7) 

it being shown in (11 that at~~ 0.15 there occurs a phase 

transition in the 'following_ sense: _at large values of 9f the 

system is close to the integrable one, whereas at ~-< 5fc 

the motion is stochastic, just as for 9T = 0 ( ~ F. 0, 1. = 0), 

This phenomenon is well illustrated by figs. 1-3 ( g[1 = 4.84, 

5f2 = 0.35f Sfc. ~ 0.15) from ref. (1}, which present. cross 

sections of phase trajectories in the four-dimensional space 

(X, X, Y, Y ) with a plane ci. = ( y, y) at X (d.) > 0 • 

The purpose of the present paper is the further investi­

gation of the gauge systems (1.1) and (1.J). Let's first note 

that in refs. [1 ,2 ,3] such two- and three-dimensional subsys-. 

terns of (1.1) and (1.3) are considered, when the coupling 

equations (1.2) and (1.4) 

fl <t·. case when the matrix ~ 

are id~ntically satisfied. It ts the 

is diagonal in indices Q. 1 i. • It 

has seemed important to consider the general case when all 

the components of the matrix 
'Q... ! 

A ~ are not zero and coupling 

equations are taken into account. In a recent pawer by two 

authors ll 71 new compact variables * have been introduced, 

• It is implied that their variation range lies on the com­
pact manifold, in this case on a sphere (see sec. 2). 



where the general system looks much simpler S.nd has a natural 

analogy with the sclid body mechanics. In the second section 

the necessary information from ref. [17] is presented and at 

the same time a method of describing YMCM by means of compact 

variables is developed. The concept of FS (2.12) of YMCM in­

ducing ~tochastic properties of a complete system is intro­

duced. 

In section 3 the YMCM is considered from the viewpoint 

of ergodic theory. The need in such an investigation followed 

from refs. [1 ,2] .. As has been mentioned, it has been proven 

in these papers that trajectories of FS (2~12) have a strong 

instability which leads to the fact that the phase trajectory 

chaotically fills up the energy surface E const. It is in-

tuitively clear what is implied by chaotic or stochastic mo­

tiont but it is important to define these concepts more stric·~..­

ly. 

In the ergodic theory, or otherwise, the theory of dyna­

mic systems (DS) the classification of motions as the increase 

of chaotic-stochastic properties is obtained: they are ergo­

dic systems, systems with weak mixing, with mixing, with n­

fold mixing and, finally, K-aystems. It is important to estab-

lish which class of DS the Y:MCM belongs to. It is also 

clear that if the arbitrary trajectory unifoxmly fills up the 

hypersurface E ~ const, then there is no sense in searching 

for concrete solutions of the system. InStead one should in­

vesti~te the global properties of DS as a whole. It turns 

out that if it is establiShed which class of DS the YMCM be­

longs to, .then it will be possible to find out these global 
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properties. 

Section 3 is pla..nned as follows. First, the necesHary 
information from the. classification of DS is present ado Then 
we consider the sufficient conditions satisfyipg which one 
may answer the question: whi.ch class of DS the system with the 
given Hamiltonian H belongs to ? In papers by Hadamard, Hed­
lund, Hop.f, Krylov, Anosov, ·Sinai et al. [9-12] fairly general 
criteria for the above question were obtained. 

Using these sufficient condi~ions and the concept of 
structural stability in the narrow sense (see sec. 3, . p ~ 2 4 ) 
one may prove that the YMCM is equivalent (houeomorphic) to 
the billiards system of Krylov-Sinai with hyperbolic walls 
(fig. 4) and that it is a Kolm6gorov K-system[a]. Physically 
the strong statistical properties of the YMCM are due to the 
instability arising at the scattering of phase trajectory on 
the convex inside hyperbolic boundary of fig. 4· In this cas~ 
the convex inside boundary playa the scatterir.g role of nega­
tive curvature (see Appendix B). 

After this fact being established, all the global propeJ>­
ties of K-systems are assigned. to the YMCM. The YMCM possesses 
exponentially compressing and extending transverse . fiberings 
equivalent to appropriate 

ards, positive entropy of 

fiberings of the hyperbolic billi­
Kol~ogor~v [a], the strongest statis-

tical properties, K-mixing. Finally, there is one property 
which we would like to especially dwell on. In 1931 Koopman [7 J 
obtained a brilliant result indicating that to each classical 
DS ·corresponds a one-parametric group of unitary operators 
whose spectral properties characterize the ·DS~ Si:rice it has 



bc~S:n prove11 b:y KolmofSOl'OV that K-aystcms have u. countably-

!rlul-.'. t tJ.l<:$ Lehosc::..~f~ .<J_ptJC ~rum, i ~ turns out that the group of 

1~.:-:·i t:,_ry operators correapowiing to the YMCM has a 

un:l.form countablY··multipl~ Lebesgue spectrwn. 

'l'lws ~ ~he YMC.'M .( s uot only a nonintegrable system but 

n1so po::w8sses the ::;trongest statistical properties which are 

del>cri-9;..·'·' 'lY.'! concepts of the ergodic theory~ 

}.n section 4 GH-4Ca ::.1:ys.tems vn th spontaneous sym.'Uetry 

breakillg are investigt.~.ted~ It i.s shovm b·y introducing conve­

n:l..eut variabies of the type angle-actio.n ·that at !Jf >> 5\ C. 

the syst8m (1.6) is close to the integrable system (in terms 

of KAJ.'i.-theory) Vlith the Hamiltonian {4.20) whose phase picture 

looks like fig~ 1. This result is of interest because the per­

turbaUon Hnmil tertian H1 (4~3) consists of five terms of the 

Nune vrder~ ~1he fact that there is a close integrable subsys­

tem is obtained by averaging over rapid variables. 'rhe phase 

transition in the YMH system to the disorder phase is shown to 

be due to the infinite sequence of rapidly growing bifurcations. 

Results of sections 3 and 4 are substantially of theore-

tical-nonperturbative nature owing to the· 

the HPmiltonian of the integrable system, 

follo~ing: if H0 
is 

and gr H1 the Ha-

miltonian of perturbation, and if by means of a canonical. 

transformation (rq)- lP: q') one ·manages to reduce the Hamil-

H , " H' \ , , H' ( , ') 
toni an ., -+ 3f n 1 to 0 p ) + gra 1 p, q 

then during the time t ...,.. :J\ we shall have an approximated 

solution with an error of the order 1 /~ • That is the clas­

sical perturbation theory describes the system during a finite 

tim~ interval, therefore~ any statement concerning the natucre 
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bative character und cannot be obtained in any finite order of 
• perturbation theory ~ 

In the concluai'l~ fifth section qunntum-rilechunical pro­
perties of the Y!;! mechanics and their relation to the probJ em 
of confinement are discussed. 

2. Fundamental Subsystem of YMCM 

As is shown in ref. [17} the Hanlil toni an ( 1.1) has an ob­
vious mechanical interpretation. Due to SO(J)~SO(J) s~netry 
are preserved the moments 

(2.1) 

(2.2) 
with (2.1) coinciding with coupling equation (1.2) at a cons­
tant external density of color charge. If the new variables 0,, 
E , 0 2 are introduced by means of the relation 

p. ~ o, E 
T 

Oa (2.3) 

where 

( ~t) 0 

) E " (2.4) 
y ( t) 

.. '<+. ) 
and 0, and 0, are orthogonal matrices, the~ the Hamil-. . The creation of a convergent perturbation theory (KAAI-theory etc.) is a vivid exwnple of the achievements of the classical theory of DS. In the quantum mechanics a similar result is lucking despite the recent progress. 
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t01u.an (1 .. 1) will b~ rewritten as (17] 

(2,5a) 

(2.5b) 

where 
a t. e. e a 

I,= IJ • z' , I a • x • 1. , I3 & x + y ' 

I a a = 2. X", I >3 = 2.X ~, 
(2.6) 

Icti.' 0 ~or c'/'0. 

and 2L and GJa.. are the vectors of angular velocity dual 

to appropriate antisynunetric tensors D7] 
• T 

2 •-0 a 0._. (2. 7) 

?rejections of the momenta (2. 1-2) on the "movablei• set of co­

ordinates have the form n.a.= o~'N'; .. rnl = Oatj Mj b7) 

and 

No.~Ia.wo..-Ia.i. Q,, Mc~I;Qt-Ita.Wa.. 

obey the generalized Euler equations f17] 

(2.8) 

Thus eqs .. (2.9-10) together with the relations (2.8), 



(2.6) completely determine the YMCM which has three irui&pen­
dent single-valued integrals [17 ] 

H~M > 

:L'he followj.ng analogy with the mechanics of oolid bc1y 'iB 
rather useful. i1.s is known the kinetic energy of th':! sr;l:i.d bo-
dy is 

Tso!td~ : L I. Q.~ 
c. ~ L 

and due to SOU) symmetry the J atter pre~erves the squu.rv of 
the total momentum Me If the inertit! tensor I '· io3 j nde-
pendent of time, I~= O, ·the energy is' p1·eserved a.s well, 

[131 which permits to completely integ;rnte the Buler eq_uati.ot~ .J 
othervdse (It I. 0) Jt wo<tld be impossibJ.e, since ~ 7} 

dT"oeiJ i . a 
- =- T? I, Q, dt '· 

(2.11e.) 

