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The ques ti on of the presence of anomalies i n a f i eld t heoretical model 

is of primary importance. Anoma l ies appear in the theory after giving pre­

;criptions for calculations of divergent integrals or values of the operators 

at the singularities. They .were firs t discovered in the <:f -model and in 

the theory with the axial current [1-j]. Subsequent investigations of anoma­

lies resulted in the formulation of a model independent properties of an0111a­

lies, their connections with the algebraic properties of the theory, and also 

the group theoretical characterization of the axial current anomaly was es­

:ablished ~.s] . Considerations of other Ward identities (s~ale, super­

Identities, etc.) revealed new anomalies {!i-s] . This makes the investiga­

tions of t he general properties of anomalies worthwhi l e. In this paper the 

momentum dependence of anoma l ies is examined and anomali es are shown t o be 

a local functionals of the fields. 

Consider a theory described by t he L~grang ian L( <P) , whi ch i s inva-

riant under infinitesimal transformations 

<P --'> <j> ' == cp + E F( q>) ( 1) 

where F(<:f:>) is a local funct ional of the fields cJ> ( cp -= {cf>,] i:i 

~he set of all fields of the theory; the derivatives over the fie lds are 
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right, over the sources - left). Under the transformations (1) the Green's 

function generating functiona l C ( J") 

Z(T) = Jo\4>~Pt~ ($+J<t>)} 

where Z is a l oop-decomposi tion parameter, transforms into 

l(:r) = ~J.4>~p{ y(s +J"<t>) + -f c. JF(.<P)J 
(2) 

(In deriving (2) we didn't take into account the ,Jacobian of the transforma­

tion). 

From (2) follows tha \~ard identity 

T jo(4> ~p ~ y(~+J<\>)} .F(~) :: o 
(3) 

or 

JF(4>)l(:r) =o 

where in F(c\>) a subs titution tj>-? I ~J is supposed. 

The identity (3) will be referred to as "naive Ward Identity". 

Introducinq in the usual way the generating functional of proper ver­

tices \(ct>) : -~i~ :Z(J)- J4> we obtain from (3) the Ward identity 

for the f(c\>) 
sr ~4> < F(4')) ~ o 

(4) 

where < F( c\>)) is the vac•ium expectation wh ich is a funct ion of cp 
and is obtained from l=(cl>) via a substitution 

,.l.. ""' . (-0 ~er, +iJ(r"~-1 sL 
't' · -:) 't'· -+ l i J. -

< ' <.j St:l>j 

Here b'/io/ is a left derivative, Pl. is the Grassmann parity of the 

field cp. and (I'"'~~ is the matrix , which is inverse to the 
L , /t..J 

matrix (r ·~l.j = '&lf'/s-4>, 8'\!f>J· 
The re la ti on ( 4) contains divergences thus being senseless by itself. 

To make it meani ngfu l, we must renormalize S and also the operator F(c/>) 
To i nves t i ga te the s tructure of the Wa rd identi t ies in a renormalized 

theory we ' l l proceed as f ol lows. 

Let us introduce the regularized acti on 

rl ..-I ~ rl.. I 1'1+2A., + I 
;:::,/\ """ ;:::> -t 2 't' f\'1 ° 'Y Z lJc 

where ~c is the set of counterterms whi ch ensure the finiteness of the 

theory after the removal of the regula r ization . The r egulari zed transforma­

t ions are given by a funct i onal F( ~) , instead of P(<P) i n (1), . 

Here 

that 

P(¢) = f='(ct>) + 61='(4) 
1 
1 = ~+ a)A~ . <P 

¢ was i ntroduced to regularize the vertices in 

A !='(4) i s proportional to ;\-1< 

Now under the change of variables 

<P ~ 4>' ;, t + e F(~) 

F( </>) 

the generating f unctiona l 

r" = ~ cJ<t> -€/)Cr t t (~ /I -t Jcp)} 

. Note 

transforms 1 nto 

r_,. = J&ct> .e-xp { ~ l$" + J 4' + E b S;_i 4) F(~) +E :n:(~~J i 

, \ O(~ ;~F(~)) l 
' 
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ss11Cct>) r(~) = iW F(~) -r ~ .. ( a~+24)FC~J + ~! t, F<ct>J. 

