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1. Introduction.

"It was.shown in Ref, [1] that Yang-Mills classical fields contain an
untrivial cléss of space-homogeneous fields with a zero Pointina vector.
Such homogenegus meodels reduce to a study of relevant mechanical systems
treated in Refs.[Z-S] . In Refs'.'[Z,B] , via numerica‘l’ experiments with a
cc_»mputer‘,-a stochastic nature of homogeneous models was. shown and mecha-
nism? of this stochasticity were am]fzed [4] .

Hunogeneou_s models are a rather particular case of Yang-Miﬂs classical
fields. Notwithstandiﬁg their dpparent simplicity, such models have many
interesting properties typical of ﬁon-abelian theories. The applicability
region of homogeneous models is determined by a condition that time varia-
tions occur far more quicker than spatial ones. o ;

One can say that this corresponds to long-wave spectn_:m region (infra-
red region) which 1s not described by a perturbation theory after quantiza- .

tion. For the infrared regfon the following condition holds:

KF o1 | (1)



where A is a wavelength, F s fields maenitude.

Hence one may think that the study of homonenenus models is interest-
ing also in connection with the absence of a correct soclution of the infra-
red catastrophe in non-abelian theories. '

This paper deals with homogeneous models of Yang-Mills classical fields

witn external static sources.
2. tquations of Motion

' a

tguations of motion for Yang-Mills fields with external current J‘ﬂ
nave the form:
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where Dy (A)~6 Bu*€ A s a covariant derivative,

o o a '] a ¢ Q.&L‘_
va(ﬂ)=aﬁﬂv—av HJu-t.ef’L cﬂwﬂv , £ are aroup struc- -
ture constants.

A covariant analog of equations of continuity for Yang-Mills current

a @
in the static sources case, J-Ju = {p- O). , reads:

prrettept pY- 0
In a namiltonian ﬁauging F|°= O external sources are constant.
- Following Ref.[6] we cancel A.a = (O .. This particular case con- '
_tains all interesting features of hémogeneous modeTs dynamics; being rela-
tively éin.pie for a numerical analysis,

it is shown in Ref.[el that in this_case system {2) may be reduced to.

a mechanical problem with two degrees of freed:om whose Légr‘ang1an
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A= ('!-un—:-g-) » Where M s momert integral, p is vacuum charae
density.
In Ref. 4 there was studied the system (3) with 7\2-_-. 1 , which

corresponds to the absence of external charges. A mechanism of the necur-
rence of stochasticity in this system was revealed. -

In this work a behaviour of this system for arbitrary values of )\a
is studied.

It is shown that for a given energy FE = 1  a value hzc_z_ exists,
beginning with which the system comes close to a regular one. The found
approximate dependence of ?\ac-z on E  is confirmed by a .numericai

computer analysis.
3. Qualitative Analysis

The equations of motion that are relavant to a Lagrangian (3} have the

form:
2 z
R==—+RrR (-1
e (I ) (4)
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e

The motien integral - the system (4) energy - reads:

(5)
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Foruula (5} determines the equipotential 1ines which can be parametrized in

the form:
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wiiere paraneter S varies within - 2NV = S 22\v . The region
ot motion of tne particle with ehergy E 1s Tiwited by the equinotential
line with U= g . -

it is convenient to ge to new coordinates:
X=7-R
=T+ R

for which systen (4) and HamiTtonian (5) are:

v - & 8t _ 2
Y= (yex)® (y-x}? *y (7,
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(8}
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At Y>> x the particle metion in fhe region restricted tp asymp~

totes x x 3 CNE Expanding Egs.{7) in small ratfo (x/9)«1

Ve arrive at

w

Kexg®e 55 (127 (0a)



s e BleN®  2hx(4-a o (9b)
e |

The Hamiltonfan of this system reads:

. e
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aE=E(X+g )+-Exg 4.--—5? .+T

Quick oscillations over: X with a frequency ~ g are due to the
first term of £q.(9a). The second term of the equation is responsible for
the shift of the equilibrium position of the X ~coordinate relative to
zero value. Note that the g -coordinate is a slow-varying function as
compared with the X ~coordinate oscillations. This taken into account ,
the so]ution of Eq.(9a) with an accuracy up to terms (K/q) can be

written tn the form: : .

x(+)=% JUNS dt+p) 8(7‘ v ()

where o and P are constent. Substituting {11) into {9h) and ave-

raging over quick oscillations, we arrive at

co8( 1)« 256( A%-1)° . 12)
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EG.{12) describes the- ‘particle motion in the potential well U T

X 2
- 2
ML iau t(see Fig.1). The potentfa'fU'H

/3
has 2 Yocal maximm Uu_ -—-7—— (1 7\)113 iﬁ*&%
Hh;zn condition l )
2E < Uc'z ) BN



uolds, tne particle executes periodical oscillations in the region

y < gcq_ . As far as the gppfoximation X =< l_.j .Iis not vioiated
in tnis case, such osci]]atio.ns in the mean potential Ue;f corresnond '
~u'a nearly regular motion of the initial system (7). Mote that the reaion
uf Tinite woticn g < ij_ , when, (13), ho'Iqs, is mhysically meaningless
since the comdition X << { s here broken. The above-found stability
of Y _oscillations for low energies is determined by quick oscillations
of the X -coordinate with small amplitudes bv ana]nny with the Yanitsa
pendulum effect [_?] . . .

