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1. Introduction. 

The thermal equilibrium establishment times for rliffPrent cOmnonents of 

plasma is of great importance in .the problems related to different ohysico?Jl 

processes in the nondegenerated hot plasma. The scales of the bulk therma­

lization times of the electron ( te.e) and ion ( t:u. ) compOnents as wPll 

as the time of energy exchange between these comp~nents { t e 1 ) \1ere stu­

died pretty in detail (see, e.g. reviews (t-3] ). However the nature anrl 

the tirne of the thenna.l equilibrium establishment of the high-energy (with 

respect to the means) tail of the Maxwell distribution remains so far vague 

in many respects. although it is evident that the establishment" of such 

equilibrium is a process slower than thermalization in the range of typical 

means (4} . At the same time, in many dynamical problems the evolution of 

the very high-energetic tail of the distribution function· plays the ·most 

important role. 

This paper deals with the investiqation of t'he nroblem for nonre1ati­

vistic systems. 
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2. Kinetic Equation for Homogeneous Systems in the Weak 

Interaction Approximation 

As is known, a kinetic stage of the evolution in the nondegenerated 

entir~ly ionized plasma can be divided into three different time scales du­

ring which consequently the establishment of the thermal equilibrium of the 

electron component, ion component and further on between these two ones 

~akes place. This circumstance allows one to reduce the investiqation of the 

behaviour of the whole assembly to independent consideration of the evolu­

tion of each of the components. 

Let us consider a nonrelativistic system of N identical particles des­

cribed by the Hamiltonian 

(I) 

' is vector radius, p is momentum opera tor , Y where m is mass.. r 
' 

is the operator of interaction, U is external field operator. At the kine-

tic .stage of evolution. when the system can be described by one-particle 

distribution function f lP, Y:, t) . a so-called Fokker-Planct< integral 

equation holds· (see, e.g. ls) ) 

·t~here j is the functional vector. with the components 

(2) 

(3) 



(3a) 

0 

·In Eqs.(2} and (3) the summation is implied under repeated Latin in­
dices. Besides, for briefness we introduced the designations j =. f(P, r, t.) 
and f

1
:. f ( P, 

1 
r

1
, t) . In a parti.cular case. when mean changes of phy­

sical values in each elementary act are small as compared with their initial 
values, .Eq. (2) can be reduced to the Folcker-Planck linear differential eQua­
tion. Note also that for the collision integral caL- 8! Eq. (3) holds ap when: 

a) ,typical inhomogeneity dimensions 9f the system are consider<'!bly 
larger than the radius of the interaction; 

b} the mean energy of the interaction ( Y > is ~ruch less than the 
mean kinetic energy,....; l<.T ; thus, for the Coulorrb interaction this means • •t• T ' 37 · • 3 -1 that·en << K ,i.e. n<<5-IO (KT/meC)cm· 

Consider now a particular case of a homogeneous and isotropic system, 
rhen the distribution function depends on the absolute value of ~o~entum 
p and time t f = f ( P. t) . Besides, it is evident that the 

vector 3:. J.(P, i:) sOOuld be parallel to the v~tor j3' • whose rfirec­
tion is the only one distinguished in space4 The latter circumstance nermits 

l•l .- aJ• to simplify significantly the collision integral L: =-d!v;;J ~- p•ap pP 
•hen integrating it ower diM!Ctions ~ , yielding 

' '·- . p 11 -f:1=Bm: Ll r ...P!_.r p')(r &_:faf, ..f_)f>dp. :op• ap \J p J r,ap ap,. P, ' ' ' 0 p 

(4) 

kfter integrating over p, Eq_ (4) comes to the ·form 
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L'1(P f) = 8!iiC rt [me ( < p ) 
" ' 3p' ~!lf 

1_( -•~)+ 3W(<p) 
op P ap L< !li 

'df 
- + ap 

( 5) 

00 

where rt = ~3\j p~ },d p, is particle number density; 
0 p ( 6) 

W(< R t) = 4TI ( P.2 
L dp 

. I n. J 1 J"1' 1 
0 

is the probabi.lity to find the particles with momentum·< p at an instant 

of time t 

0 

is the mean energy of particles having momentum < p at an instant of 

time t . 

