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Introduction 

A number of properties of the three.:..dimensional Ising IpO­

del ·(which is dual to three-dimensional gauge model) indicates 

that near the critical point this system may be reduced to the 

fermionic string [2] by an analogy with the case of the two­

dimensional Ising model, which, as is well known,' is described 

near the critical point by free' two-dimensional ferffiions. HoW-

ever, up to now the explicit method of the transition to the 

continuum limit of the three-dimensional Isirig model is un-
, 

known, though a substantial progress is made in ~his direc­

tion [3]. Therefore, the search for such a variant o:f fermio­

nic reco~ding of the two-dimensional Isi~g model, whose i~e­

diate ,generB.liza"tion for the string case could have described 

the near-critical behavior of the three-dimensiotial'Ising mo­

del, becomes important. 

In the present paper is considered the quantum superpar­

ticle with an action, invariant with respect to reparametriza­

tions and transformations of the Poincare supergroup, first 

suggested in [1] (see also [ 4]). This supersymmetric theory is 
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shown to include in the two-dimensional Euclidean space a bosor. 
~Q a fermion; the fermionic component of the continual integ­
r,al over closed trajectories in the superspace coincides with 
the free ener&Y of the two-dimensional Ising model near the 
~ritical point. The generalization of exactly such an approach 
for the string case will help to construct a continuum limit 
for the three-dimensional ISing model. 

1. Supersym.metric Quantum Particle in Two-Dimensional 
Space 

Consider the superspace With the coordinates ;}i=(A_f, B). 
Here X.f (jt. = 1 ,2) are the coordinates of the two-dimensional 
Euclidean space, and B are Grassmann variables r~alizing the 
bispinor representation of S0(2) group. An analogue to .the Pain 
care group in this space is itS minimum spinor expansion in-

• eluding, besides ordinary rotations and translations, also the 
translation along the spinor coordinates 

B=B+~ 

x)< = XJ" + i §J'J<'t; 1 

( 1 ) 

where l:: is thE~ anticommuting spinor par'9Jlleter, and OJL are 
the Dirac matrices. 

The form 

(2) 

invar).ant with respect to the Poincare s~pergroup,, is the gene­
ralized concept. of the interval between the two points. 

Corisider the motion in the superspace of the relativistic 
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free particle. Let zM(t) = ·ex (t'), 8 ('t') j be the correspond-

ing world line. By analogy with the ordinary exrression for 

the action Or particle as an integral of the leng-~h element, 

let's write down the action for the superparti.;;le 

5 =- mo Jds =- mofc!.r {( xJ'- + L 8 {J-L e)' (}) 

0 

where . -~ 
XJA. -do 

de e = """Cl"'f: , 

m
0 

is the bare mass. The action (3) is invariant with respect 

to the Poincare group and group of reparametriza.tions r-L 1(r:). 

Let's now turn to the corresponding quantwn theory. :1-'ol­

lowing the Feyrune.n procedure of ;quantization, the particle 

propagator is written in the form of a path integral 

In (4) v1e pass on to dimensionless 8 
1 e - -- B 

by the fomula - fmc . 

Such a quar.tu.>n superparticle contains One :o-::ulEl' part c ~~ ,.a:J'. 

one Liajorana fermion. In order to see this, cons.icler t!c.~ .f'ree 

scalar superfield 

cp (x,e) =A(x) + Gfex) 

with the action 

'i 



where 

(6) 

are the covariant derivatives. The generating functional of 
this theory is 

-:z J -s, [ - 2 }!12 -F z:_ = //J¢;e = det (D D-mo) ~ e (7) 

I -
F=yT-dn(DD-m~). (8) 

U.eing the Schwinger proper time formalisin, it i.s easy to show 
that 

(9) 

where the integration is carried out over all closed trajecto-
ries with a nonfixed initial point, and S is defined by the 
expression (3). Thus the t~eory of quantum superparticle is 
equivalent to that of scalar superfield containing a boson and 
'a fermion. In the next section this fact will be considere·d 
from a different viewp?int. 

2. Two-Dimensional Ising Model Near the Critical Point 

an.d Quantum Superpartio-le 

It is known [6], that the statistical sum of the two-di­
mension~ Ising. model may be presented as a sum over noL elf­
intersecting trajectories on a regular lattice. The elimina­
tion of self-intersecting~trajectories is attained by ascrib-

£. 



