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1. Introduction 

It was.,shown in Ref. [1] that Yang~Mills classical fields contain an 

u~trivial class of space~homogeneous field! with a zero Pointing vector. 

Such homogene.ous models reduce to a study of relevant mechanical systems 

treated in Refs.[z~s) . In Refs.{2~3} , via numerical' ex~riments with a 

computer,.a stochastic nature of homogeneous models was shOwn and mecha­

nism~ of this stochas"(;fcity were analy.zed .[4). 

Hanogeneous models are a rather particular case of Yang~Mills classical 

fields. Notwithstanding their apparent simplicity, such model~ have many 

interesting properties typical of non~abel ian theories. The applicability 

region of homogeneous models is determined by a condition that time varia­

tions occur far more quicker than spatial Ones. 

One can say that this corresponds to long~wave spectrum reqion (infra­

red region) which is not described by a perturbation theory after quantiza­

tion. For the infrared region the following condition holds: 

( !) 
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wnere A is a wavelength. F is fields mi'lo:;nitucte. 

Hence one r11ay think that the study of hornoqenenus models is interest­

ing also in connection with the absence of i'l correct solution of thf> infra­

rE!d catastrophe in non-abelian theories. 

This paper deals with homoo:Jeneous models of Yant;Hiills classic<~l fields 

witn external static sources. 

L. tquations of Motion 

" i:.quations of motion for Yang-Mills fields with exter~"'l current JJ-1 
lluve thE: form: 

( 2) 

a.~ t1.&· Cl.ctc 
wnere DJU (A ) .... 6 8JU+€ A.? is a covariant derivative, 

F ~ ) o.. a. a.ic:. ~ c a.t.c 
J"v (A =d.!" Av- Ov AJ""'"E: P,,p Av !; are oroup struc-

ture constants. 

A Covariant analog of equations of continutty for Yang-Mills current 

.. ( Q 
in the static sources case, J'p =- p · 0). • reads: 

In a namiltonian gauging A.,= 0 external sources are constant. 

·Following Ref. (6] we ca":cel A.~= 0 . This particular case con-

. :a ins all interesting features of homogeneous models "dynamics; being rela­

tively sir.,IJie for a numerical analysis. 

It is shown i~ Ref.[6} that in this_ case system (2) may be reduced to 

a mechanical problem with two degrees of freedom whose Lagrangian 



A=(.J"-p) 
.!"; p 

, where _tJ is moment integral , p is vacuum ch,.roe 

density. 

In Ref. 4 there was studied the system (3} l'llth 7\ G~ 1 
corresponds to the absence of external charges. A mecha~ism of the occu~­
rence of stochast1city in this system was revealed. 

In this work a behaviour of this system for arbitrary values of i\ 2 

is studied. 

• It is shown that for a given energy E ;;. 1 a value A c.z exists. 
beginning with which the system comes close to a regular one. The found 

2 approximate dependence of i\ cz on E is confirmed by a numerical 

computer aria lysis. 

3. Qualitative Analysis 

The equations of motion that are relavant .to a lagran(Ji<~n (3) have the 

form: 

(') 

'?. = 7- '1.(7.'- R') 
The motion integral - the syStem (4) enerqy - reads: 

( 5) 

Foru.ula (5) determines the equipotential lines which can be parametrized in 

the form: 
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~ s' - + 4 

l1·~·)' --+ (4u-s')' 
< 1 - ;. 'Js' 
(~u-s') 

"c l =~• (I•~'). J £. (1•7<')'. (I- ,·Js · '?. 
5 

c (4u-s') ~ (4u-s~)' (4u-s') 

(6) 

W(lere para,ueter 5 varies within - 2 rv ~ s ~ 2:[1; . The region 
ot :notion of ttle particle wlth energy E is lilllite(l D.Y the er,uioo.tential 
line witn V :. E. 