Similarly in (2~5) we have a kind of "guuge" bod,y w:i.th 
time-dependent inertia moments (2.6) which rotates in usua.l 
and internal apac~s (precession of spin and isospin), tillU it 
is essential that due to nondie.gonal elen.:mts ,of the inertia 
tensor I a. c there la a correlation b~tween these rota-
tiona. 

We shall call the system with the Hamiltonian 

(2.12) 

the fundamental subsystem of the Y:r.:i:CM. Then 

(2.13) 

As o. whole tbe picture iu thin: OllP. mny imagine the ynri-

11 



ables X. 1 y, Z to be the coordinates of a material point per­

forming compound motion in a three-dimensional space limited 

by an equipotential surface 

(2.14) 

At Ty,..., = 0 ( Qt=" <.JQ.= 0) it has the form shown in fig. 4. If 

Q L. 
1 
Wa. -#. 0, then TyM > 0 and t~e equipotential surface lies 

within that shown in fig. 4 and has a somewhat more complicat-

ed form and, besides, is time-dependent. It is convenient to 

h t f 1 . s · M"' ""d N a 
present t e rotation in he ol ow~ng wuy. ~nee ~· 

(2. 11) are conserved, one may present the vectors M~ and N i. 
• 

as points on spheres with radii M and N? 

So we hava a very obvious description of the YMCM when it 

is necessary to follow three points, two of which "run" over 

the sphere surface and describe the rotation, a~d the third 

11 runs11 in the space limited by equipotential surface (2.14). 

As it will be shown in the next section, the basic role 

in the formation of stochastic properties of the YMCM is played 

by the equipotential surface of the FS (2.12) which has a ne­

gative curvature, in the sense that it is convexed into the 

region of the motion of the point with the coordinates (X, Y, 

~ ). As for the FS of the YMCM (2.12) itself, it is a Kolmo-

gorov K-system ru1d, hence, possesses the strongest statistical 

properties. 

12 



). Yang-Mills Classical Mechanics as a Kolmogorov 1(-System 

Consider the YMCM from the viewpoint of ergodic theory. 

It has been sho\'m in refs. [1 ,2] that trajectories of the 

FS (2.12) are s·trone;ly unstable with re.cpect' to small changes 

in initial conditione n...""J.d thut this system' is nonintegrable. 

Phase trajectories chaotically fill the energy surface H.fs = 

canst. It is intuit.ively clear v1hat b1 implied by chaotic nr 

stochastic motion, but it is .important to formulate them mo:::e 

definitely. In ergodic theory[4- 71 these concepto are definite-

ly formulated and the cluusificution of the !rtvtion ao the in­

crease of chaotic-statistical prope.ct:!.e~:; is obtu_i.ned. 

The aim of this section is to show that " ... ho F3 cf the 

YMCM (2.12) possesses the strongest statisttcal Pl'Upert.ics 

from all known ergodic theories, that it is a Kolnwgorov E-·Gy/3·" 

~em, 

sent 

and to descfibc its elobal properties. Let's first pre­

the necessa.t·;; inf'orlltntion from ergodic theory [4-lJ" 

The ergodic theory investigates the statL;tical propel ti.e(l 

of the measure-preserving mupping T t of the phase npuce 1'-'! 

on itself. 'rhe set of ordinary di!'f~r<':!uf;isl eqw_.tt;.I,,Jllfci 0.1 .. thB 

Hamiltonian dynaJnics 

(3. I .i 

p;:i.ves such a muprd.ng Ti of the pha~Jc :.;_pace. ~''·1 on J.tseJ 

f:i'l nee to efl.ch po:u;. :; ( p > 9) ~X<.:: .i'--1 "J..G d('t c cm_i..~lec"\ L<ll :_tp proprl~'· :, 2 

"" 'J~he rigJ:c1. hand 8J.de o.f: ( .\.;) :\e)·tcrmJ..ncB Jn ti-1;0) ni1w1r; 

~'-1 th£: Ve>ctor f'i .. e.l<t cai'!.r~U 1;ht.: vectm· fi,_:l~l .... J pilauc.: 
C i L·.'f ~ 

., ' 

.. :rrac­
:ro l ( 



point (p, q) "X~ E M 
t -

and due to the Louiville theorem the 

initial phase volume i.s oreserved. 

Tt 
'l'he mappinr, forms a one·-parametric group calle-d 

phase flow. An important resu;tt of the ergodic theory(4- 7] is 

the existence of the time average (averuge along the trajec­

tory) 
+ 

0 ~ r p . t) od­
llm-:rjt(Tx cit"' f 

i: .... Qoo ~- ' . 

(3.2) 

is the arbi i;rnry function in M u f(x) =.X A (x) 
< xjl = , is the ~haracteristic function of the set fl_C M 

i:C' X r:, A ru1d lo ;~ero if X € .A ) , t;hen from the Birkhoff 

theoren c~.2) f•Jllows the existem~e of the mean number of hits 

in any m~asurcd set /I ,, for almost every point ( X ) • 

Let us introdvce the classification of various -types of 

J'lovm in th<e phase space M which characterizes the flows 

by, the increase of their statistical properties. These are er­

godic sy:Jte:ms, .sys:;eros with weak mixing, with mixing, ·with n-

f~ld mixing and~ fine.lly, K-systems. 

The l>S is culled ergodic if all invariant sets of the 

mapping T ·;; ure seta o:f zero measure or sets of. total measure 

M 
The concept of ergodicity, undecomposability of mapping 

or metrical transitivity is a natural requirement that the gi-

ven mapping Tt M mixe~ the points of well enough. It is 

clear that if there is an invariant set 

whose measure differs from 0 u.nd jJ. [ M) 

considered acting independently on E) 

M \& , i.e. the mapping does not mix the 

14 
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and, hence, the flow iD not ergodic. 

Let, for example, the Hamiltonian system (3.1) have u con-

serving integrul cp (P, q J , then the condition ¢ ( · p, q) :: canst 

picks out the invarhmt subset and, hence, the .flow T t is not 

ergoU.ic. Ergodici ty thereby means that the D~ ho.s no conse::v-

ing integrals. 

In particular, it .follows from ref. [1, 2 J thut the }';-; 

(2. 12) is an ergodic system. It is its weakest statistical pn' 

perty. We shall later shaw that it has much stronger st<=;tiati­

CHl properties. 

l<'or the arbi tro.ry mapping the space M (with an 

accuracy up to the set of zero measure) may be represented as 

a sum 

which 

of the coWltine; number of invariant subsets, on each of 

T t is already ergodic [G J. 'l'hus, every DC T t maJ be 

decomposed to ergodic components. 1'hus, in the previous exam-
t ple, already on the subset ¢ (p, ~) :: canst the flow T is 

ergodic. 

l!'or ergodic systems the Birkhoff theorem allows to prove 

the equuli ty of time averace.s to space ones [4-7 J 
t 

*i~ + J HT"x) d<t = j f(xl dl' o.3) 
D 0 'M 

Let t:::: ..X A the~l it follows from {J.J) that 

s f( X ) dy = J' [ A ) 
M 

hence, for erGodic systems tho trajectory of almost every 

point X E: M falls in any measm·ablc subset of the positive 

measure and· stays in this set .for a time in me<:J.D proportional 

to its measure. 1'he equu.lity (J.J) muy be considered as uno-· 

1 5 



ther definition of ergodicity. From (J.J) follows that for ar-

bitrary functions l ( x) and ~ ( x) in M we have 

dent only on the average. 

