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In refs. r-4] classical equations of motion of non-Abelia~ 

g;auge fields were investigated, when the vector potentiui 
0., AJ'A (x) depends on time only. It is quite natural to call 

this system the Yang-Mills classical mechanics (YMCM) L1] • In 
Q. 

the gauge fl
0 

= 0 the YMCM Hamiltonian may be written in the 

form l4] 
1 ·e. . e. . ~e. e. e. e. e. e. c. 

HyM= 2 (x+y +-ie.)+?:(x~+y~ +~ x) +TYM , 
( 1 ) 

TYM ~ t L lIK 2: +I 0. <.J~ - 2 IQ.K <.2 K Wo.) 
Q.,K I 

I ?.e.l i.e. ''I "" where 
1
:. Y • 1. 

1 
e.: )(. + i. , I !> = X + lj , 11 = 2 Y ~ • 

motion for the rotational degrees of freedom have th~ form [
4

] 

Iaa=2.n., I~!>;,, 2xtj, l~K= ·o at Q t K •. Equat i ons of 

~ - -- - - -M + Qx M-=0, N+ W><N=O, (2) 

where MK= 11<. Qk - IKa. WQ,, No..= la..Wa.- Ia.K QK. 
H e. e. 

The system ( 1) has three integrals YM 
1 

M , N . 
We shall call the system with the Hamiltonian 
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H 1l·e·a ·C.) ~ 2 ('-a aa e.e.) 
f$::: ~ x + ~ + "! + 2 x ~ + ':J l + z x (J) 

the fundamental subsystem (FS) of the YMCM. It corresponds to 

the case , when the matrix 
a. 

Ai, is diagonal, or Na.. .,, MK = 

:: Wa..:. QK: Q • The strong instabil:.ty of the FS trajectories 

with respect to small changes of initial conditions has drawn 

the authors of refs. ~ ,2) to a conclusion on the noninte ira­

bility and stochasticity of the YMCM. It is significant that 

this system has a countable number of periodical trajectorieJJJ. 

The aim of the present paper is to investigate the statis~ 

tical properties of the YMCM from the viewpoint of ergodic the .. 

ory [5-71. Consider first the FS. As has already been mention-

t ed D, 21, trajectories of FS have a strong instability, which 
I 
leads to the fact that the phase trajectory chaotically fills 

up the energy surface H.fS = E. • It is intuitively clear what 

is implied by the chaotic or stochastic motion , but it is ne­

cessary to exactly. define the measure of this chaos. 

In ergodic theory [5-7} dynamical systems (DS) are clas­

sified by the degree of increase of chaotic-stoch~stic proper­

ties: .they are ergodic systems, systems with weak mixing, with 

mixing, with n-fold mixing, and, finally, with K-mixing (K­

systems). It is important to establish what class of noninteg­

rable DS the YMCli! belongs to. It is also clear that if almost 

every trajectory of the system fills up the energy surface, 

then there is no sense in searching for its concrete solutions. 

Instead one should investigate the global properties . of the sys­

tem as a whole. After establishing the class which the YMCM 

4 

belont;s to, one may indicate these global properties. 

Let us denote the FS solution with the init i al condition 

t Xo by xl:: T Xo , where x is the point of the phase space 

M vrith the coordinates ( X,lj,t. 1 Pi<, P~, Pz ). Since almost every 

l!'S trajectory fills up completely the energy surface [ 
1 

•
21, 

or, in other words, the l!'S has no other isolating integrals 

except energy, we obtain that t he }':J is at the minimum an er-

* godic system 
In papers by Hadamard, Hedlund, Hopf, Krylov. Anosov, Si-

nai et ~l. [B-13] general enough criteria were obtained, 

answering the question what DS class the system with the gi­

ven H~niltonian H belongs to. It has been proven, in particu­

lar, that the geodesic flow on the Riemannian manifolds of the 

variable of negative curvature is a K-flow. 