1t is convenient to go to new coordinates: 

X='Z.-R 

Y=?.+R 
for which system (4) and Hamiltonian (5) are: 

" 8 8 ;>. 2 • X=--
(~-><)' 

- xy (~+ x)' 

.. 8 8;>.' • Y= -- + 
. (y-x)' 

- yx (ytx)' 

(8) 

At y >> X the particle motion in the re9ion restrictecl to asymp-
totes .::c ~ ± e.r Expanaing Eqs.(7) in small r?.tio (Xjy)<< 1 
~e arrive at 

•• 2 8 • X=-XY•yo(1-i\) (9a) 



(9b) 

The Hamiltonian of this system reads: 

1 ( '. ' ') 1 •• 2.1:=y x •y • ~xy • (10) 

Quick oscillations over X with a frequency-. y are due to the 
first term of Eq.(9a}. The second term of the equation is responsible for 
the shift of the equilibrium pOsitiol) of the X *COOrdinate relative to 
zero value. Note that the y -coordinate is a slow-varying function as 
compared with the X -coordinate oscillations. This taken into account. 
the solu~ion of Eq.(9a) with an accuracy up to tenns (X/y) 2 

can be 
written in the form: 

(II) 

where d.. and f.l are constant. Substit~tfnq (11} into (9b) and ave­
raging over quick oscillations, we arrive at 

o( (12) - T-

o<Y Eq.(l2) describes the·r>artfcle motion in the potential ""11 U~.ff= a + + 4(1! ?.•) _ 3e(I'·/''J•' (see Fio.!). The po~ntfallfeJJ 9 y 3 .;,•!• • ·t~. '.a*('ll~l)'l> has a local maxi,.,., U<>=. ~ (1•11) ·•Yc,- (I+~')'/' 
When condition 

(13) 
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oolds, t11e particle executes periodical oscillations in the region 

y < y C't . As far as the approximation X<< :J is not violateC 

ir, t11is cose, such oscillations in the mean potentiol U-e.f:f corresnonrl 

.</a nearly rCoju 1 ar motion of tne i nitia 1 sys ter.1 ( 7). ::otP that the rP.qinn 

vt finitE: I1JOtion y < Yc.'t , vthen {13} holds, is physically meaningless 

since the conJition X<< y is here broKen. Tl'!e at·ove-founct stl\bi1ity 

of \.j -oscillations for low energies is determined by quick oscillations 

ui the X --coordinate with Sf'la)l amplitudes by analosy with the Kapitsa 

pendulum effect [7} . 

Consider the motion of particle with en~r')y 2.E > V C't . n'('l n~-

~ion of motion along y is divided into two se~ments: y < y <7. 

\"root" regi~n) and y >> y C>t (asymptotical region, "channel"), 

X~ y in th~ •root" region. 

In this region all the terms of ~q. (7) are of the same order. u·,'?l'~'·Qre. 

,.,utlon 11ere nas a random cnar<3cter. However in the "root" region the part-

icle spenus an insignificant fraction of tin~e. since 1t is affected by the 

force wi'th a positive '::j -co~o,ponent thi'lt oushes it out into the asympto-

tic re9ion. Th~ further motion is described l'li th .a sufficient accuracy by 

tne effective potential U"rt~· , the return point over y beinQ (je­

fined by initia.l conditions·generated in the "root" region. 

where . c{ 

2E' 
Y_mo.x ~ 7 ' 

implies an afl9le of inc·idence into the 11 cha'nnel". 

( 14) 

.Hence the motion in_ the asymptotic region essentially depends on that 

in the "root• region, where a practically random re-definition of parameter 

c( which is responsible for the depth of the particle penetration into 

the Mchanne1• takes place. 
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This reiterated process, i.e. the re-detennination in the .. root" rp-
gion and ~he escape to the asymptotics, can be consi~ered as an orir'in-'11 
11.ecnanis1:1 of occurrence of stochasticity at an energy above d critical onf>. 

!>ince the value of crit1cal energy depends on A2 
( 2 E <::7_ = 

c. •!• (>~'••l''' c • O.Y';cl, -( , 'I ) • tor the g1ven energy of the particle the increase of '-1) ' 
"A.a results in tha.t the system motion becomes close to a remd"tr onP. 

