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Introduction

4 number of properties of the three-dimensional Ising mo-
del (which ig dual to three-dimensionsl gauge model)} indicates
that near the critical point this system.may be reduced to the
fermionic string [?] by an analogy with the case of the two-
dimensicnal Ising model, which, &g is well known, ‘is described
. near the critical point by free two-dimensional fermions. How-
ever, up to now the explicit metnod ofntﬁe transition to the
continuum limit of the three-dimensiomal Ising model is un-
known, though a substantial proéﬁess is made ih this direc-—
tion [i]. Therefore, the search for such & varient of fermio-
nic recording of the two-dimensional Ising modél, whose {ﬁme—
diate generalizéxion for the string case could have described
the near-critical behavior of the thres-dimensionael Ising mo-
del, becomes important. ~

In the present peper is congidered the quentum superpar-
ticle with aﬁ action, invarient with reapect 1o reparametriza-
tions and transformationé of the Poincare supergroup, first

suggested in [1] (see also [4]). This supersymmetric theory is
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shown to include in the two-dimensional Buclidean space & boser
and é fermion: the fermionicicomponent of the continual infeg—
ral over cloged trajectories in the Superdpace coincides with
the free energy of the two-dimensional Ising model near the
sritical point. The generglization of exactly such an approsch
for the siring case will help to construet = continuum limit

for the three-dimensional Ising model,

1. Supersymmetric Quantum Particle in Two-Dimensional

Space

Consider thg superspace with the coordinates ZM=(K ,8 ).

Here KF gu = 1,2) are the coordinates o? the two-dimensional
Euclidean space, and & are Orassmenn varisbles reallzlng the
bispinor representation of 50(2) group. An analogue to the Poin

care group in this space is its mlnlmum spinor expension in—
'cludzng, besides ordinary rotations and translations, slsgo the

translation along the spinor coordinates [5]
§=6+¢
. e .
Xp = Xt 105 L

where Z is the enticommuting spinor parameter, and aju are

1)

the Dirac mairices.

The form

invariant with respect to the Poincare supergroup, is the gene-
raiized concept of the interval between the two points,

Cezisider the motion in the superspace of the relativiatie
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free particle. Let ZM(C) = (£ (), B (T) )} be the correspond-
ing weorld line. B'y enalogy with the ordinary'expression for
the action of particle as an integral of the lengih element,

let's write down the action for the superparticle

. T r——.—*——.:‘_‘f'—"
Sz_mojds=‘mofdf\/(x‘f;+LGJ’HQ)E B (3)
0
where
. dxu
Xu~de 7
: d6
8 :——‘*dt 2

, is the bare mags. The action (3) is invariant with respect
to the Poincare group snd group of reparametrizations t—*‘i"(t‘)_

Let's now t\urn to the corresgponding quantun theory. rol-
- lowing the Feynmen procedure of ’quantization, the particle

propagator is written in the form of a path integral

T — _ .
K= (D, DBexp {-mofate V(iu ™ haBgB)F |-

In (4) we pass on to dimensionless & by the formula 6“’4“};‘58.
Such a quantum superperticle contains one goalay part.cle &
one lizjorane fermion. In order to see this, consider the.iree

scalar superfield

P (x,8) A+ 8¢ (x)

with the action

.S,:jdaxdeeeﬁ*(x,e)(ﬁiﬂ.;-mi)dp(x,@) . (s



_where
(62

are the covariant derivetives. The generating functional of

this theory is

Z =j=6¢eqs’= [det (ﬁD—mE)] % e’ n

) _ ‘
F=3Tzbn (DD'mf). o &
Using the Schwinger proper time formalism, it is easy to show

that
F={0x06e™, (9

where the integration is carried out over all closed traﬁecto—
ries with a nonfixed initiai point, and S5 is defined by the
expression (3). Thus fhe fpeory of quantum superparticle ia
equivalent to that 6f scalar superfield containing a boson and
'a fermion, In the next 8ection this fact will be considered

from a different viewpoint.

