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1. Introduction

Spin and gauge Potts models are t_he natural generalization of the
{Izing) spin and 'gauje models to more-than-t&o components. Xogut proposed
a lattice gauge theory with matter field, which had Z{Q) Tocal sym-
metry [1] He introduced two temperature-like variables, K and f) ,
contrelling respectively the fluctuations of the cauge and matter fields.

The phase diagram fa ( ﬁ) K ) plane is known to have the followina
properties: _

. i) the S:) = 0 boundary corresponds to the pure sauge theory which
undergoes a confining-nen-confining transition at some K= Kc_:

ii) on the K = oo boundary the theory reduces te a nure snin syster
which undergoes an order-disorder tramsition at some pc

In this paper we consider only 1) and 11) Timiting cases,

The quantum Hamiltonian versions of the N-state Potts rmodels were snlv-
ed in the 17Q expansion for an artitrary dimension d [7] . e have re-
ceived the 1/0 expansion for the free enerqgy per site of the Potts models in
the Lagrangian formulation, and ;he expansion parameter 1/0 : is indenemdrnt

of the dimensions, too.



The analogous problem was solved by P.Ginsparq et al. [_‘%1 , but they
found that the expansion parameter was 1/Q1H which depends on dimenston d.
. E ( Q) -group is the center of the appropriate SU group, and the mo-
dels with E(Q) symnetry possess some fmportant features in common with
lattice quantum chromodynamics [4] Moreover, the presence of ?_(Q) mono-
poles plausibly '!eads to a phase transition [_51

S0, & more detailed jnvestigation of the Potts models is of certain
interest. In $ec.2 we define the medels and make 1/Q expansion for the
free energy per site in two d'lmens‘lonls {d=2). Calculating the latent heat
we find that it is in good agreement with Baxter's exact result [6] .. Parti-
“tion functions for the gauge Potts models are rewritten in the lanouacge of
graph theor;y in Sec.3, Jjust as was doge by Baxter for spin models. These
representations :Jf the partition functions are useful for 1/0 expansion
and closely connected with topological invariants {Betti rumbers). In Sec.4

we treat Potts models on a d=3 dimensional lattice.
2. The Two-Dimensional Potts Model.

Potts spin systems [7'1 are interesting theoretical models of first-
and second-order phase transitions. It was shown that two-dimensional -
component Potts model has a first-order phase transition for Q > 4, and
a higher-order transition for @ £ 4 [6] .

The Q-state Potts model [7] js described by the action

S=-PT Fee
where the site variables 6i. range over the discrete vatues 0, 1,2,..., ‘

(2.1}

9-1 and the sum in Eq.(1) extends over all nearest neighbours on a d-dimen-



sional lattice.

Write the partition function of the model in the form of

(2.2
Z6(Q; ) = Z ﬂ(1*U56163)
<\__I)
where
(2.3)
v=ef.

The partition function {2,2) takes the following 91n1pTe form after carryina
out the spin sumnations [6] :
' ' (2.4)
Dy §c) n(Q)

2e(Q; p) ‘st GU Q
where the summation is over all subgraphs Grr (i.e. ways of drawinn lines
on the edges of the lattice, G HR &(G)- is the number of Tines #n G*' ,
and I’L(G ) s the number of connected pieces. The partition function,
written in the form (2.4}, will be useful for 1/M-expinsion independently of
dimension,

For a Tattice G of N sites, the free energy ner site is niven by

pie Eun —EnZG(Q J (2.5)

< Qo lim 1 En( &{G’) Qn(G')- N) (2.6)
c ‘

--mN

The sum under f,rL ca.n be written as a serfes of 1/N-expansion
(rL(G') < N ) - The Teading terms'in such expznsion are aiven by suh-
graps G with n(G')=N | R(G)sN-1 | n(G')=N:-2

etc. One can easily see that expansion parameter (1/0) {s independent nf the



dinension kl , as it was in the Hamiltonian formulation case. We suppese
that only terms propertional to N survive in this 1/Q exransion
for the free energy. This fact in tﬁe cases d=2 and d=3 will be proved by
direct caICuiations‘be1ow. ‘

First of all, let us make 1/Q-expansion for the Potts spin model ., &e—
fined on the two-dimensional square lattice. For this purpose write out the

partition function's few terms in 1/0-expansion

’ 2
'-Z=O”{1+2W , NEN-DOV .

