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1. Introduction 

Spin and gauge Potts models are the natural qeneralization of the 
{Izing) spin and ·gaug~ models to more-than-two components. Koqut oroposed 
a lattice gauge theory with matter field, which had :t( Q) local sym­
metry [1].. He introduced two temperature-like variables. k. and j) 
controlling respectively the fluctuations of the oauge and matter fields. 

The phase diagram in ( p. K } plane is known to have the followin!") 
properties: 

i) the" ~ = 0 boundary corresponds to the pure Qauge theor,v which 
undergoes a cOnfi.ning-non-confininiJ transition at SO!'le K""' Kc.: 

ii) on the K '::. eo boundary the theory reduces tc a nure sni n sys ter 
which undergoes an order-disorder transition at some j3c 

In this paper we consider only i) and ii) limitino c~ses. 
The quantum Hamilton.ian versions of the 0-Hate Potts r"odels were S<"'lv­

ed in the 1/Q expansion for an arbitrary dimension d [?.] . ':!e ~rtv~> rf>­
ceived the 1/Q expansion for the free encrqy per site of the Potts ~o~els in 
the Lagrangian formulation. and the expansion rara~·eter 1/0 'is inc!enemcl,..nt 
of the dimensions, too. 

3 



The analogous problem was solved by P.Ginsparq et al. (:~1 . but they 

found that the expansion parameter was 1(Q
1
1d which depends on dimension d. 

l ( Q) -group is the Center of the appropriate SU qroup. and the mo­

dels with ~( Q) symmetry p_ossess some important features in common with 

lattice quantum c~rornodynamics [4). Moreover, the presence of l(Q) mono­

poles plausibly leads to a phase transition (s}. 

So, a more. detailed investigation of the Potts models 1s of certain 

interest. In Sec.2 we define the models and make 1/Q expansion for the 

free energy per site in two dimensions (d=2). Calculating the latent heat 

we find that it is in good agreement with Baxter's exact result [6].. Parti­

tion functions for the gauge ~otts models are rewritten in the lanouaqe of 

graph theory in Sec.3, just as was done by Baxter for spin models. These 

' 
representations of the partition functions are useful for 1/0 expansion 

and closely connected with topological invariants (Betti numbers). In Sec.4 

we treat Potts models on a d•3 dimensional lattice. 

2. The Two-Dimensional Potts Model. 

Potts spin systems[71are interesting theoretical models of first­

and second-order phase transitions. It was shown that two-dimensional Q­

component Potts model has a first-order phase transition for Q >: 4, and 

a higher-order transitiOn for Q :!it: 4 [6] . 

The Q-state Potts model (7] is described by the action 

s = - j'l L. &6. 6. 
<i.j> ~· J 

(2 .1) 

where the site variables ~L range over the discrete values 0, 1,2, ••• , 

Q-1 and the sum in Eq.(l) extends over all nearest neighbours on a d-d1men-
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sional lattice. 

t~rlte the partition function of the model in the form of 

(2.?) 

where 

( 2. 3' 

The partition function (2.2) takes the followin(! simple form aftf'r carryinn 
out the spin summations [6] : 

z (Q; "') ~ L: v t(~'! Q~(o'J 
G y G'.;~ 

(2. 4) 

where the sumatfon is over all subgraphs G-' (f .e. ways if. drawinn lines 
on the ed!]es of the lattice. G } , Q,(G'}- is the number of lines in G' 
and t\(, G 

1

) is the number of connected pieces. The partition function. 
written in the form (2.4}, will be useful for 1/Q-exr~nsion independently of 
dimension. 