Let us detel~ne the DS with stronger statistical proper­

-\. 
ties. The flow T has a property of weak mixing, if for ar-

bitrary runctions l and <a in M we have l4- 7] 

t 

tern: fM.-[HTI)ca\x)drJhxldf'Jcatx)d!'l'~ o (3.6) 

t-o, J "' J 
o M 

and the property of mixing, if sim.ply 

ttm jf(Ti<)ca(x)<l,<l ~ Jt(x)dp htx)d!' 
t--eo M M t1 

(J.7) 

Let now again ~ =.X A , <J = .X e, then from (3. 7) 

~i.m r [TtA f\ ~] = J' L. A J · J" (. '(')} . 
t--

(3.8) 

h~nce, during its motion the arbitrary set A will all the 

time traverse the .set e::, , the measure of the part of A 

that at the moment \:. has fallen in B being asymptotical­

ly pro;..ortional to that of B , i.e. fl. is uniformly mixed 

all over the phase space. 

Let us cite un example used by Gibbs explaining these 
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definitions. Add some vermouth into a vessel with gin (p.-copor­

tions 10% to 90%, respectively). Ergodici ty m:<latls ;hat o.f·t;e.c 

a fuirly long time there will be on the o.vere.ge Hr)~· of ver­

mouth itl an arbitrary purt of the vessel, thoue;h it is· not ex­

cluded that in definitely far moments of tirne the liquid in an 

arbitrary part o~ the vessel may be either too strong o:r· too· 

cweet, whereas the mixing means that after o. fairly lent; tlme 
the liquid in an arbitru.ry part of the vesoel ~contain 

1~~ of vermouth. 

It is easy to show that if the flow has u v1euk mix-

ing, then it is ergodic, if it is mixing, then it is both ergo­

dic and v1eakly mixing •. The o_pponi te is incor:tect: the:r·e are 

ergodic systems without weak pixing, syster;s with weuk mixing, 

~'i thout mixing and systems with nLi.xins. 

The DS has 

... ~n in M 

an n-fold mixing 

we have[?] 

if for any functions f.,,, ~ 1· · · 

0 j' p 2 t, t,•••t,) n , 
tim tVlt,(T><) ... f"(T x d-"~1:\oJhcx)d.JU 

1:, ... t.,-.__.. , ..- M 

a.nd .i.f f:::...XA"':l
1
,, •• fn~.J.A.n then 

0 [ t, t.~ ... t.,) n r- J lLrnjU Aof\T /l,Jl ... r\T An ; n!'cA. t 1 ... tn~oo _ \::1 
The ordinary mixing (3. 7-8) is a 1 T.1Ul"tiplici ty mix:i.nl.> 

Let us finully .introduce the concept of K-flov1 wt.ich 'I'H: 

sha_ll neeU later. K-systews were introduced by J(olmogorov ;.n 

r.('f. [sj wher~ they were culled quasir(~gulu.C'. K-uyGtcm.'.'l t1ave 

still stronger stutist'ical propccticz -~han tho;:;e r,Jent J.oned 

nbove. t!nf'oJ'tuno.t<)ly.,. l>: l~ i.mpos~Jible to d-:-fine t'he l\-flon i.!, 

·, '? 



terms of concepts used above. 

The flow T t is cfilled K-flow, if there is such a measu-

x·o.ble split-up ~o -=- { C ~ 

: ~. n c~; '1' ) that 

1. T'~. >--so 

.~ t' 
3. 1\ T >. --

of the space M ( UC ~ M 
C~5. 

ut t > 0 

(3.10) 

where C, is the split-up to separate points M v is 

the split-up consisting of M itself or empty set cp 
vd... ~<>1. is the upper bound and 1\ ~ e{ the lower bound of the 

"l"ol. o( 
split-ups .:; • The 1nequali ty between splJ.t-ups is defined 

as follows: ~ ~ tt is· not smaller than ~ ), if each 

element of c~ ~ ~ is a combination of a number of elements 

of c~ €. rc . 'rhe upper and lower bounds are understood by 

means of this ordering relatiQn. 

The meaning of this definition is the following. Let t1 

be the region on the plane covered by the split-up ~ 
0 

(see fis. 5). 

mapping 1"+.. 
~rhe first r:.ondi tion of (3.10) implies that :J.t the 

t 
there ro;ises a nevr split-up T ~1) which is al-

wB.ys smaller. The second and third conditions mean that d'.lring 

the evolution of the DS f-rom - -=:> to + 0c::> split-ups will 

arise, whose intersections consist simply of the points M 

(they are the same as the upper bound), und their lower bound 

is eq_ual to M 
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It is intuitively clear from the very de.fini'tion of (3.10) 

'tho.t there occurs a very strong mixing. Indeed the K-flow has 
/ a mixing of any mul 'tiplici ty n [6 J. At the same time there are 

DS having mixings of any multiplicity, which ure not. K-.oystems. 
K-systems ha.ve very t;ood statistical p.i-operties (in a certain 
sense the best). There is a fine example of a K-system in .Ap­
pendix A. 

Let us nov1 assume that a DS is considered whose Urunilton­
ia.n i.s given. Will it be an ereodic, mixing or K-system ? Arc 
there sufficient conditions by means of which one can annwer 
this question ? The importance of this question lies in the 
fact that we wunt to define what ch1SS of lJS the YF>iCh belongs 
to, i.e. whut mo.ximum ste.tistico.l properties lt ~us ! 

In the papers 

Sinai eb al. (9-12] 
by Hadamard, Hedlund, Hopf, Krylov, Anosov, 

such sufficient conditions vrere obtrdncd. 
~hese authorn have investigated the behavior of geodel3ic fluwn 
on Riemannian manifolds of negative curvature .. They proved 
that the geodesic flow on the manifold of u constant negative 
curvature cmd on the surfaces of the variable of negative cur-
vuture has u strong instability and that it is a K-flow. The­
refore, the negativity of the curvature of the manifold M in 
the sufficient condition for DS; to be a K-systeffi. 

On the oth~r hand, it follows from the fl:laupertuis princi­
ple that ·trajectories of the system (3.1) are geodesic flows 
of scm~ Riemannian metri~s ['3]. If the Hamiltonian is written 
as 

1 1 d S )a H=y\df • u ( 9) 
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d a a 1 e 
s = dq' + . ' .. q 9" 

and the Riemannian metrics is gtven in the form 

(3.11) 

(3.12) 

whc!·e E is the total energy, then the nego.ti.vi ty of the cur-

vo.ture in the region of configurn.t:Lon space U (9) < E will 

be the sufficient conditi9n for the system (3o11.) to be a K­

.nystem~ 

Consider for simplicity the two~-dimensional l!'S (2.12) when .. 
Mi.~ N !'!. 0 (a more general case is considered at the end of 

this section) 

The me·trics (3.12) has ·Lhe form 

d/=7\(q,q,)ds"=[E- r 9.·9~1(d9~+ dq:) 
The curvature in the region U ( ~) < E is 

~ 

l (q~+q:)(E•~q',q.a) 
R =- 2~ t>"~n..A = • > o 

~ [E--fq~9;]~ ' 

82 
a9.' + 

(J,1J) 

().14) 

(3.15) 

and it is strictly posjtive. Thus, the sufficient condition is 

not satisfied in this case. But this only comes to indic~te 

that the phase trajectories are stable, if considered only in 

the intervB.ls between two scatterings on the boundary U(q), = 
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const (see i'ig 4a). As it will be shoom later, the instabili t~ 
det_ected in [1 ,2] develops due to the scattering on the equi­
potential boundary U:;

5
(q)-== const. For- this purpose special cri­

teria should be used obtained in papers mentioned abovJ9-l 2 ,32~ 
The investigation of geodesic flows on the ~lifold of ne-[9-12} ga.tive curvature has shoWh that in the formation of statis-

tical properties of K-systems an important role is played 
by th~ so-called exponentially compressing and expanding 
transverse fibers [15]. In particular, if the curvature is ne-
gative, then the existence of appropriate fibers is proven. 
The neg~tivity of curvature is a sufficient but not a necessa-
ry condition. Ther~fore, the way to find out when the DS is a 
K-system lies through the construction and investigation of 
transverse fibers. 

