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i. Introduction.

The thermal equilibrium establishment times for different comnonents of
plasma is of great importance in the problems related to differenf physical
processes in the nondegenerated hot plasma. The scales of the bulk therma-
Tization times of the electron { to¢ ) and don ( ;5 ) components as well
as the time of energy exchange hetween ﬁhese components { tez ) were stu-
died pretty in detatl {see, e.qg. reviews [1-—3] }. However the mature and
the time of the thermal equilibrium establishment of the higﬁ-energ&y {with
respect to the means) tail of the Maxwell distribution remains so far vague
in many respects, although it is evident that the establishment of such
equilibrium is a process slower'than thermalization in the range of typical
weans [41 . At the same time, in many dynamical problems the evolution of
the very high-energetic tail of the distribution function plays .'the most
inportant role.

This paper deals with the investigation of the problem for nonrelati-

vistic systems.
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2. Kinetfc Equation for Homogeneous Systems in the Weak

Interaction Approximation

Bs is known, a kinetic stage of the evelution in the nondegenerated
entirely ionized hlasma can Be divided into three d1fferentlt1me scales du-
ring which consequently the establishment of the thermal equilibrium of the
electron component, jon component and further on between these two ones
takes place. This circumstance allows one to reduce the investigation of the

‘behaviour of the whole assembly to independent;consideration of the evolu-
tion of each of the components.

Let us consider a nonrelativistic system of N identical particles des-

cribed by the Hamiltonian

A N _Nae N, A o (1)
=5 TP A > = T
gl g IR,

ta

where m is‘hass, ¥ s vector radius, ﬁ is momentum operator, V
is the operatdr of interaction, 0 is external field operator. At the kine-
tic stage of evolution, when the system can be described by one-particle
distribution function % (-F';, Y, ‘t) , a so-called Fokker-Planck integral
equation ho]ds‘(see; e.g. [5] ) ‘

3, B e ey 3% 8l @
3t ™ 3F  2F 9P 3p, |

where j is the functional vectqr.mth the components

- .
3= 3, (7, 7. £)= ¢ {dp, 1P~ [(P-F) bix-
| (3)
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m [ AT (3a)
=é‘J Vg dq | Vq=JV(F)e dF .

ot .

‘In Eqs.(2) and (3_) the summation is implied under repeated Latin in-
dices. Besides, for briefness we introduced the des1gna'tion§ }‘ f 5? t)
and f ={ _':J";, t) .ina Particular case, when mean changes of phy-
sical values in each elementary act are small as compared with their initia]
values, Eq.{2) can be reduced to the Fokker-Planck Tinear differential equa-
tion. Note also that for the collision integral L(, =- _6_% Eq.(3) holds
when; . °®

a) typical inhomogeneity dimensions of the sysfem are considerably
larger than the radius of the interaction;

b) the mean energy of the interaction < V> fs much less than the
mean kinetic energy ~«kT s thus, for the Coulomb interaction this means
that &nPe< kT § . pecs. 107 (kT /me e

Consider now a particular case of a homogeneous and isotromc system,
Then the distribution function depends on the absolute value of momentum

Poand time t : {-{(p, t) . Besides, it is evident that the
vector 3 3 (P, t) should be parallel to the vector _}5 » whose direc-
tmn is the only one d':stingmsbed in space. The latter circuﬁstance nermits
to simplify significantly the collision 1ntegra1 L. —-dnra:i == ‘ap :]PP
shen integrating it over directions P., » yielding

L‘*’ 8%C o ( P2 *]-Pa) IS )

3 3\ P ] 13p 3p, P,

After integrating over P,  E9.(4) comes to the Form

()
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f2)
L‘(P:J() 8J1Cﬂ["n5—(<P) __3_( éi) 5L|£;P ef

3p* eqr Ip P
"3 (3 294 %P $ N
- 4 4 -,
+ n.}'f(-a?PT)é Py .‘?]P;_l )
. N o
whgre o= I"-"J P? J_'d P1 < is particle number densit)lr;
° P . ‘- (6)

W(ep )4 (o f.dp,

- I ) .
_is the probability to find the particles with momentim < P at-an fnstant

of time t 5
P

| rp ‘ (7)
e(<pit) = 4L ]ga&dm |

is the mean energy of particles having momentum < P at an instant of

time t
Thus, for spatiaily isotropic and homogeneous ( Ul = 0} system we ob-

tain the equation for the bne—par'tic'le distribution furction

@
AL fe ),

2 .
where L( ) is defined by relations (3a), (5)-(7].