On the other hand, from t he Maupertuis principle it is 

knovm, that the DS trajectories are geode sic lines of Riemnn· 

nian metrics given in the domain of the confi~-uration space 

U lq) < E 
( U ( q) is the potent ial and ;;; the total energy of 

the system) 

d s a = ( E - U ( q ) )( d 9 
1
e + · · · + d 9 ~ ) ( .i) 

Consider for simplicity the two-~lme11s ionnl r8, theri 

* 

dsa= :ft.(q, .9e)(d9~+d9:)::(E - l\q1q,J'°)(dq~+~9: ) ( '.>) 

By their definition er8odic systems have no invariunt s ubseLs 
in Ll of the nonzero measure ~-7J. In the presence ol Lhc a~ ­
ditional isolating inteC;ral <j:>(x) tne conditi on ¢>(x) = eonst 

will single out the invur::.ant subset in id . 

5 
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and the curvature in the range Uf5< E i s 

'G. a) ca a a a) 
R=-_i_ t.tn.1'.:: (G, + 92 (E+-e 9, 9L 

c:A (E--f 9~9:} 3 >0 (6) 

and is strictly posi t ive. The derived conclusion is valid for 

·tha N~6-dimensional FS as well. Thus, the sufficient condi­

tion in this case is not satisfied, and the positivity of R 

implies, that trajectories are stable, if considered only in 

the 'intervals between the scatterings on the equipotential 

boundary ·U;f!>:. E on which the metri cs ( 5) has a singularity 

(see f ig. 1 from ref. [11 ). -
The main statement of the present paper is that t he insta· 

bility of FS develops only due to the scattering on the equi­

potential boundary u~s= E (fig~. 1,2). To make sure in this, 

let us follow tha analogy between the FS al'.d t he scattering · 

[11-13] 
billiards of Krylov-Sinai 

with hyperbolic walls, co-

inciding in their f orm with the equipot ential boundaryU.rs= E 

(figs. 1,2). 

Consider the following perturbation 01' the 1''S 

u - u 'd.) = <a2 (9rJ. ti.+ d. ti. rJ. ti.) J s J'::.\: 2. 19a 9a9~+9~9, 
(7) 

The para.i.1e·i;er r:J. determines the curve in the space of vector 

fields (Pi., - 0U/a9Jdef ining the DS. At cJ.. = 2 t he syst?.m (7) 

coinc ides with the FS (3) (point A in fig. 3), and at c/... = oO 

(point B in fig. 3) it is the Sinai billiards with absolutely 

elas tic hyperbolic walls in fies . 1,2. 
t \ie shall call the DS T structurally stable in the nar· 

l'.9):!-fJ~. if il .ll struc~e.UY s:t~Pk vii th respect t ;;:_p"l_r-

(.. 

B(ol,=oo) 

fl(d.=2) 

Fig. 3 

turbations only along some cur•;e in the space . of vector fields•. 

Calculating periodical and nonperiodical trajectories of 

the system ( 7) with arbitrary r:J.. and cl.. + t. r:J.. , vie have 

been convinced that the FS is structurally stable in the na.r-, 
row sense along the curve de:i.'ined by the parameter d.. This 

implies that the FS is equivalent to the billiards system of 

Krylov-Sinai with hyperbolic walls (figs. 1,2) ~ 

From this fact follov; several important conclusions: 

first, the strong instability of the FS develops at the scat­

tering of trajectories on the convex inside equipotential 

boundary of negative curvature; secondly, 'trajectories of the 

FS decompose into beams of exponentially ~ompressing and ex­

panding trajectories (the transverse fibers (l 3 J ) , whose 

structure is similar to that of Sinai's billiards system with 

hyperbolic walls ( r:J.. = 0o 
and, hence, thirdly, the FS is u 

• t The DS T is called structurally stable, if .for anx system 
st in the vicinity of T 'f there is a mutually E Lngle­

valued and continuou transformation, close to the identical 

one, transforming the trajectories of the system Tt 
into those of the system st 'with the direction of the 

motion being preserved [l 4). 