1ing a sign factor (-1)n to each trajectory, where n is the 
I 
·number of self-int~rsections. Thus the statistical sum reads 

, L n z =L.Jl. (-1) (10) 

Near the critical point there is a total 0(2) symmetry, which 

is. expressed in the fact, that one may sum in (10) not only 

over regular trajectories, but also over arbitrary broken ones. 

This is equivalent to renormalization of the quantity~ • It 

is only necessary that all the trajectories are taken int -. 'O-
n I 

cormt with the factor (-1) .. Then the free energy may be wr: ·:-

ten as [1] 

( 11) 

where c/.~ . is the element of the turn angle of tangential vec­

tor to the loop. Since, on the other hand, the two-dimensional 

Ising model near the ~ritical point is equivalent to the free 

Majorana particle theory, F1 is the free energy of the Majora­

na fermion with a bare mass m~ Finally, since the Majorana 

fermion is one of the components of quantum superparticle, it 

is quite natural to ;expect that F 1 from ( 11) will be included 

in free energy F(9) as a component~ We shall now show that 

this is the very case·: 

( 12) 

~here F is giVen by (9), F1 by,(11), and F
0 

is the free ener­

gy of bosonic particle. 

As a proof we calculate in (9) the integral in fJ ('t'). To 

do this le-t us expand the integrand iii terms of e . 
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-m.J(i<j. +A. e;J'- e/ = -m. J x<+ L er.f'ef' e (13) 

1 - • - • 
.., 2mow ( e J; e) (Brv e) ( SJ'Y- eJ' ev) J 

'where is the unit' tangential to the ve.ctor tra-

jectory. Let's now discretize the space of the parameters 
4
t"€ · [0, T] in such a way, that the quantity ( !::JXJA-) 2 .: 

(xjt,n+~-~1 n) 2 =C.2. is constant along the trajectory. Ne make 

in (13) the following replacements 

~tt~n + ettJnH 
2 

Bn + 8nH 
c. 

8n•1 -en 
& 

( 14) 

Let Is ':lri te the measure of the integration in e ('C) in the 

form of nct 2 Bn, nhere d 2 Bn; -cd&,nd 8>n 
n 

(9) looks like 

A 
where 1 is the lo?p le.ngth, en :::. e.}-t,n rj-t: 

The expression 

Let us expand the exponent in (15) in Taylor series and 
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use the relation 

2 
e<J.n = 0) ( 16) 

i.e. consider only those terms of the expan~iqn that contain a 

pair of Bd..n.- 8j3n. f·or each n. The first component in the ex­

ponent in (15) then gives 
A A 
en+ enH 

2 =-Tz n ( 17) 
n 

The trace of the matrix product has arisen here s~nce we should 

consider the closed loops only. It is easy to see that 

A A 

en en+j =en en+j + L(s I enxeo+j I = 

=co~ LJo/n + L ;(5 sin Ll.1n. 1 

where ~ ¢n is the angle bet1.·1een the VP-C tors en and en+ 1• 

Therefore, the expression (17) is equal to 

A,.~,_ i.rs :£. Ll.-'n n ~-rp 2 n '1' ( ) - cos 2 '"" e 1s n 

The contribution of the fourth order terms in B into the 

exponent expansion in.(15) is apparently 

( 19) 

Joining the expressions (18) enC. (19) ~'.'C obh~iri 
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F=S"' -moL[_£_-(_{ -1)co5eA4:>n]-"-'X,JJe moe m.e '! 2 

= Fa + F, 
(20) 

where 

.i_ < .0. <I> 7 m 1 = mo-e En cos 2 

are the renormalized masses., < .6 cp::> is the particle deviation 
mean angle at random walk. 

Thus, we see that the free energy of superparticle decom­
poses into bosonic (F0) and ferm2onic (F1.) parts, with F1 coin~ 
ciding with the free energy of the two-dimensional Ising model 
near the critical point. 

The authors are indebted to H.M.Asatryan, s.-G.Matinyan, 
A.M.Polyakov, O.M.Khudaverdian for helpful discussions. 
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