(8)

. ‘ ()
The mtegra'l operator L ("-|) can be reduced to the linear dif-
ferenha] form for the range of variable P greater‘ than the characte-

t"lSt'lC mean P Heré strictly speak'lng, the fu'lf'i'lment of only the con-

e
dition exp {F=g— L 5T )<<1 is required, which means that the fulfilment
of inequality Pa;:,bp is quite sufficient for the validity of the

equat1 on.given below.

* Indeed , for the va'lues of P >5P the main contribution to the col-



lision integrai f_. ?) {4) is determined by the 1ntegrat1on region

= D since the distribution function :]-' p, t) is rapidly de-
creasing for largg P (in the limit case of t — o= it g evident
that :]: -P/amKT ) Then in the right-hand.side of (4) one can
onit the second integral ( S d P4 ) substituting o= for p

in the integration 1imits. F'inaﬂy we obtain
(9)

(Pf) ag” 2m é"g—-(ﬁ‘?;) 3 af)

where é’ = £ ("< Oo) is mean energy of single partic!e. The condftion

W(< oo +_ 1 is alse used here As far as in the conservative system

the mean energy ’é = qg‘ j fdp 15 constant, one may pass over-to
new independent dimensmnless var\ab]es _ o
T (10
- p* - Ce ot L (10)
where
& .
@ = _g_ 6 . -t (l'l"l )

el Fcn

Thus, Eq.(8) is reduced to the form of

i2
34 8 (35,g) v
3t ¥ 2z \ @z . :
It 1s evident that the Maxwel distribution {=g = satisffes the
stat'ionary equation {12} { 3}/3'(‘; 0. The quantity & enter'ln_q
inexpiicitly Eq.(i2) 7s a temperature. estabhshed in the system at T ~» oo

Just this is implied further on when ta1k1ng of plasma temnerature even in

the case when the plasma {namely .its. h1gh-energet1c taﬂ) is far from the



equilibrium state, )
In order to clarify the tinge evolution of the system energy distribu-
tion, it is convenient to make the substitution k. =_-<ae*2 after which

one comes to the equation

{13}

Py _ 4 [ % eo.,--’)
°c T 7 (aza az /'

Tne function
- (19)
g(z.t)=e*{(z,0)

aetermines the thermalization degree ai the poi'nt Z at an instant T of:
time, and it tends to unity at T —»= o= |

Eq.{12) for the high-energy tail of distribution function _.)C(p, ‘l:) has
been obtained earlier by Gould t3] in the "Fokker-Planck 1imit". However,
Eq.(12) in [3] has been obtained under non-obvious assumption of validity
of expanding the function } in the power series by parameter Ap/p R
whereas in this paper 1t is obtained in a more consistent wa}. Particularly,
we can now define correctly the applicability range of this equation, name-
Iy 23

3. The Solution of Kinetic Equation for the High-Energy Tail of

the bistribution Function

Let at the initial instant of time tbe assembly consists of particles
with the energy & . Define now the character of the time evolution of

nigh-energy tail of the distribution function § = ge” ®

. Then it is
necessary to solve Eq.(13) in the range £,% Z = o< ' with the ini-
tial condition '

%(Z’O) =O | _ (.15a)



and boundary condition

- (185b)
%(20,1:) =p(T).
Turning to the variable U =~"l'§ z S/ we arrive at
' 2 I (16)
a9 - 23 _ b 99 .. .
s y® au

where

Since U = u°=-£-'5- Z,sl"»‘i , and the function U.ﬂs is a slow
one, then, considering the solution of £q.(16) with inftial and boundary
conditions (15) in the range T T YU, , where ¥~ 10, we
can, to the first approximation, take the functfon b constant, replacing
it by some average value in the range under consideration. Then Eq.(16) s
the thermocunduct_ivify equation with constant coefficients, whose solution
(for the semi-infinite straight line) is familiar ‘(.see, e.g. [6] ). Indeed,
substituting the functien 9= (x,t)exp(%7§ , where X = U - U,
Eq.(16) reduces to the form