(7) 

Thus. for spatially isotropic and hom9g~neous ( U = 0) system we ob­

tai~ the equation for the one-particle distribution 'function 

~~L(a)( f) at P.r . 
(8) 

<•J 
where L. is defined by relations (3a), (5)-(7). 

The integral operato~ L.(e.) (it) can be reduced to the linear dif­

ferential form for the range of variable p greater than the characte­

ristic mean j) . ·Her~~ Strictly speaking, the fulfilment of only the con-
...... 2 ~. ; 

dition exp ( p p-~P )<<1 is require4,,which means that the fulfilment . _ .. 
of inequality p ii:t-3P is quite sufficient for the validity of the 

equation giveri below. 
' ~ _, 

Indeed. for the values' of p > 3p the main contribution to the colw 
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1.. 12) . lision integral (4) is determined by the integration region 
P, "'- p since the distribution function f(p, t) is rapidly de-

creasing for large p (in the limit case of t- <>o it is evident 
that f(p)--e-P/2 ~KT ). Then in the right-hand,side of (4) one can 

~ 

omit the second integral ( ~. · · d p1 
p 

) substituting 

in the integration limits. Finally, we obtain 

for p 

(9) 

where l ::: €. (< 0o) is mean energy of single particle. The condition 
W (<eo, t.)= 1 is also ~ed here. As far .as in the conservative system 
the mean energy €: = 43i 5 Ff1 f d p is constant, one may pa;s over to n o 2.m . . new independent dimensionless variables · 

where 

p• 
'l =-.-. ' 

2mS .t = t 
To) 

Thus, Eq.(8) is reduced to the form of 

. -< It is evident that the Maxwell distribution .:f-:.e 

(10) 

( 11) 

(12) 

sat1 sfies the 
stationary ·equation (12) ( <HI at- ~ 0 ). The quantity e entering 
inexplicitly Eq.{l2)' is a· temperclture_est~blished in the system at 't;'.._oo 
Just this is implied further on when talking of plasma temoerature even in 
the case when the plasma {namely its. high-energetic tail) is far from the 
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equilibrium state. 

In order to clarify the ti~e evolution of the system energy distribu­

tion, it is convenient to make the substitution j =·~e-i after which 

one comes to the equation 

• 
(~;a -

(13) 

2L). az 
Tne function 

(14) 

oetermines the thennalization degree at the point ~ at an instant 1:" of 

time, and it tends to unity at 1: - o.o • 

Eq. (12) for the high-energy tail of distribution function J (p, t) has 

been obtained earlier by Gould (3] in the 11 Fokker-Planck limit". However, 

Eq.(l2) in [3] has been obtained under non-~vious assumption of validity 

of expdnding the function J ·in the power series·by parameter AP/ p , 
wher~as in this paper it is obtained in a more consistent way. Particularly, 

we can now define correctly the applicability range of this equation, name­

ly ?. :;,. 3 

3. The Solution of Kinetic Equation for the High-Energy Tail of 

the Uistribution Function 

Let at the initial instant of time the assembly consists of particles 

with the energy ~ . Define now the character of the time evolution of 
r - i!. high-energy tail of the distribution function J : '8 e Then it is 

necessary to solve Eq. (13) in the range ::2 0 .::E=- ~ < oo with the ini-

tial condition 

(!Sa) 

• 

' 



and boundary condition 

(!Sb) 

Turning to the va'i-fabl·e we arrive at 

(16) 

where 

~ Sf• · , 1/s Since U?;.. ll.
0 ':.5'lo » 1 , and the fun<:ti(m U is a slow 

one, then, considering the solution of Eq.(l6) wfth initial and boundary 
conditions (15) in the rang.e Uo~ U ~ ~U 0 , where ~ ......, 10, ·we 
can, to the first approximation. take ·.the function b constant, replacing 
it by some average value in the raMge under consideration. Then Eq.(16} is 
the thermoconduct1Vity equation with constant coefficients, whose solution 
(for the semi-infinite straight line) is familiar (see, e.g. [6] ). Indeed, 
substituting the function 'a~ 4' (x,t)exp(';; -~~·where X • U- u. 
Eq.(16} reduces to the form 

(17) 

with initial and boundary conditf.ons 

. ( lR) 

The solution of thh equation is written down in the form: 



1: 

t.p(x ,.l- -~ -S X 
' - 2.JJf ('t· y)>l< 

(19) 