T Qe ' (2.6)
N-9ena v vl 4 4 ¥
+ -EL&EE——Efli—-———— @ + N -6?5 A ((:au - PQ) ?5;' *

5 5
n(enn) L (G onts i) e

1}_?

[
2
R (aumcm‘h)_%s P RN st

It follows from (2.6) that only terms proportional to N survive in

free energy. 1/(; expansion (all terms of hfgher in N~ orders can-

S cel )
- 3 ia , .
~phas Qo ng' %a * %3 (5+v)- (2.7)
AR v® 22 2
-5 ("a""l'v)*."c}%(“s_ vfevrav’)



In this form the free enerqy is rather efficifant in hiah-temnerature
region { V<< 4 ), tor Tow-tewperature reaion expansion, rawrite the

partition function (2.4} in terms of the dual lattice L‘%]:

4 - B(D' : |
Zo(Qv) = UtQT"E (27 grP)s 2o
MDD
=vfR™ 2, (Qv™)
where .
VEU=Q ' (2.0)

' L)
and E = %( G ) + %(D) = 2N » Is tull mu bar of wloes of craph £
This model is self-dual and its transition, if unique, is Tocated at

- -1
VesvVQ =2
The free energy for the low-temperature reqion can he calculated in

the same way as (2.7) using {2.8)

‘P¥z.t.(v)=-2nQ+8€nV-ﬁaih.t(v"; %) (2.10)

To calculate the latent heat of the model , ore should subtract temoers—

ture derivatives of .the free energies (2.7) and (2.19) from each other in

V= VQ =2



L=q-2z2~-22% 42’z +122%+ ... (2.1,

Formula (2.11) repreoduces Baxter's exact result [6] expanded in & = %
serfes. '
We hope that 1/Q-expansion developed in the ianguage of graph theory

works in higher dimensions.
3. Graph Theory Language

To develop 1/Q-expansion for Potts spin models we have u.sed qraph
theory language (2.4). Is it possible té treat gauge Fotts models in the
same way? ‘We shall show in this section that the answer is "yes™.

Cd(asider the Q-state Potts lattice gauge theor_y

(3.1)

S=——ZX(RR Ry R,)"

0'1 i

where "plag." is a primitive two-dimensional square (plaquette} on the d-
dimensional hyper-cubic lattice, R,‘ Re_ R3 R" is the product of
link variables R around the plaguette and the range of each 1ink va-
riable R is the Q roots of unity. The partition function for this mo-
ael is written as

| : (3.2)

zgquge Z E-

Spin

Since —Z (R, Ry R, R,,) = S%,Re sk, T Eo
(3.2} we have
gu.u.%e.
z 2 ﬂ (1+U5nRg 4 ) _ (3.3}

G S.pm plag.



where '\7- = ek, 1.

Next aultiply out the product and represent the terms in the product
by the sﬁbgraphs G:{ C G whose face sets correspond to the 'U: factors
in the terms. Let ;(G;) be the number of faces {olaquetts) in G,? >

F - the number of faces in G . and Qa(G-f) - the second Rett] mum-
ber {103 of the 2-dimensional manifold consisting of the G'.{ faces.
The partition function then takes the following simple form after carryinm
out the spin summations '

(3.4)

Z:uq,: 5 'U'“G‘F) QF--F(G';)+ Ra (Gy)
Gges )
T The expression (3..4) will be the starting point of the 1/0-expansion
for the Jauge lattice model; it alsc shows explicitly how the topelonical
invariants (i.e. Betti numbers) are connected w:ith 1/Q-exnansion. Moreover ,
this representation (3.4) for the partition function is useful for meking
different duail transformations.