Anosov and Sinai [11 , 12 , 14] succeeded in constructing all<. 
investigating a wide class of DS with trunoverAe fib.ers. They 
are ~ systems of Anosov [11] and Slnai 1 s .scattering 11 billi·­
ards11 [15], which due to the existence of fibers wiyh required 
properties are K-systems. We must shor. -_that the lilS (2.12) 
has exponentially compressing and expanding trannverse . fibera 
Which are homeomorphic to fibers of hyperbolic K-billiards of 
Sinai and, hence, the FS is a K-syatem. 

In our case there is no need in a s~rict definition of 
fibers, it is enough to have an obvious idea of them. Consi­
der the integral curves of equations 

near the solution X= y ::: 0 (see fig. 6). 
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To describe the arbitrary trajectory near the solution 

X::. y = 0 One should foliow how its coordinates )(
1 
y vary to­

gether with time in the plane perpendicular to' t It is 

easy to see that solutions with initial values lying on the 

X-u.xis form u frunily which at t- oo exponentially approxi­

mates to the solution X= S' '"' 0 , whereas solutions with ini­

tial values on the Y-axis behave in the snme way when the 

time direction changes. The first family of solutions forms 

ai" exponentially compressing transverse fiber, the second 

an expandinb one. The l)S is a lJ system of Anosov, if the 

phase curves near any datwa behave like integral· curves near 

t~1.e solution X= y = 0 in the example considered above. For 

such systems Anosov has constructed transverse fibers and 

proved that they are K-systems. 

In Sinai's papers [15] transverse fibers have been systema-

tically used to prove that the given DS is a K-system. In par-

tic~ar~ he has considered the motion of elasti9 balls in a 

box with elastic w1d convex inside walls, a sccttering billi-

3.rds [32 J , and by means of transverse fibers it has been pro­

ven to be a K-system. Unlike ':J systems of Anosov, Sinai's 

scattering billiards has no uniform instability. However, the 

instability arising at the scattering On the convex inside 

boundary is already sufficient to fona strong statistical pro-

perties like those of K-systems. In this case the scattering 

role oi' the negati vC curvature is played by the eon vex inside 

• boundary . 

In Appendix B an exam.ple is given used. iJy ;, TJ(' · 

rating this stutemen·t. 

2? 

•:,i -, •.•.)::t .. 



Let us come back to the Yang-Mills equations. As we have SF~er,, 

the curvature in the range l1s\9)< £ is positive, i.e, r;eode­
sic linea are stable there and ·the .system is not uuif0rmly un­
stable,, as was the case with lj' syster.1s • .Hut in spit\: e:f thts, 
the equ~potential boundary Ufs..:: E (see,fie. 4) 

ia convex iilside and has a negutive curvatw:e l As l~ the cw~e 
with Sinai's billiards, just this circumsta.nc.:e provides strong 
statistical properties of this system, K·-mixing. Be loY: it will 
be proven that transverse fibers of the FS (2.12) haVe the 
same structure as in the hyperbolic K-billiards of Sinai and, 
hence, the FS (2.12) is a K-system. 

To prove the equivalency (homeomorphism) of these systems, 
one should introduce the concept of the ·structural stability 
in the narrow sense. The concept of coa~seness 
stability of DS was introduced by Andronov and 

or structural 

Pontryagin . [1a]. 
The dynamical system 

S t fairly close to 

=SIt-~ I d..!" 

Tt is called coarse, if for ~y system 
Tt * (in the sense of C 

1 
metrics.f( f,~) 

[19]) ·there exists a mutually single-
valued and continuous transformation (homeomorphism) clcse to 
the identity transforination {in tHe sense of C. 

0 
metrics 

,P(~t'7)=supl {-'a J (
19]), transforming Tt system tra-

jectories into those Of st system, the direction Of the LlO­

tion along the trajectory being conserved (the velocity of mo­
tion may be various, i.e. for example, periodical trajectories 

* By the distance between DSs is implied the distance in the metrics C" between the vector fields generating these sys­tems (right hand parts in (3.1 ))-. 
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corresponding to each other 1nay have different motion periods)~ 

Ano:_lQV has proven the:~ any ~ system is coarse, hence~ 

so is ~f1e geode.:>ic l'low on the manifolds of negative cuiWa-

ture. 

1rhuSt ,,copite ~he complexity of the picture of phase 

eurvcs! t~o.ch ci: ~!h.: ch in ·~xponentially unstable, at a transi-

tion to u c.lose ,rpetor f'lelrl defined by the right hand part of 

(_J, 1) ,-,~1.1 ~hi.•J. p.i.ctux·c w_:.-~h cveryvehere dense phase curves and 

cfw.nged. The li'S (2.'!2}, u::; we havE-, noted, is not a· Y system 

w1d, po13sj.bly, i:-=" not eoa.rse. llO\H~Vet' 1.• nfl we shall show below, 

:i.l. ts stable with X'f:Lspcc·<; to ~>pec:Lal pe:eturbutions and iR 

\ile :-:Iwll call the oystem structurally stable in the 

!'.f!:£2::g_'!L,"22.i::l.§.f.~ •.:.:' J.-~ :Ls s·~ru(x~urall:y stable with re~lpect to 

(1, r·tar!n1t:: ~ms on1~y u.lont_, ::wme curve in the C 
1 

topology u.nd 

)WL ir~ the whoJ.·~ v.i.ci.n.:..ty. In fig. 7 the C.. -vicinity of the 

<J:rsteFl rt in ttC\. C topOlogy iS represented by a circle, 

and the G -vicinity along the curve by a fra€,1Ilent of the 

cu:cve .i.H '>!i t-h . .i.n -Lhc circle. 

Cons:Lder the following perturbation of the system (2.12) 

'l'he parumetcr d.. defines the eurve in the space o~ vector 

fields deterr.lining the DG. il..t d...= 2 the (), 17) coincides with 

the ayste;;1 (2.12) (in fig. 7 we denote it by A), and :lt~:;:Oc> 

(the point B in the space of vector fields in fig. 7) it is 

Sinai's billiards with absolutely elaBtic walls depicted in 
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fig. 4. 

The main &tatement of this section iS that at the change 

of a( from two ·to infinity, ph~se trajectories s.re homeomcor-

phic to each other despite the large chant;~ of d.. 'We huve 

made sure in this calculating periodical und nonperiodical tra­

jectories of the system (3.17) with a computer and then com­

paring them to trajectories of the billiards ·system with d..::: 0o 

constructed by mew1s of laws of elastic reflection from abso-

lutely elastic walls (fig. 4) 

The above fact yields three significant conclusions: 

firstly, the strong instability of the lMCM develops at the 

scattering of the trajectory on the equipo~ential boundary of 

negative curvature (fig. 4); secondly 1 the s.tructure 

of exponentially compres•ing and expanding tran•verse !iberu 

of the 1i'S ot: .the YlllCii (2.12) ia ai.mila.r 'io that o! Sinai 'f: 

billiards system with hyperbolic walla of fig. 4, and hence, 

finally, the FS or the YMCN (2.12) is a K~•yatem o£ Kolmogorov 

and possesses atrong statistical properties. 

The properties enumerated above are those of the global 

characteristics of DS. There ar~ two more global characteris­

tics of classical systems which are essential for the under­

standing of quantum mechanics of K­ and YM-systems. 
t 

To each DS T 

called the Kolroogorov 

one may juxtapose the number 

entropy[s]. The quantity h 
and at various T t may have values from 0 to+ 0o0 

h (T) 
is positive 

K-ay stems possess positive entropy[eJ. Sj.nce the FS of 

the YL1C1i is a K-aystem, it appears t&at its entropy is strictly 



positive. 

h ( TJ 5 ) > 0 . 

