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1. The question of whether syrrmetries of field theories are conserved 

after renormalization plays an importan t role in the investigations ·of . the 

general properties of the quantized field theories. Numerous papers are de­

voted to the demonstration of t he conservation of definite symmetries after 

renormalization. This paper deals with the investigation of the problem i .n 

general. Namely, the symmetries of renormalized action ;)Rand generating 

functiona 1 of proper vertices /"; of the theory with a given . symmetry of 

the c1assica1 action So are investtgated, and both S~ and f~ are · 

shown to have de.ff ni te symmetries. In Sec ,2 theories without ga·jge :symmetries 

are discussed, while Secs .3,4 are devoted to the investigation of the same 

question in the gauge theories. In Sec.3 it is shown that a synlnetry Of ·. the . : ·:. 

• classical action results in the syJ.netries of the modified S,.,(</>rK}and 

effective 5.,, ( <P, K) actions. In Sec .4 we demonstrate that under the same 

conditions SrR and ~ also have certain s,Yllllietry properties. 

Henceforth the notation ~ · will be used for th.e equalfty ·to the 

first order of the small parameter E (see fcirmula l}; the derivatives over 

the fields are always right, over the sources - left. 

2. Consider, first, theories without gauge symnetries (i.e. theories 
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with nonsingular Lagrangians). Thus, suppose the theory, described by the · 

action $ 0 ( ~) ( cp being the set of all the fields) is synmetric under 

the infinitesimal local transformations of variables. 

q, _,, qi' == <1> + e~ct> (1) 

where A<li( cp) is a local functional of the fields ¢ . To find out the 

synwnetry properties of the renormalized action ;;R(lf>) and the generating 

functional ~ ( ¢) of proper vertices we'll investigate how they trans­

form under the transformations (1). Note that this question was discussed 

for final transformations in [1] . Here we repeat the derivation of necessary 

relations for infinitesimal transformations. To this end, let us consider 

the difference of the generating functionals of Green's functions l(J)and 

Z (J) of theories described by the actions ~o(<'.1>) and 

S
0

(cj>) = $ 0 ( 1' 4cti<t>) , respectively. Under the change of vari­

ables q, ~<}-Elle(> . the generating functional 

l(J) : ) <A4>-0?<p t ~[$0 ( 4> +EA~) + J. ~JJ 

i is the loop-decomposit1on parameter) transforms into 

.C(J)= Jol<\ie)'p t1l$0 (4>) + J(~-cticfiJJ}~ 
(2) 

~ J cl <1> "?'~{-~ [S0 ( ~) -t J <f>» ( i - <i JAcP)= l(1)- ~-'.Jc ti4l(:J) 

In the. last expression the substitution <P ~ -<z S'/¢::1 is supposed. In 

deriving the formula (2) we omitted the Jacobian of the r. ~ange of variables 

I &(<t>-t:Llc\>Ysc:p \ because it is equal to unity, since QW1ng to the 

the quantity ~ (t-<P)i<\>"' 6(~ and under suitable locality of D~ 

regularization (e.g. dimensional regularization) is equal t o zero. 
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From (2) we have 

~ 2 = 2 ( 'J_) - l: ( ':!) ~ - ~ J £A cp Z ('::1) 
(3) 

Introducing in a usual way the generating functional .['(cp) of proper 

vertices 

rC<t>J == - '-z~r.cJJ-:Jc!>) c!>i. = -1.z ~:r, ,C,,, ?C:J) 

we rewrite (3) 1n tenns of r( <1>) 

.6f = f(c/>) - f(cf>) ~ € ~~ ( Acp) 
(4) 

where [(<l>) and f( <P) are proper vertices generating functionals of 

the theories with actions S0 ( cp) and S
0 

( cj>) , respectively, (ll. <)>) fs 

the vacuum expectation value of the operator A<P , which is a function of 

cp and which is obtained from the .operator A cp by a substitution 

tj>i. ~ cp._ + ii(-1).Pj(Pi.+1)( r")~.i ~ 
1.J &c:t> .. 

b I ~ J 
Here in;~ is the left derivative, Pl. is the 6rassmann parity 

of the field q>i. , and (r")~; denotes the inatrix reverse to the 

matrix (r")t.j = 82

f/sct>.~<1>j 
Writing down the loop-wise expansion of the quantities entering (4) 