2 . {17)
Y 8¢9
3 3x?
with initial and boundary conditions ‘
¥(x,0)= 0 . {18)

9(0,t) » pu(x) 74T,

The solution of this equation is written down in the form-



T b . x®
LP(X ’t J(T' )3{a -€ Ju(‘j) Y-

To find out a particular solution ¥ (x, }t') one should know the
boundary functwn (‘C) , which, strictly speak'inq, should be deter:
wined from the solutlon of kinetic equation in the general case of 2~ 1
Lowever, if assuming that the thermalization at. the point Z, takes place
directly at the initial instant of time, that won't lead to a consideraMe
distortion of the distribution function at 2 - 29) (u s> U )
Therefore, taking (’t‘) =1 , after simple transformations in Eq.{19},
one finds for the function %(X ,t-) :

. . o (2m
4 -v? bX v
%(X’t)=ﬁ(je dv + € Je dv) ,
bt eld
2JT edt

where X = & (25/"' s!"‘) . b~<U"'s...Lu"> . Noticing that

at X = 14 the lower 1imit in the second integral in Eq. (20) is qreater
than unity, ana error function cb(s) decreases very rapidly for large 3
one way neglect the second tem in £9.(20) for any T, if compared with
the first one. Substituting for the average in b  the corresponding va-

lue of the main term U~ s at the point Z = 2/3 , we obtain

b — 4'2‘%!: . Noticing al.so_ that ¥ = %(g_s/“- Zfl")z%zsl"
for Z => i;, one finds :

' . - 2 (1)

z,v =-—S eV dv
where al?,t)
e (22)
-2 27" - 155 .
alz,t) = % & L .
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. The only parameter dependent on the Interactmn,prggess'and-eh'te'ri'h'q‘ Srex-

Since at T — o= the quantity Q_(i, ’t') tends to -~ -. | from
{21} we directly obtain that thé function g. responsible for ths ther.
malization degree of the particles 1n the region 2  tends to uni:yh._
which just shoui& be expected. AR ‘ -

A character'istic thermalization time at the given pmnt 2 can be
determ‘ined from the condttion %(2 T)=05 ; as5a result, one arrwes

..

at the conditwn Q(E T)= . f.e.

(23)
Ty = 0. 64 2l

It should be noted that the obtained approxfmate solution of (21), (22)

' "is actually independent of Z, Bes1des the thermalization: time - ‘tz

for the region ~}52 { K ~ 10 turns out much greater than. that

" for Z o(~ 12 f\’- . Therefore, the assumption _above - 9 Z,,’t‘) uﬂ(r) 1

- is Justif‘led for any 2%, used to f1nd out the approximate solution '

(E,»r;) in the range of 2 ~ 10 z° . Then it follows that the above-
implied limitation § ~ 10 turnes out non-crftica_l. e T et
In Fig.1l thermalization deqree (3 z ft-) is présented for several va-

Iues of T . it is seen from the F'rqure that the hiah-energy part - CoF

' (1 >=> 1) of the distribution functwn at v < Tz s substantially

suppressed as compared with the Maxwe'lT d1str1bution It is evident there-

fore that the fulfilment of cond1t1dn At ~ t, . where At s s

' charactemst?c life-time of plasma. is yet insufficfent to use the Maw@ll “

' "d1str1but10n for calculating the ‘rates of physical processes in plasma,

So far we have teen d!scussmg the evolution of the d15tr1butlon func-

 tdon not specifying physical processes leading to plasma thPrmahzatmn

pI1c1t1y into Eq.{12), is a sca]e factor ‘f:o having the bulk-re . <tion ’



time meaming. Its value is defined by Egs.(11) and {3a). In the particular
case of the Coulomb interaction (&Y (r}= gz[r J we obtain the well-known !
resuit for the relaxation time (see.?e.g. (31 '
TR 0
‘ PYES Fe'An
brwhere N is the Couibmb logarithm, and ™ is the mass of colliding
particles.
in proton-proton collisions, besides the' Coulomb “orces, nuclear for-
ces may affect as well. Moreover, they become essential beginning with
Kl = 1 MeV. A total cross section of the inelastic proton-proton scatter-

ing in the energy range of 10-300 Me¥ s well approximated by the formula
(7] .
e = G n [1082 . 29.92 Le.4 | mb (25)
Sher G, = (1063~ 29.98/p + k2. : |

where jb=U'/C ; VU is a relative velocity of colliding particles.
To estimate the re‘laxation time due to muclear forces, one may take
advantage of the relation

26
A (26)

te™ ZE von

where
(27}
g (1-cos 6)de. |
is a so-called transport cross section that detemines the enerqy exchange
between colliding particles.