It is knwn that three-dimensional nauge lattice model is dya) to the
spin one [12:[. This fact can be easily proved uting araph theory lanauaae
for partition functions (2.4} and (3.4},

The theory of homologies states that ff we have d-1-dfmensional closed
manifold Py_4  #n d-dimensional space, then the space s divided fnto
Rd_(fp)ﬂ ~connected pieces, where R (_P) is (d-1)th Getti number of
the manifold P [9] Hence (G')zRa (G-;) + where-subqrash G
is dual to G¥ - How the duality transformation can be dane in the same
Way as for the two-dimensional spin model (2.8)

Apin

) A&’ F- R. (G (3.5)
T wa) = UMl T G g R (o)

Gy



_@_)““*0 Re(Gg) - F(Gg)+F =
v

F o §299° ~
3) L (& ¥)

% , and the fact that F=E=¥(G¥)+£(G).

=

wiere

is used.
The analogous duality relations can be derived in any dimension d. The

details will be published elsewhere.

4, Three-Dimensional Potts Models

Three-dimensional Potts models were investigated in Hamiltonian [11]

and Lagrangian [3 12] formulation. According to [3] the expansion parameter

depends on dimension, being in this case 1/(}1I5 for the Lagrangian formu-

lation. But using (2.4) and (3.4) we can make 1/G- expansion independently

of dimension with the same parameter as it was in the llamiltonian approach
1/Q-expansion for spin and gauge models is efficfent in the high-tem-

perature phase. According to (3,4) we have the following 1/Q-expansion for

the free energy per Tlink

gouge R L
SIMECEUTE A8 A S
L2 5)- 2 .1
@ (—5—+U) Q° 6”) Q"( +2fV) -
U~y U0 189 2

Q¢ (—8—+5_6v)+Q,,( =+ 29T + 3T %)+

n



In Fig.1 we've given an example of subqraoh contributing to the

15 th order term in the 1/G- expansion

For the spin model from (2.4) we have

k]
~£>¥5Pm thQs 2.2 U5 v (1+3v) -
: {a.2)
Vs
"a';‘ (—— +12‘U‘)+ Q5(18’U’ *S2u )+
As in twe dirﬁension, we could calculate the free energy pér site {T1ink)
due to the fact that only terms propertional to N (npumber 1inks.or sites)
survive in the free energy 1/G-ezpansion.
Since the three-d'lmgnsiona‘i spin model 1s dual to the géuge one {3,5),
its low-temperature phase is the same as high-temperature one of the nauge

model. Then for the low _temperature phase of the spin model we can write

Apin %"-“2?- ~

Q
J”zt 5[n-—--K¥ 'u-=~17) (2.3)

where U™ = EK‘ 1.
Shifting (4.2) and (4.3) we can receive & critical point
~ 345206&? 8 . {2.4)
‘UE:Q('Hz\u%Ebtj'Z-Z o5 2 -gE-8z° +

. 1935

=2 2% )

This result coincides with that of Xogut [12] though the expansion pa.
rameter for the free energy was chosen in a different way.

Now the latent heat can be calculated by subtracting from each other

11



_tne temperature derivatives of the free energy in the critical point.
Thus, using the graph theory language for partition functicns of the
Potts models , it is possible to make 1/Q-expansions' for the models in any

dimension d with the same expansion parameter.

The authors are grateful to S.G.Matinyarn, A.Kocharyan, N.Saakyan,

G.Savvidy, A.Sedrakyan and V.Fateev for useful and stimulating discussions.
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Fig.1, Subgraph contrituting to the 15-th erder §
1/Q-expansion with R2=2, f=17
(R

znf = -15).
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