,e TM tnresholti over 1\ , Uividinq energy region int? reqular and sto-
ctdstic sectors, has a small width that decreases with increasinn i\ • . 

I't is E:ssential that the region of regular !l'Otion does not arise for 
syste1•1S ~!itn zero moment in the abs_ence of external sources. It should hP 
noteJ that the suggested in Ref.C8) comparison method which can be usecf to 
deten:•ine a critical value of the stochasticity paral'leter for· homoqenf'ous 
models of Y<HI~HHlls fields with Hioqs vacuum with zero moment [ll] is 
inapplicable here. 

4. i~urnerical Analysis 

The set of eqUations (7) was analyzed numerically on a coomuter. It 
has 1'ou11u out thdt the condition (13) being fulfllled, the system under 
stuuy st~n<Js close to the integrated one - during the experiraent thf' pnrt--
icle F:x.:c.;teu 3 ,..., 10 cycles around one anC, the sar:1e orbit. Thts all(lWS n~-,p 

to suppose th~ existence of a sUfficiently well conserved value for the 
systew (7) if the condition (13) holds. At 2E > Ucz. the particle after 
each· cycle illOVed along a new orbit. the orbits sizes be inn qenerater. in <'! 

random way. Thus the numeric a 1 analysis confirms the ahove-s ta ted ouil 1 ita-
• tive consideration for homogeneous moCels of Yan:;-f·lills fie1rls. 

The numerlcal analysis 11as carried OIJt for fixe'd Vi1lues o~ r::>n'::!r"v 



with variation of parameter A.~ above and below thf' sto-

chasticity level {13) for a few initial values of coordinates and momenta 

of particle. 

The quantities U "" X. ':J "\/ are chosen 

as independent coordinates. The intersections of the particle phase trajec­

tory with the U = 0 plane are shown in the Figures. Fiqs.2 and 3 ct'lr-

respOnd to a value C. = 3; A r 4; 4.5. One can see that in thf' first 

case the motion is stochastic. in the second caSe it is close to a regular 

one. The orbits width is conditioned both by roughness of the comouter 

drawing and by the circumstance that the potential \'/ell lJel~ is preserved 

in the mean only. The value of Ac'l... calculated by formula (13) is equal 

to 4.05. In more details the transition from a regular sector to a stochas-

tic one is presented in Figs.4,5,6, for 0 C. = 10, .A = 10; 12; 15 

Ac't = 9.87). A phase picture of stochastic motion for E.. = 100; 

A "'61.5~ { At.'l.. = 55.49) is shown in Fig,7. It should be noted 

that tile calculated by formula (13} systematical value of i\ C't as com­

pared with the experimental threshold is due to that the quali~at1ve consi­

deratiotts in the basis of fonnula (13} imply the particle motion in the 

depth of the pote.ntial well V 12H .. Nevertheless formula (B) is qui-te 

applicable. for rough estimations of the stochasticity threshold. 

5.· Discussion of th~ Results 

It follows from the qualitative analysi.s and numerical exper1ments that 

the ~to~hasticity occurrence mechanism suggested in Ref. [4} for 7\?. "' 1 

holds for arbitrary A. -a 

l~ote that the division of phase space i~to regular and stochastic sec-
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tors is due to the presence of nonzero MoMent in the system. In ~ particu­
lar case ( JU : 0) [2] the region of regular mOtion rloes not exfst. It 
snouhl be noted that the motion of a charged particle in electrom;,onetic 
fieldS is in some cases an analog of homogeneous Models of Yanq-Mills 
fielas. Tnus. the system of hor,Jogeneous fields ,wfth J-1 = (I is eouivalent 
to the problem on the charged particle motion in r.1aqnetic fields with 
longitudinal component gradient [11] . The existence of stoch.istic cl"'sses 
of soluti.ons in homogeneous models [2-s] allows one to assume that Yang­
Mills classical equations are nonintegrable. A poss1b11ft.v of solvino th€' 
infrared problem by attracting the properties of hOMMeneous morlels will 
be discus.sed elsewhere. 

In conclusion the authors thank S.G.Matinyan for us~ful discussions. 
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