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The standard perturbation theory by the small coupling
constant (A ) applied to the problem of anharmonic oscillator
yields good results only at A £ 0.01. With th~ increase of
the coupling constant at a transition to a higher order the
accuracy deteriorates, which is due to the asymptotic proper-
ty of periurbation theéry series. Moreover, the energy curves
& (M) as functions of coupling constants begin to oscillate
already at A ~ 0.1, i.e. they are now higher, now lower the
exact curveffxa;t(J\), since the perturbation theory series
is sign-changing.

In the present paper the method of resumming of seriesrq
allowing to eliminate the oscillations and obtain a good ag-
reement with the exact data[?]in a wide range of values of A

is considered. The method is based on the Legendre transfor-

mation in scalar parameter.

1. The Legendre itransformation in scalaxr parameter was
considered in ref. [3] » where the complete set of equations
for the effective potential [ (?,6,H,S) was derived, depend-

ing on one(W)-, two(G)-, three(H)-point Green functions and



ae scaler perameter O = <5cg((P)>(the vacuumn expectation va-
lue of the classical action).

The potential [ (P G, H,S) may be represented in the
form [=S+ F(g,G,H) (3] where '

3=5- S(kP)-—Z)G- GLVa g'h G- % HY (1.1)

In (1.1) S(¥) is the action funct.‘onal of the 'l:heory (for
%W"'theory it has the form S(UP)=-— LD LPlP +,1,3LP and LD"S!
(Cl W )5(,(.9)19 the "bare" propagator.

The functlond.l F may be constructed by means of itera-
tions over G « To do 80, one should derivg an equation of
the type FG»= [4] where in the righthand side there are
functional derivatives in G ofa higher order. Such an eq-
uation for F(g,G,H) was derived in [3-\ « Therefore, F may be
constructed in an arbitrary order in G . In the present pa-
per the functional F is constructed up to the ninth order
in G- inclusively. Due to the bulk, the complete form of F
is not written. Let us however present the expression for the

quentity that we shall later need.

t'?-{GxHQ(xxxIHHH)} 6'. @ (1+:}:+Ax + b:x;) (1.2)

Fen Ffs
where Q is the operator inverse to QHH- F~~SH FHH

x=§%@{$’; A= 1+-—-[© 4 @]
B- 2-—-[@ 4@:‘ 27@3[@“8@*30@*60@]

In dlagrams, corresponds to each line. Noite also that in

&



The introduction of an additional scalar parameter S

allows to derive an equation of the form L7]
s 1 (!«! \© S

§77 % \gt) bte{G Q]

In terms of the variable X it reads

e g“dx {1.4)
9t @ I+ {6Q"}

The integral (1.4) allows to carry out an additional resumma-
-1
tion, for which purpose one should calculate t2 {GQ } (1.2).
. < .
In [1] +24GQ } was calculated in lower orders.

(1.3)

Such a Bummation may be useful in the field theory and
statistical pAysics problems. The advantages of such a summa-
tion method are obvious on the example of'a.nhamonic oscilla~
tor.

mx *

2. In the case of an anharmonic oscillator (o£= N -
4

- -'-n-—(é)—zf—zx\ -g-l-‘-)%j ) which is a one~dimensionel analogue of g‘f
theory, one r;zay calculate all the diagrams entering (1.4) in
the approximation G = 2 . The difference of ground state

energies of the full ( 3# O ) and free (%= O) theory is de-

termined by the formula [4]

-]

(g [dt=Th g - Btot-Ztaln G 2.1)

where Sw_c_ is the solution of stationarity equation T, s = 0.
Substituting in (2.1) the expression for F  (1.4) we

shall obtain the ground state energy g (5)( ]\) of anh‘armonic

oscillator as a function of dimensionless interuction constant

?&=-ma:—t—w-b (the index ) implies that diagrams of not

5



higher than fifth order in A are summed).

The form of the function E:(skl)is shovm in fig.
{eurve 6). Curve 5 corresponds to the case when diagrams of
not higher than third order in A are summed [7q-‘ which
means A=B=0. Curves 2,3,4 correspond tc»é\a) E}ﬁﬂh\ {a)l')

in the standard perturbation theory. Curve 1 is exact L‘i o

4 .
The function f,( )@)(A#O; B=0) was investigated in 1 . Note

that it lies between curves 5 and 6. e

7

.

-

Mumerical values of the ground state energies(:=é~*fﬁ;‘

calculated in vardious approximations are presented in table 1.

~

The analysis of the described diagram summation method
allows to come to the following conclusions {see fig. and
table )

~ mnlike the stendard perturbation thecry the oscillations
of curves at transiiions to higher order have vanished:
- the vpplication region has considerabliy increased in

at least for the ground state energies;

- a monotonous increase of accuracy is obhserved together

with approximation order.

Thanks are due to S.G.Matinyan, G.K.Savvidy end O.W.Khu-

daverdian for useful and stimulating discussions.
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