For a lattice G of N sites, the free enerqy ner site is niven 1->y 

(2. 5\ 

(2. 5C! l 

The sum under f,_ can be written as a series of 1/i'J-exoansion 
(h.(G') ~ N ) The leading terms'in such expansion are 'liven by suh-
graphs G' with n.( c;. ') ~ N n.(G')=N-1 
etc. One can easily see that expans.ion parameter (1/0) fs "indenender.t nf thr> 
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oimensio~ d. , as it ~as ;n the Hur.dltonian formulation case. \4e suppt)se 

that only terms proportional to N survive in: this 1/Q ext'lansion 

for the free energy. This fact in the cases d=2 and d=3 will be provrd by 

Jirect calculations· below. 

First of all. let us make 1/Q-expansion for the Potts "Spin model. de-

fir1eJ on the two-dimensional square lattice. For this ourpose wri.te out the 

partition function's few terms in 1/Q-exransion 

N(2.1'1-1)V._ 
Q .. 

s • . vs 
+N(2.tl-i,) ~· + lCa0 -cl'la+41'1) os + 

v" 
eN QS + ••. 

t 

(2.0) 

It follows. from (2.6) that only terms proportional to N survive in 

free energy 1 j Q 

eel ) : 

expansion (all terms of hi.qher in N · orders can-

2v -v .. 
·--- t Q Q .. 

(2.7) 
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In this form the free ener<")y_ is rnther efficient in hiflh-ter"loerature 
region ( 1! << 1 ) . For 1 0\-t-ten:pera turc r('l'li on exrans ion, r"!wri t:p ti-t!> 

partition function (2.4) in terms cf the dual lattice [~]: 

Z<;.(Q,v)cVEQ1-Nt: (_g_)W)'J Q"-(D'J= 
%>LI> v 

: VE Q 1-N l_ .0 ( Q, V .. ) 

where 

anu E = ~(G'J• ~(ll') = 2. N 1 

This model is self~dual and its transition, if unirrue, is locilted ~t 

V"-:{Q;: ~-' 

(2.8) 

The free energy for the low-tcmpcrilture r~r,ion can hP C-'llculatP.d in 
the same vtay as (2.7) using (2.8) 

( 1.1 0) 

To calculate the latent heat of tre model, one should subtrilct ter'1oer?-
ture d~rivatives of .the free energies (2.7) and (2.10) from each other in 

Ve={Q'=~-< 



". (2.11. 

Formula (2.11) reproduces Baxter1 s exact result [6] expanded in 
1 

l=-
..JQ' 

ser1es. 

We hope that 1/Q-expansion developed in the lanquage of graoh theory 

wor~s in higher dimensions. 

3. Graph Theory Language 

To develop 1/Q-ex~ansio~ for Potts spin models we have used graph 

theorr language (2.4). Is it possible t~ treat gauge Potts models in the 

same ~y? ~~e shall show in this section that the answer is "yes". 

C~sider the Q-state Potts lattice gauge theory 

(3 .I) 

where "plaq." is a primitive two-dimensional square (plaquette) on the d­

dimensional hyp.er-cubic lattice, R.; Re. R~ R
4 

is the product of 

link variables R around the plaquette and the range of each link: va­

ria~le R is the Q roots of unity. The partition function for this mo~ 

del is wr.itten as 
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(3.2) 

'¥'"-~· 
, for Z~;o 

(3.3) 



~ K 
where 11= e -L 

Next, multiply out the product and represent the terms in the product 
by th~ subgraphs q..f C G whose face sets correspond to the -tf ""'ctors 
in the terins. let t(GJ) be the number of faces (olaouetts) in Gf F - the number of faces in G • and R a ( Gf) - the seconrl Betti nu!"'-ber [16J of the 2-dimensional manifold consistinq of the Gt faces. 

The partition function then takes the followin~ simple form after c~rryfn~ 
out the spin summations 

T ., The expression (3.4) will be the starting point of the 1/Q-expansfon 
for the gauge lattice model; it also shows explicitly how the tornlo~ical 
invariants (f.e. Betti numbers) are connected with 1/Q-exnansion. Moreover. this representation (3.4) for the partition function is useful for makin~ 
different dual transformations. 