7 
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holrnogorov 1;-systern ;;.nu p osseoses the utrongest statistical 

iroperties. 
Up to noY1 \·10 hu.v c ri iocu:::seu two- und three-dimenoional l!''-i; 

C :msiclcr now un 1''0 nh ich uriso:::; in e;auge theories wi tll higher 

o.i:·cler nyi.1metry 1.:;rou1ni. 1et us define the N-dimens·Lonul :,C'Ll ao 

H
l11l) N ~ ·c. <a'f.?. c.)a 4 i. fs=~ 2:"9i. +4L(9.+--·+C\N -9. -··· -9N 1 

w 1Ci c ulculute the cur vature in the r(.cni;e of conf ig,-urcJ.tion 

spucc u.fs< t . ,.ccording to (4) the rnetr.i.cul ·~cnsor i8 

l l•~) ) 
~i.j = E - UJs Oi.j "' :A.l9)6i.j 

c.nd the scalar curvu-i;ure is 
(N) ~ 

RJ
5 

~ . ( i 3 J \ V A.) 
N(N-1) =-- N "A'- t;.)\- Ll-2.N )."!> =. 

c. c. N c. a ~ a c (_q,~···+9N) _ {}__ _ ~)~9t\C\1+···+9;_.~C\i+~···q.i)(B) 
- ~ Lt 2N 

CN-1) --- N 

It is s een frorn this expression for curvature thut itt ~i 6 , 

• This implies that wi'thin the range LJJ's < E R;;? o 
trct j e:c tories are uguln stable, and the instability urise:J due 

~o ci .. scattering on the equipotential boundary Ufs:: E 

u"· ; ,ec;uti ve curvatur e, s i nce the PS is homeomorphic to the 

:::;c u ttering hyperbolic billiurdo. This fact can't be esta blish­

e~ from (8) since it is valid beyond the equipotential boundary 

only, Ull<l doe on' t take into account the boundary 
U- = E 

j..5 
c:i.' fccts v1hich ure esoenti'°'l in this case. 

., surprise arising at H 6 -is the emergence of the range 

\·1i th eo ci u i po tent_ial inotahpi t~ defined 'c?Jf 

A 

f 

N-1 a a f 3 [N a a a a a 
-N- lE- ~s )( q1 + ... +q~) < b;- -2N) ~ 9Jq1+···+9i-:9i+t 9N} 

(9) 
LN) 

since there R~fs < 0 
Prom ( 9) follows that the range of 1: xpone·rtia.l instabili-

ty is along the equipotential boundary and broadens inside the 

(I'll range Uf
5

< E with ll -= ! 11'his comes to once a.gain con-

firm the fact that the instabiiity arises due to the equipo-

tential boundary. 
·rhe above properties are those of the flobal characteri s ­

tics of classical DS. There are two character:.. ·ics which a.re 

important for the untlerstanding of the YM quantum r. . .:hanic s 

and, respectively, of the K-system qua.ntwn mechanics. 

One may juxtapose a nwnber h l Ti:) , called the Kolmogorov 

~ 51 t t entropy , to each DS T . The quantity h (T ) is po-

sitive, u.ncl for various IJS it takes value s from 0 to + 0o 

K-sys terns are known to have a po:Ji ti ve entropy [
1

5 J . Since 

the FS is a K-system, its entropy is strictly positive 

t 
h \ TJs) > 0 

Besides, in 1931 Koopman ha.:> proven that to each I!i.:i T t 

is conjugated a one-parametric group of· wii tary operators 

defineu by the relation (
16] 

Ut~(x)= ~(Ttx) 

( 10) 

( 11) 

where ~ ( x) are the complex functions in M quaclratically 

summed ( ~ (X) E L
2 

(M) ). In the case of K-flows one may 

completely calculat e the group u-t spectrum (it is countably-r 

m11l ti pl e T,ehesg11a...spect.ml~Jlli>J 1wpJ ;i.es .. .that. the._.GU.!Jar.1 

g 

-1 
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spa c e L a l M) is decompos e d into an orthogonal dire c t s um of 

the countable s et of cycli c subspaces wi t h a simple Lebesgue 

s p e ctrum, on each of which t he group U t is realized as a 

group of shift operat ors 

u t ~(x)= ~ (x+t) ( 12 ) 

t 
Thus , the group LJ.fS spect~ is completel y calculated. 