In the c.m.s.-frame the angular dist.ribution of scattered nucleons is
alwost isotropic {77 . and hence & ~-—-6PP Respectively,

12



(28)
£ alllz-"f—g[o,m(“:;z)kwaq( KT )1—3] ¢

n rpC®

.1t follows from the comparison of Eqs.(28) and (24) that at kT 2 10 Mav
the nuclear relaxation time is about 1.5 order;s as less as that dye to the
Coulomb collisions. When increasing the temperature, the ratig ‘t: H tc,'
becomes even smaller. Thus, contrary to Gould's statements [8 9] , the nu-
clear elastic collisions result in the thermalization of plasma with tempe-
rature KT 1 Me¥ much more efﬁcfently‘ than the Coulomb “Interactions,
despite the long-range nature of the latter. Hence for the high-temperature
ion plasma, nuclear forces are dominating‘. This leads to the closening-'
of the ;elaxation times Tpp ‘and Tee ,while Tpe rematns substan-
tially larger than TPP and Tee . Therefore the independent treatment
of time evolution of distribution functicns of electrons and protons becomes
even more justified,

fhe time deh_y of thermalizatjon of the high-enerqy tail of the distri-
bution.funct.iou affects the formatfon of the plasma radfation spectrum con-
nected both with the electron and fon components. let us consider this
question on the particular example of & -ray 'Iumfnosfty of plasma as a

result of the decay of secondary [ “-mesons.

4. High-Temperature Nucleon Plasma tuminosity Due to Prodrct'lon
and Decay of ¥ -Mesons

Starting with the proton energy = 150 Me¥ in c.m.s.~frame an inelas-
tic channel of 7 -meson production takes place. Since the cross section
of T —meson production up to ~ 500 MeV is noticeably less than that of
the elastic proton-proton scattering, the inelastic collisions will not sub-

i3



stantialily affect the evolution of particie distribution function in plasma
| with KT == 100 MeV. Nevertheless, the process of the production and de-
cay {~ 10'165) of ‘.ﬂ'n-mesons is‘ of certain'interest from the viewpoint
of plasma ¥ -ray luminosity. Thus , for the Maxwell plasma this mechanism
of the radiative cooling of nucleons becomes deminating with the tempera-
wres of xT > 20 wev [10}: P
The rate of ]| °-meson production in p"lasrilawwit.h the Maxwell distri-
pution of particles was calculated by many authors T_ll 14] The radjation
spectrum has a characteristic ‘miastmam at EK ~ 70 Me‘l Its shape. weakly:
depends on the proton distribution functwn bev due ma'in1y to, the kine-.-
natics of 9 —*E_J decay. Hence thé p'lasma 1um‘inos1ty Ld’ s deter--
wined girectly by the 97 °-méson productwn rate whu:h depends essentially
on tne proton distribution funttwn Therefore at the times eyt
(29) -

atqmz(iff‘ )"zt SRR "iSOMeV ,

the luwinosity LJ’ will be suppressed compamnq w1th that of plasma with .. ‘
the Maxwell distribution. This ‘can be seen from F1g 2 where the ra'qq of -

the plasma juminesities

_ReTm) Ly (T 1)
Ry (Tros) - Ly(T=) o
fs snown versus the time T =_"r_[ t, . . The calculations of RSI' (T ’t')
were carried out for the distribution J( %?- - on the basis of ‘the .
f]T° —neseon production cross section coppiled by Stecker [15] The ca]cu'la-
tions of Qﬂ- (T ca) corresponding to the Maxwell distribution co1nc1de ‘
with tue earlier obtained results of wWeaver M13] . P ‘
aigh-tenperature plasma t= 1 K) can be formed near compact relati-
vistic vujects such as neutron stars and black holes [11 a12,16- ?ﬂ]