It is known that three-dimensional ~au~e lattice model is ~ual to t~e 
spin one [12]. This fact can be easily proved utinc; oraph theory laMuMe 
for partition functions (2.4) and (3.4}. 

The theory of homologies states that if we h~ve d-1-dfmensicnal closed 
manifold Pd-1 in d-dimensional space. then the space is divided into R {P)+j -connected pieces, where R (P) d·i . d·1 

is (d-l)th Uetti number of 
the manifold P (9]. Hence n.(G')oR2 (G-l) + 1 I where'"'subqraoh G 
is dual to Gf . Now the duality transformation can be done in the same 
way as for the two-dimensional spin model (2.8) 

(3. 5) 
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= ( '\) )F L ( .3.. )~ (Gf) Q R, ( G~) - f ( Gf) + r: ~ 
Q Gt V 

= ( ~ ) F zt<L~e ( Q i V) 

- Q 
where tJ :;; -

v 
, anct the fact that F = E = f ( Gf) + e( G) 

is used. 

The analogous duality relations can be derive~ in any di~ension d. T~e 

Jetails will be published elsewhere. 

4. Three-Dimensional Potts Models 

Three-dimensional Potts models were investiqated in Hamiltonian [11] 

anU lagran~ian (3,12] formulation. According to [3] the expansion oarameter 

Gepen<..ls on Jimension, being in thi~ case 1jQ113 for the lagranqian fornu­

lation. But using (2.4) and (3.4) we can make 1/Q- expansion independently 

of dimension with the same parameter as it was in the llatl'iltonian approach. 

1/Q-expansion for spin and gauge models is efficient in the hiqh-tem­

perature phase. According to (3.4) 'f'e have the fo11owinq 1/0-expansion for 

the free energy per link 

3 

" 
v• 3 ~) :v•(3 ~) v'(Lts ~) 

•-l-+1f -- -+6lJ +- .-•21V 
q• ' s o• ~ Q' " 

1" 

( 4. I) 



In Fig.l we've given an example of subqraoh contributino to the 
15-th order term in the 1/Q-expansion. 

For the spin model from (2.4} we have 

p~~ 3v a v' v 5 
-f>r : ehQ+---- +- (1•3v) h.t Q 2. oa Q' 

v" 15 . -v5 a - Q" (lj + 12.v)+ qs (18v +52v+ ... ) + ·•• 

(4. 2) 

As in two dimension, we could calculate the free energy per site {link) 
due to the fact that only terms proportional to N (number links or sites) 
s~rvive in the free energy 1/Q-ezpansion. 

Since the three-dimensional spin model is dual to the gau~e one (':t.S). 
its low-temperature phase is the same as high-temperature one of the nau?e 
model. Then for the low_temperature phase of the· spin model we can writP. 

~pi. to~ 

-.J'l t = <.t. (U) 

~ " where lJ' = e - i. 
Shifting (4.2) and (4.3) we can receive a critical point 
~ 1 3 2 " 5 20 • 4 ~ 8 8 . ~·Q(1+l+3l +.3<. -i'. +9i! -9·- z ... 

(4.4) 

+ 1985 igi ... ) 
81 

This result coim:iQes with that of Kogut [12] though the expansion ra­
ran~eter for the free energy was chosen f n a different way. 

Now the latent heat can be calculated by subtracting from each other 
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the temperature derivatives of the free energy in the critical point. 

Thus. using the graph theory language for partition f,mctions of tht>­

Potts models. it is possible to make 1/Q-expansions for the models in any 

dimension d with the same expansion par-'!111eter. 

The authors are grateful to S.G.~latinyan, A.Kocharyan, iJ.Sai'!kY?Jn, 

G.Savvidy, A.Sedrakyan and V.Fateev for useful and stimulating discussions. 
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Fig.l. 

/' 
I 

).. , 

Sub9ra:ph contrit:utinq to the 1~-th crd~r in 

1/Q-expansion with R2E2, f=17 

(R
2
-f'" -15). 

/ 

• 
• • 
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