0 

To firld out a particular solut~on lf (x 1 it) one should know the 

lJoundary function fA ( 't) , which, strictly speaking, should be deter, 
. . 

mined from the solution of kinetic equation ';n the general case of :z ...... 1 

however, if assuming that the thennalization .at. the point l- 0 takes place 

directly at the initial instant of time, that won't lead to a considerable 

distortion of the distribution function at ~ ........ ~ Z 0 >> 'l 0.,~ ( U >> Uo) 

Therefore, taking jU ( 't') =- 1 , after simple transformations in Eq, (19). 

one finds for the function ~ {X 1 t ) ; 

~ 

;t(x,~)= ~ (J e-v•dv + 

x-b"t" 

TJf 
where x = ~ (~ 5/•_ z.SI•) 

(20) 

at X>-> 1 the lower limit in the second integral in Eq.(20) is greater 

tilan unity, ana error function tP(s) d~creases very rapidly for larqe S 

one may neglect the second term in Eq. (20) for any 1:' , if compared with 

the first one. Substituting for the average in b the corresoonding va-

. -•t " 
lue of the main tenn U s at the .~oint ~ = t./2 , we obtain 

b _ 1. 2 4 . Noticing also that X• !i..(r_S/•_ z •i•).,!i_z•/4 
t. ~4 5 • 5 

for '2 >> 1 "1 one finds 
(21) 

where 
(22) 
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Since at 't-Oo the quantity Q.(~, t'") tends to - ~o frO!''• 
(21) we directly obtain that the function ~ responsible for th~> t:l".er-
malization degree of the particles 1n the region 2. tends to ur;ity, 
which just should be expe~ted. 

A characteristic theMl,la11zatton..t1me at the given p6iilt 2 cnn be 
detenn1ned from the condition 'a'(~,·t') = 0,5 ; as a result, one arrives 
at the condition Q( l 1 't') :: 0 1 .e. 

(23) 

It should be noted that the obtained approximate solution of (21). (22) 
'is actually independent of 2:!

0 • Besides. the thennalhation time ·t ;g 
for the region 2 ........ ~ '2:

0 ( ~ ""' 10) t.urns vu.t much greater than· that 
for i!

0 ( ~ ;;:'/• ). Therefor~, the assumptiona~ove "a(i!..,'t")•J"('t)~1· 
is justified for any l o uSed ·to find ou~ ~he app~oxima.te soTution' 
~(I, t) in the range of -2. - 10 l 

0 
• Then it follows that the above-

implied limitation Q ""' 10 turnes out non-critical. 
In Fig.l thennalization deqree <J(~,t)(~·is p~ese·n.ted for several v?.­

lues of 't . It is seen from the Fig~r~_, th.~~ .. the; hiQh-enerqjr oart' 
( I >>- 1) of the distribution fu~ction. at 1' < 't.i is s·ubstantiall.Y 
suppressed as compared with the Maxwell distribution. It is evident there-

\,I' 

~ . ' ., 

fore '1:hat the fulfilment of conditicm 6. t ......_ to:~ • where At is a 
~haracteristic llfe-time of plasma. is yet insufficient to use the.'~~·xwe.li. 
distribution for calculating the'rates of physical processes in plasma. 

So far we have been discusSing the evolution of the distributio~ func-
' '. : '• ,, t;j.on not speclfyir,g physical proCe_sses leading to plasma thf'rmnlization. 

The only parameter dependent on the intera:~iO!J,,pr9~~ss.~nd ·errteri'n'n· in.Px-,,.. ,, \ ' . 
plicitly into Eq. (12), is a scale factor i: 0 havino the buH-rP ~tion 

,.,,,-,.,:;-···· 

11 ..... , ... ·<:··· 

. ,, 
' 

',·•·· 

j I' ' ~ 



time mean1ng. Its value is defined by Eqs.(ll) and (3a). In the particular 

case of the Cou10100 interaction~ ',J (r). e•{r ) we obtain the we11-known 

result for the relaxation time (see, 'e.g. [3]) 

-\: • (KT)'/• m'i• 

• 2.-i2'3fe'l\n 

(24) 

. where 1\ is the Coulomb logarithm, and ~ is the mass ·of colliding 

particles. 