Secondly, to each DiJ Tt is juxtaposed a group of linear 

operators U t 

Ut f (X) ~ f ( T \) 

where { t (x)} are the c.omplex functions in M , summed up 

with the square ({ae. I..~(M))· 

In 1931 Koopman has proven that if T -I: is a measure pre· 

serving transformation, then the operators U t form a. one­

parametric group of ~ tary operators [4 ' 10 ' 7]. The properties 

of the D:J manifested as spectral invariants of the group U t 

are called spectral properties. Ergodicity, weak mixing, mix­

ing and K-mixir1g are spectral properties. In the case of K-

flows one may calculate completely the spectrum of conjugated 

group of unitary operators U-t • It is a countably-multiple 

Lebese,'Ue spectrum[a]. This i~1plies, first, that the group Ut 

acting in the Gilbert space L,(M) has no invariant su"<>spaces; 

second, there is .such a countable set o! functions { ft (x)} 

i.. 1. 2., .. . •. . . that u~ L - oo .: s < • ex:> 

forms an orthogonal basis in La ( M) Thus, we manage to com­

pletely calculate the spectrum of the group of unitary opera-
t t 

tors UJ'S conjugated with TJ'S (2.12), 

Up to now we have considered two- und three-dimensional 

FSs. Consider now a FS which arises in e;auge theories with 

higher order symmetry group D. Let's define the N-dimensional 
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4 l 
- q ! 

'" " 

space U(q)<E. According to (4) the metrical tensor i• 

o...'J.d the 3Cnlur cnl'VI-ltUl'e is 

_ \N-1) 
N 

lt io seen !'rom this exp.t•essiorl for cul:'vc,LJt·u l.lt;•.L c.t N ~ b, IN) 
(;} R.ss>- ~ . This implieo th8.t within the ru .. :t;<-"U.fs(q)<E tl'n-joctorieo e.1·e at;uin ::::h.1.ble, and -the i.nsta:::lL.t,y u.ri.sNJ due to 

(N) the sco.ttering on the Cqu.ipotentiu.l boundrd'Y U1 5c(9) ::::. ft. of nec;ative curvature, since the p,e is homeOl!IDrphic to the neat-
tering hyperbolic billiurds. 1Illlii!J fact cnnnot be established 
from ( J. 2 7) ,- since it is vnlitl beyond the equ.Lpotenthtl boun­(N) 
dury UJ

5 
(q)-:::: E only, and doesn't take into account the 

boundary effects which ar·e essential in this case. 
A ::1urprise arising at N > 6 is i;he emergence of thP-

range with exponential inz.tability defined by 
' 

since there 



cs=J 
L_c~ 

s. 

-t 
T 

t>O 

Fig. 5 

From (J. T?) follows that the range of exponential instability 

is along the equipotential bol.Uldary and broadens inside the 
(N) 

range UJ
5 

< E with N -""- o.o ! This comes to once again 

confirm the fact that the instability arises due to equipoten­

tial boundary. 

In conl')lusion let us present the considera·t.J..ons indicat-

ing that statistical properties of the YMCM at the absence of 
Q. 

external sources ( 11. = 0 ) are caused just by the FS (2 .12). 

~o do so let uc consider eq. (2.9) determining the motion of 

rotational degrees of freedom, assuming at the same time that 

the j.nertia moments (2~6), i.e. the variables X j Y 1 1.. are in· 

dependent of time. Whereas it is easy to understand from 

(2.11a) that T'IM 1'/ill be a conserving quantity 

and that one can integrate· eqs. (2•9) like Euler equations for 

a freely rotating solid body [131. This is an obvious indica­

tion that rotational degrees of freedom in (2.9) do not induce 

statistical properties of the Y.MCM, and that these properties 

are caused by the FS (2.12). 

In the next section classical gauge systems with sponta­

neously broken symmetry ~e consider~ and it -is shown that 

when the value of the vacuum average of the scalar field tp 
is sufficiently large, the system doesn't manifest its statis­

tical ~roperties and is in a kind of order phase (it is close 
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to the integrated system), and that with the decrease in< tf'> 
by way of an infinite sequence of rapidly growing bifurcations 
the system passes into the disorder phase. 

4. Gauge Systems with Spontaneous Symmetry Breaking 

In ref. (1] statistical properties of classical gauge 
systems with spontaneous symmetry breaking are investigated. 
In the pr~sent section these systems a.re EinaJ.ysed theoretical 
ly. 

Let us first consider the two-dimensional H&J.il tonian ( 1. 6: 

(4.1) 

a • ~~ .where W =~ '1. 2. Let's introduce the variables J~, lf~ 

'/a q,=(2.:1</w) Scnlf, '/a Pt : ( 2. 'J ; w) cos 'f' 
( i. = 112) where (4.1) will read 

H = H.• H,, H,= (':l, +:Ja) c.J 

(4.2) 

• :J :J . • (4.3) H, = 1 ;., .. [1-cOs2.lj',-cos 2.'fa• ~cos (2.<J', +2.'f,)+ ~cos(e<p,- e 'f.2 
As has been noted [1}, the parameter 3T "::, W

4 /9' a jJ 
4 

com-
; ; Gi pletely characterizes the system. At ~~......,.. o.c the Hamiltonian 

H is equal to Ho (harmonic oscillator). Trajecto:des of 
the system with the Hamiltonian H o are we:.:.l known. The main 
problem is how they will behave at the presence of the pertur­
bation H 1 , and t -- 0c:> 

It is convenient to consider, following Poincare w1d 
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Birkhoff [20, 2 i}, not the trs.jectories themselves in the phase 
apace, but their attcce.asi ve :Lnte1·sec·~ions with two-dimensional 
eutt.int; uu_dace d.. • Let us determine the mapping T 
tr:.l.:.lt:-_i_:)l~J.1inc d... into itHelf ns follows: fixing on cJ... 

we let- the trajectory out o:f it and follow 

The new point will be T X 
'l'.iLL:J io.ln.c:u·e mappln[~ replaces the trajectory by an infinite 

T 
n. ,, 

)\ . 
obto:LncU ut successive applications of 

ii.ll the essential properties· of the tra-
jcc ~Ol'J-' urc .cei'lecteli ill the pcoperties of this set, which we 
pi1~11 cu11 '-'· pho.sc pict·:-1-re. 

If the motion iiJ poricdic, the crossing occurs in a f'inite 
m..unbcr oJ' points; if :L t is limited by the tol'e surface, then 
the points are lccated on closed curves, and, finally, e.t er­
godic motion the point chaotically wanders over the plane d.. • 

The phase piei;ure of the system (4 • .3) with the Hamiltonian 
Ho in the plane cZ~(qa, p._) at P1 (cl.)> 0 represents a 

circle of imrnobile points, unO. it is of interest for us how it 
will chance :-~ t .:JT =f:. o.o 

• 

Let us pass from the variables (4.2) to j•,Je. 1 ¢ 1 , ¢._ 

J,,:J,•::J .. (j),_ t.p, + tf .. 
'' 2. (.4.4) 

j._=J,-J2 ¢2= 
tp, lJl .. 

> 2. 

This is ~ general construction allowing to compare eS.ch con-
tinuous flow T 4:. (see sec.2) to the cascade T 11

, where h. is 
the intee;er nUmber. 



then 

Since H 
0 is independent of J e. 

one frequency CJ 

the uotion proceeds at 

J,. 0 

When the motion iu the unperturbed system H<> is described by 

a smaller number of frequencies than the number of decrees of 

freedom (the system is "shifted" by conse:r·vinr; integrals) 
then [13} 

II " I de.+. 1
1 ~_t-l~ /·~ 0 

',\ dJx d.Jm I, 
This .l.s o. cuse of se~f-dcgenracy. 