. vt
L oet
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'To estinﬁxte J -ray 'iuminosityv of the accretion plasna c:ne ﬁsuaﬂy
determnes the mean ;nergy of hot rucleons in the radiation qenerat1on re-
g'lon, aSSum'lng then that the nuc'leons have the estab]ished Maxwell distribw-
tion with KT= "—< E> . one calculates Rm.( ) = (T"O) However
toe obtained in this way results wﬂl be valid only if the condition

At = (20}

nolds where {:s_ is defined from Eq (29), A‘t is. the lifetime of hot nu-
‘cleon plasma. Let us discuss the fulfﬂment of this condition for two models
of the high-temperature accretion plasma around a b]ack tole.

&) Spherically-Symmetric Accretion, ‘

In the standard spher‘icai accretion the fon temperature at a distance

¥ from the gravitational centre is

kT re M2 ' (31)
mca*-01|» (1+5): .

.ehére Y'% =2 6e? o~ 3.10° (M/10Hc.;} cm is the gravitational radius ,
and 4 % 4 1is the Mach number. Tt follows then that at I = 10\’% the
ion temperature TP ( =~ % < & > ) achieves the value = 1N Mey. At
such temperatures,due to nuclear spa‘llation plasma corsists mainly of nro-
tons and neutrons with negligible amount of nuclei [10}‘. Hence 97 -mesons
are produced only as a result of nucleon-nucleon collisions.

Tone plasma falling time AT ~ t;; apd number densityt n_P at a dis.
tance r are (see, e.g. [21] ):

2 3z
NGRS (322)
Mty ig— 2 ‘;‘) ’
A 3 2 -3 '
n,a-8_ M. (_ﬁ_) ll2(1 \ _i“_) ’2, (32b)
3z 61-'1“3 r 3 .



where ©, is the Thomson cross section, r['—' L/ Mc? characterizes

the efficiency of energy release due to accretion, r1"|.= l:"/ Mcr
= aﬁ.ﬁa mpcf"léT is the accretion critical rate. The ratio of

the relaxation fime' t: (28) to the plasma falling time is equal to

{33)
ty ety
bubstttutmg the characteristic values q = 5 (10 Mey = K1 =< 100 Me¥),

A0 L 10%8 (M L q0q/(T)

Q"'Ol mn, o 0.1, we arrive at 't§ << {‘. , and hence, the
meson production in plasma under spherical accretion {s strongly suppressed.
b) Disk Accretion
Shapiro, Lightman and Cardley [17] have shown that the regime of disk
accretion onto the black hole is possible, where the rapid cooling of the
plasma electrons due to unsaturated Comptonization Teads to the formation
of the two-temperature plasma with Te ~ 109K and T = itk

At the disk accretion the plasma radial falling time is about

) (34)
R L S
st~ —— =2 ,
\J'R r% Cmo

where ’t‘T = hhé.‘. is electron scattering optical depth, beina of the
order of unity for the model under discussion, ho~ 0.1r is the disk
half-thickness. Using the characteristic value of \1 ~ 0.06 in the disk

inner region ¥ = 10 Y , where high-temperature jon piasma is formed,
¥

«e obtain

z

t
IS

tig
{
o
3
—
lm
ES
o

wrere M/ Mcr= m_ as before. To reach the ¥ -ray Tuminosity of the

taxweld plasma, the condition (79) should hold , i.e

i6



=32

. .
(1OMQV)f 2 )a ( 10rg ) m, = 1. (35)
«T T r °

T

Unfortunately, because of stil1 existing great uncertaintfes in the
vailues of parameters describing the disk accretion (see, e.qg, [22] }, it
seems impossible at present to answer unambiguously the question on the
fulfiiment of the condition (35), and consequently on the effective I .

mesen production in accretfon disks around Schwarzschild black hotes,

The manuscript was received 21 January 1983
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Fig. 1. Thernmalization degree 5}(3,1$) as a function
of T =‘t/t; and 2 =E/kT . The values of

T and the corresponding Z-axis are indicated

near the curves.
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Fig. 2.  2¢ =
' . and plasma temperature k1 . The values of
temperatures K| (Me¥) are indicated near the

curves.
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