In writing down the last summand the rel ation i! AF ( cp )=O, reflect­

ing the invariance of $ (cl>) under the transfonnations (1), was taken 

into account. 

Using the relation 

IS(<!>;: F(;j:J) \ = ~ t Sp~ ( i • '~~))} 
we get 

Z11 = ~&4> ~r { \ l ( s" +"J4>) + e(JF(~) + 7, ~F(~) -t 

+ \ (a"+lcf>)F(~) + ·bs .A F(cl>) + ~ $p &F(~J)u} .. 
/'\ 04> " Sq> · fj · 

Following the derivation of (4), we obtain the Ward identity for the proper 

vertices generating functional ~ ( cp}. 

<F(~))~; = i(~~~(~)) + \~(;)~+2q,)F(4))+ 

+(~!A F(<P)) + t<Sp ~f~¢1) . 
(5) 

To compare (4) and (5), let us write down the loop-decompositi on of ~ 

~ = s +ct>~" dh+ 2
'1> + i~ + 0(1

2J = s"+ i~-+ octJ 

Then (5) takes the fonn 

f. 

(H~J'>~ -r <_F(~)).1J~ + '1<F(~)\ S l~11 =-
'.lo 0 't' 1. (, 8 <P L . lo b c:j:> 

('I ,... ( 6) 

= t ~u; F(~) -+ ~ .. (0Y1+2q,).F(4>J + l ~ .. ((t+2cp)F(ctl)1+ 

+ (~ 6t:C4>>)o +1<~! ~F(~>)1 -t 1 Sp 'bi~ -t O(i~, 
where the subscript "0" is for the tree approximation and "l'' for one-loop 

approximation. The t ree approximation of (~) after the removal of regulariz'l­

tion reflects the invariance of $ under the transformati ons (1) . In one-

loop approximation we have 

8PM F(t) + ~ <FC~)\ = \;lie F(¢)-+ 
sq> 84 1~ sq, 

(7) 

+~\(t+i.4>)F(~J)+ \S$ af(<t>)\ + ~-s ~ 
/\ i Sc\> / 1 1. F S ~ 

Let us now rewrite (7) in the form 

~Pct>' + ~ s < F .r qi)\ = 
&<\> ' ') sq, R \.. 11 

= ~ ~~ ( F(<l>)-FC~J) + ~! ( < F.( <1>)), ~ < F( ~J),} 
(8) 

+~ti\ (()kf2.4>)F(~J)t -t ~~ F(~) - ~,,(a"+2q,)( F(~))i.-t 

1- (_g_ ~ f (~)\ + ~ Sp s F(q,) 
~~ Ii l. S<\> 
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r 
where ~ = !=' - Fe. 
the divergences of .t:' 

~ - is a loca l operator wh i ch eli mi nates 

as the req~ lariza tion is removed. 

After the removal of t he regulari za t i on t he l eft -ha nd s ide of eq . (B) 

t akes the form 

sn.F(4>' + ~s <F (~') S<l> 'J sq, R z i 

while the r ight-hand side of (8) i s a local funct iona l P( <P) of t he 

f ields .and their derivatives . 

Thus the Ward identi ty (8) 3fter t he remova l of the regular ization 

t ransforms i nto 

sri ~ s ~ <P ¥=( 4>) + Sci> <FR (4>)\. = P(cl>) . 

P( ¢) is the anomaly wh i ch makes the identity (9) different f rom 

the naive one (4). 

(9) 

Hence we see that for any set of local counterterms of ~ and F' 
the one-loop anomalies are local functionals of the fields and thei r deri-

vatives. 
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