The unswer to tlLC qucs·:;:i.on ro:i:Jed at tl!-e 

the section on the e!".fP.c:t of the pel~ t.urb::!tion 

(4. 7) 

be.:iinninc of 

H1 i3 given 
"22l by the Kolmogoroc "tl. !Orum ~ ... If t.bc perturb;-· ami rl, 

H o .i.s 

not dcc;enoru:~e 

·;;," H 
~ 0 -----

• then the majo:e:t ty of nonresonant to r-es arc sl·ightly de.for:ned. ------
? 'rho f~ .. quenc:i.en on O.pill'Opriute tares ~.re inco.t<"li.tcnsurabl£) 

(see [::2}). 
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Trajectories of perturbed motion beginning on these deformed 
tares fill them everywhere densly and quasi-periodically. 
These tares form a closed set nowhere dense (between which 
sli~s nre left fil~ed up With the remnants of disintegrating 
re::wnance tares), which has a positive measure tending ·to that 
of the whole phase space when the perturbation H 1-... 0 *. 

If the Hamiltonian H 0 
is degenerate, as in our case 

(4.7), then the perturbation will have a different result. i 1he 
problems due to degeneracy were solved in Arnold's papers [25, 261 
Below the results of perturbation theory for degenerate systems 
are used. 

4a. Self-Degeneracy • ,Extraction of Age Part 

The basi~ idea of classical perturb~tion theory for dege­
nerate systems (261 consists in ~he ave:ra~ng of the Hamil ton-
ian H, (4.5) over the fast variabl~ cp 1 
the age part from H1 [

27] 

and extracting 

a.sr. t.2.~ 
-H - 1 j H ( n. -" ) d .h CJ (J,- Ja) [1 1 co~~"'] 1- i3f 1 J1 1Je. 1 'f', 'fa 't'1 = 8 w ~ + 2 '"ta (4.9) 

0 

or, in the variables ::11 , 'Ja, lp,> tRa 

-·.·aJJ 
H," 'ie~ .... [1+ ~ co~(2<Jl,-2\.f>._)] 
. ~ 

(4.10) . 

The periodical part · H ; is 

• This aPenomenon was 
ments L23• 2~]. · 

observed in various. numerical experi-
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H,~ H-H,~ 

Ca.nonlcal equations with the Hamil toniun H 0 + H 1 

J, ~ 0 
(4.12) 

¢~~ 
2. dJ e 

define the slow, 11 agen variation of· the 

If the system with the Hamiltonian 

para.me~ers j e. j cpa • 

H" + H1 is integ-

rable, and in our case it is so, then at a proper selection of 

new variables s1,5a I e,) Sa the age part of H will 

be independent .of angular variables. The periodical part of H 
leads merely tO an additional vibration of the perturbed tra­

jectory by the quasi-periodical motion with rapid ~ 1 ~ 
1/Jf 

and ~low "Sc ........ (J frequencies 

s,. o, s ... o , 8, • s 
0

, e .. ~ ~·, (4.1)) 

· r25 261 The basic result obtained by Arnold ~ ' is that nt 

3. small enough perturbation H, for the majority of initial 

condi tj.ons the perturbed motion is indeed quasi-periodical 

and close to the above qua?i-periodical mr.tion (4.12-13) with 

the Hamiltonian Ho-+ H, at all t 

4b. Quasi-Peri.odical Motion with the Hamiltonian 

The system (4.10), (4.12) with the Hamiltonian Ho+ H, 



I 

.::-:uce H c + H) depend<'' on the difference of nngu.lar VH.riables 'f.- 'f, only. 

Let us define the phaDe _picture of thls system in the 
plane o\= (9,, Pd at P, (ol)> 0 or in the variables :1,,1,, 'f.,l/'0 (4.2) in the plane lf'" 0 Let us substitute :1

1 ::: 'j- 'j 2 .trom (4.14) into (4.10) 

(4.15) 

This algebraic equation defines the lines of intersection oi· 
invariant tares with the plane d.. , since one may :find from 

as a function of lf e and then subr:rLi tute it in 
(4.2). As a result the phase picture will look as shown in 
fig. 1. 

To centers of two closed curves correspond stable perio-
dical trajectories, and the two points·of contact are met by 
unstable periodical trajectories, separatrices. i/e i'ind the 
periodic trajectories from the condit~on[28} 

(4.16) 
For tho stable we have: 

and for the unstable 

l.f - lD ~ Q m-' 1 a 1 
It is seen fi:·om these relations that i-t is the vicinity of the 
reuonuncc tore of the systc.:.t wi tll the Htunil toni au 
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' 

h ~ (J,. J.) c.) ~ 

- ~·· J. 
Q,- W+ 2.W"- ' 

(4.19) 

i 
that is substantially distorted: (at 'j 1 -:::.. 'Ja we have Q, = <2e) 

the circle is replace by a zone containing crescent curves 

grouping near periodical trajectories (see fig. 1). 

E'inally, it is useful to write this integrable system in 

the old variables (q"q;:..q 11 qa) 

H - 1 ( a a •) 1 • ~ a <t• a a .•H,;r P,•wq, •e:(r..•wq,)• 8w1 (p,+wq,')· 
(4.20) 

• 
(r: + w"q:h:w" [lP.Pa + w'q, q.)'- w•(p, k Pa q,)•] · 

Nhose Lagrangian is an infinite series in 1jwa , and the quan­

tity 

(4.21) 

is the second integral. The periodical part of H. is 

(4.22) 

Thus at small perturbation the system (4.1) has a phase 

pictu:r·e close to that of the integrable system (4.20) in 

terms o:f the above KAM-theoryl221. 
It should be now clarified what will happen to the phase 

pictu.re when the perturbation increases ? The- KAM-theory 
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gives no answer to this question. 

4c. .Arnpli tude Instabi'li ty 

The answer to this question is in principle knovm. It has 
been shown in the third section that the classical gauge sys­
tem without spontaneous symmetry breaking is a K-system o.nd 

has strong statis_tical properties because at 31'. = 0 ( '1. = 0) 

- we have a K-system, and at 5i = ao at.. ..:.ntegrable system (4.20). 

What happens in the intermediate region ? Is there any cri-
tical value 5f c at which most KAM-tores will be destroyed ? 

There are no satisfactory answers to such questions yet 
but it has been ascertained by means of numerical experiments 
that isolated resonances have no serious effect on the motion 1 

but as soon as resonance zones are overlapped, there appears 

an instability, and relatively many trajectories leave their 
teres too [3 11. 

One may estimate the critical value 5fc. at which ·the 

overlapping of resonance zones occurs. To do so, one should, 
_following Walker and Ford [za}, turn to the variablesS,.Sa 1 9,9~ 

(4.1.3), where the Hamiltonian Ho+ H, is diagonal 

H; H.(S.,S~)•H,(s,s.)• H, (s,s.e,,e,) 
Expanding R' in Fourier series in 6)1 · and 92. 

' 

(4.23) 

H _ L H ( i(n G, + m Eie) ,- •mns,s,)e 
ll.,m 

(4.24) 

we shall obtain new, the so-called secondary (h..~ m ) resonan-
ces, whose position on the plane d.. is estimable, since at 

)6 



each fixed ( ~ 1 nn ) the system is integrable. The or~g~n of 

secondary resonance~ is well illustrated in fig. 2. 3fc.. way 

now be approximately estimated by means of the overlapping 

condition of the primary 2-2 und these secondary resonances. 

'Fhe ''phase 11 transition detected and discussed in [1] is due t" 

thia very bifurcat~on. 

~onsider now the three-dimensional cnse 

(4.25) 

which also is cha.xa.cterized by one parameter .!Jf • Let' a int-

toduce the variables :::fi.J lfL (4.2) 

(4.26) a 
H :-'L [ J' J. [1- co~ 2. 'f'c- co~2.'P. + ~ co::,(2'fl. + 2 <f,)•k-co~(2'fl-2'f.li. 1 '2.(.)a\.<K. c::. 1

., 

The age part can be distinguished by introdl.lCing -the VOl'iublt-;S 

j . ~. by means of canonical transformation l. J 'f"L 

vrhenc;e 

J'oc ~he Htua.iltoni.an Ho the variable 4\ 

(4.27) 

(4.28) 

is rapid, and 

are slow. Averaging· the perturbation H1 

over the rapid variuble cP1 we obtain 

(4.29) 
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In the system with the Hamiltonian Ho + H 1 one may immedia­

tely find the second integral 

(4.JO) 

i Has it a third integral ? The answer to this question is un-

knovm to us., 

What will happen at various gr in the system {4.25} '? 