( r (•) r . = So + 7, div + r,5·> ) + 0 Ct) 
4-11'1 

f = S +7,(fC•)+f<'1 )+0(fj 0 drv 4-iti 

<L\~>= b<j> -t- i(<b<f>)~') -+(~<!>>'.'))+ 0(t2) 
<:.\IV f111 
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we obtain from (4 ) in the t ree approximation 

A$(¢)== $0(4>)-So(<P) ==So(<P-+cAq,)-So(4>)~ c ~~Llc\>, 

while in one-loop approximation Eq.(4) can be divided into two equations 

.for finite and divergent parts of fj,r 
r <•) _ ?i<•J r<•> "' ~So Cj,) bl'<~> t:l ''v - , ,... - ,. ....., £ - /~cf'• -t C _tJ..v A cp 

"" <AIV <A•V Sep ........ /cl;v o<I> 

. " rC•) _ ....,['(1) r<~) · "'" (•) <' [' (1) . 
u l .. - - "' 0 ;::. 0 D,. 0 +•., 

f•h fi" +;11 "' E S4> ( 4'\i1i -t E. ~ 8. ~ 

~ow we conside~ a new action 

. [' (i) 
S111.(c\>)::; So(4>)- i c!iv {<P) 

(5) 

. Then, taking into account (5) we find for the renonnalized action (which 

~e·11 denote $i.c ct>) . > of the theory with initial action soC<t>) the 

.· fol io-.ifog: 

?1\~) = so(<t>) - iI,~~~ (ct>)~ 

~ s tq,) + E bGo A.¢ -Ctl cos.,< Aq,/~) -E.11SI'2v Acp 
1. \ Sq> · · · q;q, 0.1v L £Q> 

-It's easy to see that ~1(4'} coincides with the one-loop approximation of 

action 

,,.., (1) ) 

s1.R ( ¢) ~ sj.R ( 4> + £6~ - t£ <A4>) ~ill 

Going through the steps analogous to those above with the actions S:1..R(Q>) 
and ~1~(4>) , we obtain the equation 
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~ri. ~ E Sri. <A1cp) 
Set> . (6 ) 

where f'1 (the generating functional of proper vertices corresponding to 

the action S1R(¢) ) is one- l oop fin ite; 

Then 

(1) 

tl i q, = Ll ~ - 'l, <A cf> >cliv 

(ill.ct>>= Ll<I> - i (t. <P>~;~ + i<64>/c•)+ oci1-> = 

=A cP + i ( 64') ~;~ -t- 0('1,
2

) 

Also from (6) it follows that 

,..., (1) ) 
[1,_(<\>)~ r1.(4>+Ellcj> +£t (A<l>)fik ) 

I.e . ~ (<t>) is obtained from ri.(~) by t he change of variables 

<t> -7 ~ -t E, b ~ + 6 i < 6 q» ~~ .. 

Using now the mathematical induction we obtai n the fina l rela tions 

SR(q,) ~ $R(4>-+c:AR~) 

f\(<\?) ~ rR.(~-+ C:(ARc\>>) , 
where 

00 

~~<{> -:: A 4> - L t1 '
11 <A~>~~) 

\l\:i..i f., ouv 

(7) 

(8 ) 

and ~w <_Ll't' ),. are divergent parts of the h ·loop approx ima tion va--cuum expectation values of the va ri ation of c:l> wi th subtracted divergences 
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of the subd1agrams~ 

Suppose now -that the initial action is invariant under the trans,forma­

tions 4>~4 +e.hc1> . Then S0 (4>)-= So(<l>) and. hence 

,· . S11.( 4>) ~ ~R( ct>) • rR ( q>} = ~ {¢) . so that the Eq. (7} is 

· just an - expre~sion ·of the renonnaHzed action syn111etry under the transforma­

tions 

<f>-+4>' =cJ> -t-E~R<\> 

while--(8), fn turn. reveals ttie invariance of the genera.ting functional 

. J"; fcJ>) · of the proper vertices under . transfonnati'ons 

cp - 4°>
11 

-= . <f> + c (At<t>) 

(9) 

(10) 

It's i111portant to note that the very structure of the trans,forllitt1ons 
··c.~ . 

(9-) and (iO) discloses that they are not identical transfonnat1ons. 