Consi der now t he YMCM in a more general case, when only 

the density of ext erna l quark currents is zero Na.= 0 

and MK:#:- 0 • For such vacuum fields Wa. = Ia.t< 2K/Io.. 

and t he kinetic energy has the f orm [4 J 

I~ - a 
T'(M., L K I,.IC 

K '2. IK 

a Ia. a. 
QI( M - I< - 11(1< 

) I( - 11( 
QI( . 

( 13) 

I t is convenient to a gai n assume the· variables X, y, ~ t o 

be the coordinates of the material poi nt performing compound 

mot ion in the thre~-dimensional space limited already by ef-

fec t ive equipotent ial surface Uef.f = UFs + TvM = E , and 

the variables MK to be the point on a sphere with the radi-

us M 2. .. c onst. 

At M K = 0 ( Q K ·= Ty M :. 0 ) the YMCM coincides wi t h 

t h e FS, whose stati stical properi tes are already known. ~f 

MK+ 0 and t he variables X 1 y, ~ (i.e . the i nert ia moments 

r K I IQ. ) are not time-dependent' then T '( M is conserv ed to­

gether with M 2. and Euler equations (2) for MK may be 

explicitly integrated. The point with the coordinates MK will 

describe the closed curve on the sphere surface, i.e. the ro­

tat i onal degrees of freedom of MK have no independent sta-

10 

tist ical properties. 

Le t n ow Mi<. =f:. O, · and the var iables x,y.z (11( , I,_0 ) a r c 

time-dependen t . In the general case we h ave t wo systems : the 

FS and t he gau ge gyros cope (13), i ntera c t ing through i nert i u 

momen t s TK, I Ka • The effective e quipotential surface Ue H = 

= ufs +I '(M = E l i es Vii t hin t h e s urfa c e u fs ::::. E 
and is convex i nsi de too , except for the r e gions ne o.r X =t ~ . 

Y"'"'~ · z=±x 
• The motion of the point with the coordinuti;::.; 

x, y, 2!. is again wlStable, and , hence , t h e rota tion of ti1u 10--

r oscope with i n ertia moment s dependi n g on X, y, z ¥1i l l 'be un­

s t a ble . The poin t with the coor dinu teo MK now moves on the 
a 

sphere uns tably and covers all t he compact s urface M = c on st 

I n other words , the FS induce s stat istical properties of the 

YMCM. 
The resl u t s ob t a i n ed have a th.eoretical l y- nonperturllative. 

cha racter, since t h e clas:::i ca.l perturbs t i on the or y de3c « i')CS 

the system b ehavior during a finite t i me interval. !lo sta~c-

ments on the system behavior a t l-:!:=ca.n be obtained i n uny 

f inite order of c l acsi cal per tu1·bat i on t h eory. 

In c onclusion let u s n ote that t h e invcstigution of the 

YhlC?.l may shed l ight on the pr obl em of the structure of the QCD 

v a ccium and confinement problem 17-19 . The quant um •mochanic ::i of 

the sy!'t em ( 1) should be investiga ted, vrhich e s s entially dll' ­

fers from tha t of the QED harmonic oscilla tor. I n the ::iubsE:q­

uent paper we shall pr esent the results of the inve:::tigu t i01. 

of the Y-hi ciuantw11 mechanic s esse.n ti ally basing on the r._ciul t~ 

ob-cained whe11 considerine; the Yfil classical equation:; fro1'1 the 

viewpoi nt o.f ergodic theory. 
'£hanks a r e due to S.G.J..:utinyar~ t or hel pful dincussionu. 
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