As in the two-dimensional case, at we h~ve 

i three noninteracting oscillators. With the decree.se in 3f 
(i.e. with the increase in perturbation) the system (4.25) 

comes closer to the system with the H~ltonian 

g• ' 
h = (J,<le•J,)w •2w•(J,·Je<leJ3<:J3J,) 

which in ini.t~al coordina:t;es has the f'orm 

3, e. i 

I " ( • 2 &) '3 'C'"" • 2 2 e 2 a 
h=a:f- ft•w~, +8w•L.(P-•W9.)(F"•w~) 

,_.1 iLK l t K 
(4.)2) 

:Pinally, at some jf the system will be stochastic. 

5. YJl and K-System QuantUm Mechanics 

;·' r ~ • In previous sections propert~as of classical solutions 

of' Y~ll&,equations have been studied. It has been shown. 

that in the phase space ot the system the energe surface 

H -= c'onst is chaotically fille4 with trajectories, and that 

t~s flow is a K-flow close to that of' the billiards system 

with hyperbolic walls (f'i.g. 4). lfb.>';lre!ore, the phase flow·· 

of the Yang-Mills ~lassical mechanics possesses all the pro-
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pert_ies of K-flow: mixing of uny multipl~.city, the positive 

Kolmogorov entropy 1 the spectrwn of ·the unitary operator UT 

conjugated to T 'I'M , the counta.bly multiple Lebesgue one. 

'l'he natural question arising now is what quuntu.:il-:necho.ni­

cel properties the system with the Hrunil tonian H '{M pos~;Jes-

ses if in the clt1.S.sical limit il - 0 it is a K-system'? 

The significance of the answer to this question consists 

in the following. In the field theory, ·e.e. in Q'2.1J, the electro­

t.1B:gnetic field is represented in the form of a set of harmoni-c 

oGcillator:J •,vhose quo.nturn-mechru1:.cal p1·operties (as of an in­

tegrable _system) are well rcnovm, u.nd the interaction between 

them iS taken in·to a.ccount by the perturbation theory • .:>uch an 

approach excellently describes the experimental situation. In 

QC:U the state of things is quite different .. -'l'he properties of 

the ThiCM as ·of a K-system can'<;; be establi.W.1ed in a.ny finite 

order of perturbation theory to a ho.rr,Jonlc oscillator • (See 

sees. J and 4). 'l'hel'e..t'ore, to understand the !..;CD, it seems i1a-

portent to investigate the quant.um-mechurlical propel'ties o~ the 

systems which in the classical lim.l t are K-sys~ .. ems. 

Historically the _problem of the quantizct::.on or noni:rte[;-

rable systews, i.e. syst';"mS which have no conservint; ir:te;;1·als 

<n:cept for energy, goea be..cl-;; to the dmm of quanturr. :nechan.i.cs 

o..fte.r the def:;.nition of the "Bohr<lor.uner:feld. ounntization 
. 

1 
l20 ' JJ' Jt~}. It hc.s been prover, by J.:'oi~carc the .. : the ru es 

p::.·oblcm o:!:' three bodies is r:ot inte~~r:.!.hle, ~~nd, t:~.crciore. the 

• l'he classical oe.:~turbn.t.Lml 

t . ' ' 1.[16} un-.necnun ..... co. • 

~heor.v :.s .J!.lplieti, no·:: 

YJ 



Bohr-Sommerfeld quantization rules c~~ot be applied to this 
system[20, 33, 34], . 

Consider the stationary equation of Schrodinger in the Y:M .. 
theory in the Hamil toni an gauge A 0 = 0 

with the coupling equations 

a. t a. 
wp.ere Hi.= e C.t.jK Gj K • Let the fields A be again time-depen-
dent only. Then (5.1-2) may be rev~itten as 

where E.- is the energy density. Let us call the system 
(5.3-4) the Yiii quantum mechanics. In the case when the matrice 

a. 
of the fields fl t. is diagonal {see sec .. 1), we shall have 

Eq. (5.5) is a quantum analogy of the FD (2.12). Since the FS 
is nonintegrable (see sees. 3 and 4) the SchrOdinger equation 
(5.5) cannot be solved by the separation of variables. The only 
quantum nwaber is the energy, since there are no other integ­
rals. 
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The stationary o•mve functions of the quantum system ~e­

pend quasi-periodically on time, therefore, there can be no 

question of the properties of mixing and instabill ty like ·those 

of classical systems. The .complexity of the classical system 

trajectories turns now into the peculi~rities df the energy 

level Spectrum and wave function of the corresponding quantum 

system. 

It now seems reasonable to define more exactly the ques­

tion raised at the beginning of the section in the.following 

way: what is the structure of the energy level spectnun and 

wave functions of' quantized gauge systems, if in the classical 

limit they are nonintegrable and are K-systems ? 

Consider f.irst integrable systems. The peculiarity of ener­

gy spectra of integrable systems with N degrees of' freedom is 

the degenracy of their energy spectra, since in that. case th€ 

SchrOdinger equation is factorized into N one-dimensional 

equations wi~h N various quantum numbers. 

In contrast, nonintegrable systems have no degeneracy ut 
e.ll[35~3 6 ,J7 11 3]., The energy levels are at finite distance 

from each other, and their relative arrangement is like that 

artsing in the systems defined by the Hamiltonian matrice with 

randomly distributed ele.ments [~S, 39 , 40] e There occurs the 

so-called."level repulsion11 expressed in the fact that the pro­

bability of finding two neighbouring levels at a 'distance A 

smaller than the mean value < D. > tends to zero .as 

Af.l- 0 
a-o 

where ~ is the critical exponentq This implies the exist~nce 
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of a strong correlation between near levels. For the tYpical-­

integrable systems this quantity behaves as 

exp{- 4} - 1 
"- 0 

These conclusions are confirmed at analyzing energy levels 

of concrete K-systems: square billiards with a scattering ci~~­

cle of the :radius H in the middle[41 ] (see fig. 10), and the 

billiards with a stadium-like boundary- two circie halves of 

the radius ~ are connected by stre.. ... &ht lines of the length. 

0.[42] (see fig. 11). 

Both systems have integrable limits: the first at R = 0-· 

'is an infinite potential well, the second at CL= 0 is a round 

well of the r~dius ~ As is known, the energy spectrum in 

this limit is strongly degenerate. At R and CL being dif-

ferent from zero they are K-systems, and the behaviour of their 

energy levels is shovm in fig. 12 from ref. [41]. The degene­

racy is eliminated. Di~tributions of energy level spacing are 

shown in fig. 13 [ 41 ' 42], whlch is consistent with (5.6). 

Of special interest is the structure of wave functions. 

In fig. 11 a typical wave function is presented. The nodal 

curves are seen to be irregular in direction and their separa-

tion is rouehly regular verifying the prediction about the ran-

dam orientation of the Wave vector at different poritions. 

Let us come back to the gauge system (5.5). ~et's apply 

to it the regularization method applied to the FS (2.12), i.e. 

introduce a spontaneous symmetry breaking. The Hamiltonian 

will then have the form of (4.25), where p and 9 are the 

operators. 
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In the integrable limit ( CJ - <>e ) the spectrum Of this 

system coincides ·;iith the spcctrwn of the sum of three hamo-

nic oscillators. It is degenerate, as for -:;he billi&rcir:l syster,;JJ, .. 
at R::. Q..:::. 0 • Viith the increase in perturbation (G.) <co 

the potential energy gains channels along the axes x, y, z. 

On eliminating the regularization <J':: 0(1.::: o) the channels 

lengthen and tend to infinity. 