Thus, ff the initial classical action S0 (<t>} possesses some symetry 

properties. then the renonaa.lfzed action s~(<P) and the generating func­

tional f; (<f>) also have certain syiametry properties. 

3. Let us turn llOW to theinvesti.gatfon, of general gauge theories. the 

classical action of which $0 .( 'f) fs sywmetric under the infinftesiAtaJl 

local transfonaa·Uons of variables. 

Consider. ffrst , the SYllM!try properties of the effective- actfon. It's 

worth re1111nd1ng [2J that the effective action S'f(cf>, I<) fs obtained 

fl"Olll the modfffed actfon $ M ( <P, K J via the exchange 

K ~ b'f'(<P, Kl/&~ . Here </:> symbolizes all fields 

cl> : { 'f, C / :If 
1 
C} , where ~ ,. { 'f 1 are the ffelds of the 

fn·ftfal classical theory wtth the action S0 ('f} , C = { c1 · 
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c: '= { c"'} are the ghost fields. Jf = {:{a( J are auxfliary gauge 

tt-xfng tields; K::: { k., e, ,,, mJ . w11ere t ""- { "J . i.=- { e"'j . 
hi'°' {>Vi"'} , ,., =- { n"') are additional sources CorTesponding to 

the ffelds IJ' , c , c . Jr • respectively; 'f'(cf>, K) ts a degene­

rati.on eliminating gauge fermion. 

The lllOdfffed action $M (cf>·, K) satfsftes the Zinn-Justin equa­

tion [3] 

( s,.,, SM) - 2 ~SM SS,.. ::: 0 
- Sep 8 K 

with the inftial condition 

SM ( ¢, o) = So('/) 

Suppose now that S0 ( 'f) is invariant under transfonnat1ons 

I 

'f ~ 'f = ~ + €...b'.f (11} 

S:, ( ~) = S0 ( 'f + E.A ~) = S0 ('f) (12} 

For the transformation (11) a canonical transfonnation with a generat­

ing, functional X can be constructed: 

X = K
1

(1f~EA'f) + e'c I '-+ n :K ,+ fnC 

Jsing this transformation the action S,., ( f, K) can be found 

$~/ ~' K) = S f'1 ( cf>x 1 fl) 
(13) 

where <Px ( Kx} are fields (sources) which are Obtained fro111 c/>(K} 
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as a result of the canonical transformation )( • On the other hand , duF 

to {12) the initial condition for SM(cJ:i, K) is 

$ M ( 4>, o) == a(P) ::: So(_~) 

and therefore SM"(cfi, K) and SM ( <'/J 1 1\) are two solutions of 

the Zinn-Justin equation with the same i nitial condition, and t hey must be 

connected with each other by a .canonical transformation ~ (2) I)} (which 

adds to the fields ':f = l 'fJ only summands containing ghost fields) 

~M(<P,K) = S11 (c/>y, Ky) (14) 

Comparing (13) and (14), we find 

SM (<I>, K) = SM ( <1\-•x , Ky-•i£) 
(15) 

i.e. SM ( <P, K) is invariant under canonical change of variables with 

the generating functional y-1 X . Note that y-I X isn' t identity trans­

;ormation , since the transformation X changes the fields 'f ; by 
. . -1 . 

'f + (:!; 'f' , while the Y doesn't change the fields 'f' (up to 

the ghost fields). 

Taking into account that the transition from SM (cl>, K) to the ef­

fective action .::;,'/' is realized through the canonical transformation with 

-a generating functionalt= K'cp + 'f'( <f>) [4J and using (15) we find that 

s'l' ( <?, k) ~ sf'f (<Pi I Ki} ~ SM ( cf>y-'xt: I Ky-•xe.) ~ 

~Sr ( 4'z-J.y-•xt) K:z-'y-·x~J 
(16) 

The equation (16) means that the effective action ~'f' is symmetric 

under local canonical tra nsformations with.a generating functional 

lU 

\ r' 

T ~ z-iy-ix l ~ K'1> + ctiT(¢, K) (17) 

where !>.. l (<P, K) is a local functional of the fields tj> and sources 

K . Thus we have found that if the classical action S0 (1f) of the gauge 

theory has a symmetry properties, then the modified action SN ( 4>, K) and 

the effective action S'f' (<I>, ~ also have certain symmetries. 