In proton-prot~n collisions, besides the Coulomb ~orces, nuclear for­

ces may affect as well. Moreover, they become essential beginning with 

Kli ~ 1 MeV. A total cross section of the inelastic proton~proton scatter­

ing in the energy range of 10-300 MeV is well approximated by the fo~la 

[7) 
(25) 

where _f.) ="\1/c ; V is a relative velocity of colliding particles. 

To estimate the relaxation time due to nuclear fort:es, one may take 

adVantage of the relation 
(26) 

where 

6-~,_= 1(1-co~e) d6 

(27) 

is a so-called transport cross section that determines the enerqy exchange 

between colliding particles. 

In the c.m.s.-frame the angular distribution of scattered nucleons· is 

al..,st isotropic [7] , and hence 6t • ~ 6~p . Respectively, 
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•• 'k .,. -1 (28) t": q,(T) ::::jQ_[0.61("'•c') +7.3~( t<T .) -3] C. 0 n I'\ . KT '"PC 

, It follows from the comparison of' Eqs.(ZS)' and (24) that atKT ~~o M~V 
the nuclear relaxation time is about 1.5 orders as less as that due to the 

. • c Coulomb collisions. When increasing the temperature, the ratio t 0 : t • 
beComes even smaller. Thus, contrary to Gould's statements [8,9) , the nu­
clear elastic collisions result in the thenmalization of plasma with tempe­
rature tc.T ~ 1 MeV much more efficiently than the Coulomb ·interactions, 
despite the long-range nature o~ the latter. Hence for the hi9h-temperatur~ 
ion plasma, nuclear forces are dominating~ This leads to the closening 
of the relaxation times "tpp and 't~e , while 't'pe. reMains substan­
tially larger than "t pp and 't'ee . Therefore the independent treatment 
of time evolution of distri~tion functions of electrons and protons becomes 
even more justified. 

The time delay of thermalizatton of the high-energy tail of the distri­
bution function affects the fonnation C1f the plasma radiation spectrum con­
nected both with the electron and ion cOIItponents. let us consid~ this 
question on the particular example of K -ray luminosity of plasma as a 
resu 1 t of the Uecay of secondary !I • ....mesons. 

4. High-Tenperature Nucleon Plasma luminosity Due to Prodrctfon 
and Decay of !iT

0

-Mesons 

Starting with the proton energy ~ 150 MeV in c.m.s.-frame an inelas­
tic Channel of 5f -meson production. takes place. Since the cross section 
of, .. 5f -meson production up to -500 MeV is noticeably less than that of 
·the elastic proton-proton scattering, the inelastic collisions will not. sub-
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stantially affect the evolution of particle distribution function in plasma 

with KT ~ 100 MeV. Nevertheless, the process of the production and de-

gf
0

-mesons is of certain interest from the viewpoint 

of plasma Q -ray luminosity. Thus, for the Maxwell plasma this mechanism 

of the radiative cooling of nucleons becomes dominatinq with the temnera­

ti.Jres of K T '!> 20 MeV [tO]; 

The rate of !if
0

-meson production in plasma with the Maxwell distri-

but ion of particles was calculated by many aut~ors '[~1-~4).. . The .rad~_,ati.on 

. ' 
spectrum has a characteriS-tlc 'm-aXimum at E~ "-' 7Q MeV._ Its shape. weakly 

depends on the proton distri'butiol'l function, bei·· d~e m~.i~ly_ tq, the ~ine-, 

n.atics of ~ 0-2.d' decay. Hence the _pia~ma lumi~~sity ~-~ .is de):ter-

mined directly by the g\
0
-rilhOn prod~Ction rate which depends .essentiaUy 

on the proton distribution funt-i:ion. Th~refore at the ti.~s 

( 
C!Jr )"/< t. 