Making use of the results obtl,l.ined at analyzine the bil­

liards systems [41 ' 42] , one may qualitatively describ~ the 

gauge spectrum .. It consists of the nonzero energy gr01.md stat<:. 

and perturbed states where degeneracy is lacking. 'l'herc occurs 

a level repulsion (5.6) with the critical exponent }J, so far 

unknown. The wave function relief is like the one depicted in 

• fig. 11. \li.th the decrease in cJ t'he grOund state energy 

tends to zero together with the .average tlistS:ncc · between le-

vels. This fact is easy to understand taking into 

(J ·= 0 . there are no dimensional parameters at 

::..ccount that 

?Jo'!;e tho..t 

the dimensional pararaeter may arise only when allow:i.lltS .I'or 

space degrees o.t' freedom that we have neglected. 

In conclusion consider the conhection of the di.Gcuosed 

problems with cvnfiner;J.ent. In papers by Nielsen, Olesen, l'u.r::.­

si et a.l. [43- 45] a simple are,-ument ho.::; been propoGcd why one 

has confinement in a random vacuuw. '.;.'he assumption that in 

V!.l.cuum there exist random fields with nontrivial 

been based on trio vucutu:J. instc.bili ty [ 43' 46] • 

topology ho.s 

questions the U:!"'SVH"~·s to •sllich .s.hould. be c;iVcn by the eouplete 

dynunic,s.l -::heor;, ol vucuum, r·emu:ir.ed un.solvcd. .. 'fhc rew<Jl-LG oo-

tuined a:t thP in•J,-,-:::1--i ··c•:io-.1 of u onc-dimf!nsinnal L,odel nf 



1:;o.ut;e f'iclC.s ( Y:..Imi) allows to hope that the assurnption of ran­

aomness ha.s a deep clyr:11..1.rnicf-<l origin .. 

b. Conclusion 

The basic purpose of this paper is to ilwt=;stigate ·~he 

Y~o.ng-i,:ills classical equations in the case when the vector po-

1;er.tln.1 d.epends on the time only. 'l'he PS of the Yl:1Ch1 is sho·.m 

to be a ?,olmogorov K-system and, hen"~, possess strong statis­

tic~J.l ,;irOj_>crties. l'he.sc trajectories of this system by the)..r 

s~ructure are si:nila.r to the trajectories of the Krylov-Sinai 

billiurds system • .L~ke eve1y X-system the :B'S of the YJ.1C1.1 has 

a pot:;::. ·~::.vc Z:oll!logo:rov entx·opy, a mixing of any rnul tiplici ty ~ 

·:c_,_; "che .>_r.ect:':';;r.I of one-parru.netric group of unitary operators 

con.jucated to the flaw TyM j_s n. countably-multiple Lebesgue 

ono .. 

i..!onsiG.ered ~.:.'e e.lso the r.:yste.':1s with cpontaneous synunetl'Y 

ti:3 ;_.ystcr.. i.s close to the .Lnte(.::rc.ble one, ur.d the phB.se soncc; 

is •i.11 tbe• r.L'1:!n cownoscd ,~.f ·~nvt.J.r.i_ur.t torcD. ','hen, Vlith the 

,:!r;cre~>.'->e :!.n ~~ , oy ;.l.eC!.r.s of the infinite :Jequcmce of ro.piU.ly 

p;.rowinr, bii'u.r'cat:i.ons the sys'ter:1 becol:len stochastj_c. ·dl ~:w~e 

resuli~> :.:~re c.f u thcc.:.:·etJ.c::..lly-no:.:lpe!'·turbative cha.ra<.:tcr and 

ct:..n1.10t be obtu:;.nco iH u.ny fini tc order of cl(~Gsic:.:.l pe:tturbn-

tior: theor;ya 



symmetry in the region Jf ._. 0o where one may still mnkc use 

of conserving integrals, is close to t)'l.at of harmonic oscillu­

tor. With the decrease in !IT there occurs a relevelling o.nU 

the degenerate spectrum transforms into the nondegenerute specM 

trum of a quantum K-system, whose basic property is the level 

repulsion, and their wave fucntions are isotropic .. 

In conclusion the author would like to thank H.M..Asatryan 

G.L.Balia.n, V.G.Gurzadyan, K.Zalevsky, S.G.Matinyan, B.A.Uo.la­

med, N .G.'l'er-Arutunian-Savvidy and P. 6vi ta.novic for helpful 

discussions. 

45 



Appendix ,\ 

In s0ction J the mapping of the phase space hl on itself 

depending on the time T t was cons:i.::lered. It is natural to 
' ' 

' consider also discrete mappinga which merely repeatedly uct on 

'I-1. 'l'hese mapp:i.ngs are automorphisms [?] . '?hroueh T n.X the 

result of n-fold mapp:i..ng is denoted~ 

ln the proposed example[11 - 13] as a phase spaCe we have 

'taken the surface of the tore with geographic coordinates: the 

longitude lf, and the latitude lf>a • The square Q==; 4J,, 2 ~ 2..91 

on the plane ~~ 
1 
~e serves as the tore map. One may as well 

consider the whole plane ( lf
1 

,<.fa ) without distinguishing the 

!Points with th.e coordinates multiple to 2. .f!" 
~he tore automorphism is determined by the integer n~~ber 

\mirnodular linear transformation of the plane (lf,,fa) with the 

matrix [11 -13]' 

(~~)=C :)(~~) U•.1) 

rhe action of the transf'orrnations 1n. n.:;;. 0 on the plane con­
' 

sists in u rapid, ·at an exponential speed, compression in one 

direction o.nd' extension in another one. 'rhese di:rections ore 

determined by eigenvectors of the transformation (A.1). 

The properties of automorphism (h.1) are well investigated 

1

in ( 11 - 13]. It has a countable number of cycles,·is coarse 

i(see the final paragraphs oi' sec. }) and possesses compressing 

I 
and e::.:tending fibers aq.d, hence, is a K-system. 

'l'o make this exar.tple look more "physical" let us dro.w o. 



square with a black blot in the centre. Under the effect oi' th• 
transformation (A.1), which is not difficult to construct, the 

blot, already after several first iterations will tmiformly 
spread over the squ~re (fig. 8). 

[!J T -
l<'ig. 8 

.; 
1i'his is a good mod.e1 of irreversible solutions of black ink 

in a glass of transparent water, with the tranafonnation (A.1) 
corresponding to the mixing. 

Appendix B 

The 6xmple proposed by Arnold b 6 ' 30 J illustrates hovr 
the mixing (K-mi:xing) appears in the Krylov-Sina.i billiards 
system, and how this property of being a K-system relates to 
"the behaviour of geodesic lines on surfaces of negative curva-

Consider s"imultaneously two systems. In the first the 

point moves by the geodesical on the surface of a triaxial el­
lipsoid of fig. 9a, in the second by the.surface of a pretzel 
from fig .. 9b. The ellipsoid has a positive curvature whose in­
tegral is 4:1\ , the pretzel has a negative curvature Vlhose in-
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tegral is- 4 !IT , therefore, the geodesic flux on the pretze] 

eurface is a K-flux, and on the ellipsoid surfnce it j_s quite 

integrable [1J} and, therefore, non-mixing. 

On the other htind, if the sm!:l.ll axis of' the ~llipsoid is 

reduced to zero, the ellipsoid turns into un ellipse U.."l.d the 

gt.::odesical flux in the lj_mit transformn into the billiards 

system in the region limited by the ellipse of fig. 10a, with 

a) Fig .. 9 

the trajectorie_s w~.thin the ellipse never being everywhere 

dense. Let us turn the pretzel in the second ·sy-s-~em along the 

with a hole (.::'ir:o 100)~ o.n.d the ~eodesic l'.low into UJ.e bii.:U_,. 

urds system o:r, the i,ore w:l.th a hole (fig~ 'lOb) (the dotted 

;,) 

line denotes -tnc motion in an internal su.1·t'n<~0 'J:f' [;ore-·;, 



negative curvature of the pretzel is gathered along the c.i.r-

cumpherence edge during the flattening. 

Here v1e see a good analogy with gauge systems, (2.12) 

\Yhose mo~ion is stable within the region l) VM < E. o.nd 

the instability develops o.t scattering ·an the boundary formed 

lly the equipotential surface UyM = E of tlte convex inside 

. region of motion. 

t\ 
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l!'ig. 6 

B (ol = 0o) 
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Fig .. 7 
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