Consider the motion of particle with eneray 2E > Ueq . Tha re-
gion of motion along Y is divided into two seoments: Y < Yeoe
{"root® region) .and y > Yen (asymptotical region, “"charnel"),
X~y in the "root" region. .

In this region all the terms‘of Eq.(7) are of the same order . thera‘ore
wotion sere nas a random cnaracter. However in the "root" region the part-
icle spends an instgnificant fraction of time. since it is affected by the
torce with a pos‘i:tive y -component that pushes it out into the asympto-
tic region. The further motion is described with a sufficient accuracy by
tne effective potential U}H., ., the refurn point over u being de-
fined by initial cond1t1ans‘generated in the "root" region.

(14)
E

A ——

Yomax ~ T
wiere of  implies an angle of incidence into the ‘“channel”,

Hence the motion in the asymptotic regiom essentiaﬂy denends on that
in the "root™ region, where a practically random re-definition of parameter
ol . which is responsibie for the depth of the particle peretration “into

the "channel® takes place.



This reiterated process, i.e. the re-determination fn the "root* ra-
gion and the escape to the asyﬁptotics, can be considered as an nrioinal
tiecnanisn of occurrencé of stnchasticity at an energy above a critical one,

Since the value of critical energy depends on ?(a { aEc.?_ =
= 0,91 .q3%§:¥%5§), for the given energy of the particle the increase of

A resuits in that the system motion becomes close to a renu]ar one,
Tne tnresnolu over Ka' : dividing energy region intg requ]ar and sto-
cha;tic sectors, has a smail width that decreases with increasine 7\a

I't is essential that the region of regular motion does not arise for
systews witn zero moment in the absence of exterral sources. Tt should be
noted that the suggested in Ref.{ﬂ] comparison method which can he u;e# to
deternine a critical value of the Stechasticity parameter for- homoueneous

models of Yany-Mills fields with Hiogs vacuum with zero moment [0]

inapplicable here.
4. lumerical Analysis

The set of eqdations (7) was ana1yze¢ numeriéa1ly on a computer, It
was founu out that the cordition (13) being fuifilled, the systém under
stugy stands close to the integrated one - during the experiment the parte
icle executed o~ 103 cycles around one and the same orbit. This aliows one |
te suppose the existence of a sdfficient1y well conserved vaiue for the
system {7) if the condition (13j holds. At 2F >Ucz the particle after
each cycle moved aTong a new orbit, the orbits sizes being aenerated in a
raﬁdom way. Thus the numerical analysis confirms the abnve-stated oualifa-
tive consideration for homogeneous models of Yano- Mills fields,

Tne numerical analysis was carried out for fwxed values nf enarny



&= 2FE " with variation of paraweter ?\a above and below the sto-
chasticity level {13) for & few jnitial values of coordinates and momenta
pf particle.

- The quantities U=X9-, V=%Uaf) s v'agdmm
as independent coordinates. The intersections of the particle phase trajec-
tory with the U=20 piane are shown in the Figures. Figs.2 and 3 cor-
respond to a valug & =3 A = 4; 4.5, One can see that in the first
case the motion is stochastic, in the second case it is close to a reqular
one. The orbits width is conditioned both by roughness of the comnuter
drawing and by the circumstance that the potential well lfe{; is preserved
in the mean cniy. The value of 7\<;1 calculated by formula {13} is equal
to 4.05. In more details the transition from a regular sector to a stochas-
tic one is'presented_in_F1g5.4,5,6, for , & =10, A =1 12315
{ 7\ct = 9.87). A phase picture of stochastic motion for & = 100;

N = 6185 ( Ay = 55.49) is shown in Fig.7. It should be noted
that the calculated by formula (13} systematical value.of A - as com-
pared with the experimental threshold is due to that the qualitative consi-
deratioms in the basis of formula {13} imply the particle motion in the
depth of the potential well lfgggl . Nevertheless formula {13} is ouite

applicable for rﬁugh estimations of the stochasticity threshold.

5. Discussion of the Results
. It follows from the qualitative analysis and numerical experiments that
the stochasticity occurrence mechanism suggested in Ref.[ﬁ] for h? =1
holds for arbitrary AE

Note that the division of phase space into regular and stochastic sec-

10



tors is due to the presence of nonzero mement in thé system. in a particu-
lar case ( M =0} [2] the region of regular motion does not exist, It
sioulu be noted that the motion of a charged particle in etectromaanetic
fields is in same cases an analog of.homogeneous models of Yang-Miils
fielas. Tnus, the system of honiogeneous fieldSzwfth M =0 1s equivalent
to the problew on the charged particie motion in magnetic fields with
longitudinal component gradient [}1] . The existence of stochastic classes
of solutions in homogeneous models {2-f] allows one to assume that Yang-
Mills classical equations are nonintggrable. A possibility of snivinn the
infrared problem by attracting the properties of homonieneons morels will

be discussed elsewhere,

In conclusion the authors thank S.G.Matinyan for'usgful discussions,
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