At<t- --··'. 0 

Sf - K1 o ' 

(29) 

the luminosity Ld" will be suppressed comparing with that of pl-asma with 

the Haxwell distribution. ThiS can ·be seen from Fig. ?• _where _.the ra~io ·of 

the plasma luminosities 

L, (T, '1:) 

L,(T, .,.,) 

is snown versus the time 't::. t/ to ... The ca'l<:ulati'ons of R.rr lT1 
't) 

were carried out for the distribution J ,::. '3--·e-1: on the baS'is 'of the 

.riTo -meson production cross sE:.ction (;Ol)1piled by Stecker [15}. The ~alcul~­

tiuns of R~ (\, oo) corresponding to the Maxwell distribution coincide 

l"<it.l \.01e earlier obtaine!d results of \~eaver [13] , 

n·· . 
nigh-te111perature plas111a ~ ?- 10 K) can be formed near comoact rela.ti 

vis tic uujec.ts such as neutron stars and black holes [11 ,12,16-20] 
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• To estimate ! -ray lumfnosit.r of the accretion plasma. one usually' 
determines the noean energy of hot nuc4eons in the radiation !leneration re­
gion; assun1ing theri that the nucleons have ihe established Maxwell distriblt­
ti~n with ,KT~; (C.>. ~ne ~~~culates Rgr(T) = R~(T,oo). However 
tile ot>taineo in this way results will be valid only if tht:: condition 

(30) 

holds, where i:s is defined from Eq-.(29), .o.t is the lifetime of hot nu­
cleon plasma. Let us discuss the fulfilment of this condition for two m~els 
of the high-temperature accretion plasma around a bla~k hole. 

a) Spherically-Symmetric Accretion. 

1'~ the standard spherical accretion the ion temoerature at a distance 
r from the gravitational centre is 

,~here r1 

K T - 0 1 ..IL (1 + J'. r' mpe<- . r !> • 
(31) 

"' 2 GMJc2 ~ 3 • 106 (Mj10MGJ em is the gravitational radius, 
and ~ ~ 1 is the Mach number. It follows then that at t- ~ 101"'~ the . <'. 1on temperature Tp ( '::::: -=s < t.. > ) achieves the value ~ 11'} MeV. At. 
such temperatures,due to nuclear spallation,plasma corsists mainly of pro­
tons and neutrons with negligible amount of nuclei (10]: Hence 9T -mesons 
are produced only as a result of nucleon-nucleon collisions. 

Tne plasma falling time At"' t:H a.nd number density! ltp at a dis· 
tance r are (see, e.g. [21] ): 

(JI" + !IJ'I• td -tH ~ JU 

IS 

(32a) 

(32b) 



. . . 
where 6T 'is the Thomson cross ·section, tt = L / M C characterizes 

the efficiency of energy release'due to accretion, ni.= Mf Mer 

Mer== 2.gjr~rnpC/f1.6T is the accretion critical rate. The ratio of 

the relaxation 1:ime t: (28) to the plasma fa11in~ time is equal to 

(33) 

~ub~tituting the characteristic values 9r ~ 5· (10 MeV ~ KT ~ 100 MeV), 

" ~-=::: 0.1. in 0 
~ 0.1, we arrive at t~f<< '\:. 0 , and hence, the 

meson production in plasma under spherical accreT~on is strongly suppressed. 

b) Disk Accretion 

Shapiro, Lightman and Eardley [11) have shown that the reqime of disk. 

accretion onto the black hole is possible, where thP rapid cooling of the 

plasma electrons due to unsaturated Comptonization leads to the formation 

of the twO-temperature plasma with T '! ..._ lO~K and T;,. ~ 1011K.·. 

At -the d·isk accretion the plasma radial falling time is about 

t>.t ~ ~"' 2 (..!::.. )
2 r~ "; '1. 

\/R f'J Cm 0 

(34) 

where 't' T = h h 6T is electron scattering optical depth, beinfl of the 

order of unity for the model under discussion, h -:::d 0.1 r is the disk 

half-thickness. Using the characteristic value of 1_-::::: 0.06 in the disk 

inner region r -:E. 10 rca- • where high-temperature ion plasma is formed' 

tie obtain 

\•::·-ere M I M,y- = rr\, as before. To reach the a' -ray luminosity of the 

!-lcix~1ell plasma, the condition (29) should hold, i.e. 

16 



(35) 

Unfortunately, because of still existing great uncertainties in the 
values of parameters describing the disk accretion (see, e.g. [22] ), it 
seems impossible at present to answer unambiguously the question on the 
fulfilment of the condition (35). and consequently on the effective sr -
meson production in accretion disks around Schwarzschild black holes. 

The manuscript was received 21 January 1983 
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Fig. 1. Therrnalization degree '}(~,t-) as a function 
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near the curves. 
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and plasma temperature K T . The values of 
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