4. Let us consider now how the renormalized actions $'1'R. 
,...., 

, s.,,R. 
and generating functionals [JR , :CR of proper vertices of the theories 

with effective actions $'+' and s'f' are connected, provided the latters 

are connected with each other by a canonical transformation (17). 

In accordance with the results of [4] , the variation of the renorma­

lized action under the canonical transformation (17) can be presented in the 

form 

~$'1'R.lt) = \~RTJ S-yR(t)) (18) 

which corresponds to a canonical transformation with a generating functional 
i rr1. =Kc\:> +.flR'l' • where instead of L\l in (17) we have 

.,.. ti {.h) 

.D,Rl) ~ b.f°f - f, i (.6'1')1;fiv 

The relevant variation sr R is given by 

s r R ::: ( (ART) I r~) . 
(19) 

which corresponds to a canonical transformation with a generating functiona. 

'\'2 ~ K 4' + (AR. T) 

As a result we have 
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s'/'R ( ~, K) = s"'~ c <t>1\J KT,.) (20) 

and 

rR. (<PIK) = rR ( ~12.) KT) (21) 

The relations (20 ) and (21) disclose the syrrmetry of Sr i:. and rR 
under the canonical transfonnations with generating functionals Ti. and 

1"2 , respectively. 

Thus in the case of general gauge theories to any syrrmetry of the 

initial action S0 ('f) corresponds a certain sy11111etry of the renormalized 

action and renormalized generating functional f'R. of proper vertices. 

12 

REFERENCES 

1. TJOTRH il.B. 2aBRCHMOCTb HeJmHefumx RBaHTOBIDC Teopi;lli rroJIII 

OT BH6opa rrapaMeTpH3an;mi. H~. 1982, T.35, B!Ill.1, c.222-228. 

2. Batalin I.A., Vilkov isky G.A. Gauge Algebra and Quantization. Phys . 

Lett .B. 19Rl . v.102 , p.27-31. 

3. BopoHoB B.Jl., TioTHH l1.B. K \IX>PMYJIHPOBKe KaJIH6poBO'<IH!lX Teo­

p:lll:H o6mero BH~a 1. 'Ilv!<I?, 1982, T.50, ~ 3, c.333-343. 

4. BopoHoB E.Jl., TioTHH 11.B. K \IX>IJMYJIHPOBKe xaT.IH6poBO'IHliX 

Teop:lll:H oc5mero mm;a II. KaJIHc5poBol!Ho-HHBapHaHTHaH rrepeHopMl'I­

pyeMOCTb H CTPYKTypa rrepeHOPM!IPOBKH.Tilt!?, 1982, T.52, ~I, 

c.14-28. 

5. BopoHoB ll.JI., JlaBpoB II.M., 'I'IOTHH l1.B. I\aHoHWiecKoe rrpeoc5-

pa3oBaHHe H 3aBHCHMOCTb OT Ka.Jil'!6pOBIGI B KaJIH6poBO'IlIIDC Teo­

p:w:rx oc5mero mma. flq? , 1982, T.36 , BHII .3(8), c. 498-508. 

The ma nusc rip t was recei ved 9 December . 1982 

13 



r.B.rPYl.rDffiH, P.II. rPl1I'OffiH, 11 .B .TIOTMH 

CBOtic TBA CMMMETPID1 IIEPEHOPMl1POBAH!lliX 

TEOPllii C CM!'IIl1iETPl11IBHM KJIACCJ1ll.EX::KMM .llEMCTBMEM 

(Ha aHrJrnHCKOM .ff3I:IBe , rrepeBo.n: 3.H. AcJiaHJIH 

3aKa3 55 

EpePa.HC:imi\ g)H3H'!ecrulli l'IHCTHTyT 

Pe.n:aRTop JI. 11. MyRa.ffH 

Tex .pte.n;a.KTop A. C.A6paMiIH 

BJ?- 04277 Tm>ruJt 299 

llperrpHHT BI>M 

110.n:rmcaHo K rre"<IaTH I/ ill-83 . 

WopMaT H3.D:aHIDI 60x:84/L6 

I.O y"<I-H3,D;.~.U. I5 K. 

Us.n:aHo OT.n:e~oM Hay'!Ho-TeXHH'!ecKoil: mi:cI>opM~ 

EpeBaHCKoro g)R3H'!ecKoro l'IHCTHTyTa, EpeBaH 36, MapRap1rna 2 

.. 