2. de—Dimensional Ising Model Near the Criticel Point
and Quantum Superparticle

It is known [é], that the statistical sum of the two~di-
mensicnal Ising model may be presented as 8 sum over nor elf-
intersecting trajectories on a regnlar lettice. The elimina-

tion of self-intersecting trajectories is attained by ascrib-



,ing a sign factor {(-1)™ to each trajectory, where n is the
i
‘number of self-intersections. Thus the statistical sum reads

232 1" (10)
Near the critical point there is a total 0(2) gymmetry, which
is expressed in the fact, that one may sum in {10) not only
over reguler trajectories, but 2lso over arbitrary broken ones.
Thig is equivalent to rencrmelization of the quantity,{ . It
ig only necessary that all the trajectories are taken in?n.’c—

count with the factor (~1)". Then the free energy may be wr: -

ten as [7] ] .
Fr = 'fo@Xe_mLTz Fsexp {?3’5560195} , (11)

where Ci¢ .is the element of the turn angle of taﬂgential vec-—
tor to the loop. Since, Qn the other hand, the two-dimensionsal
Ising model near the critical point is equivalent to the free
Majorena particle theory, F1 is the free energy of the Msjora-
ﬁa fermion with a bare mass m. Finally, since the Majorana
fermion is onme of the components of quentum superparticle, it
is quite natural to expect that F, from (11) will be included
in free energy ¥(9) as & component. We shall now show that

this is the very casge:

F = Fo + F1 (12}
where F is given by (9), F1 by,(11),'and ¥, is the free ener-
gy of bosonic particle.

. As a proof we calculate m {9) the iptégral in 8 (T). To
do this let us exﬁand the integrand ix terms of & .



‘mo\&’.‘jﬁrﬁéa’yé’)a “mo\/)?aﬂlégfﬂeﬁé (13)

is the wnit tangential to the vector tra-

N
0
_?SE_
‘where e 3
Jectory. Let's now discretize the space of the parameters
‘ze [0 T] in such & way, that the quantity (AXJ.,_)2=
S _pd
(X}t,nﬁ Xy,n)e‘e is constant along the trajectory. We make

in (13) the following replacements

Eu,n + Cunei ,

- Eul(T) 2
Bn *+ Bnrq
6 (t) E ’
: Bn+1 - 6
Q(Z') 7 n 16 n

C(14)

Let's write the measure of the integration in ] (Z) in the

form of [1d?8,, vihere d28n = ~idBind B2n Phe expression
n

(9) iooks like

F= 5[} d Xy n g met [nToLEQ

A A
Lo~ PatEns 1 =
erp 3 [160 S22 00 2z B 0n)

‘ (‘énﬁrﬂ enﬂ)(g‘}n)_ e'u'n;ef‘»”” eV;n;'Ev.nH)J

A
where L .is the loop length, €p = eﬂ,n 3:14-

Let us expand the expoment in (15) in Taylor series and
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use the relation
2 -
9¢n=0, ‘S‘dagn 80(,.01 Bﬁn%&ﬁ, (16}

l.e. consider orly those terms of the expangion that contain a
pair of Hyp éﬁn for eack n. The first component in the ex-

ponent in (15) then gives

A A ! e
fE) 1+e.’] +q
T [—, en n+d T I—" n )
i a f

The trace of the matrix product hes arisen here since we spould
consider the closed loops only. It is eesy to s=ze that

A

A s
€n Cres = Cnbruy *LY5 | BnXBhsy | =

=cos Aqﬁn LYy sin 4%,
where A (Pn is the angle betwsen the vectors e, and e, ..

Therefore, the expression (17} ig equal to
. P s
A 155 A¢n
~[eosdfrT,pe 777 | (o)
n

The contribution of the fourth order terms in & inte the

exponent expansion in. (15) is apparently

An*An.f- 2 2 -
D[(F’%@_U(e ; {)'moe]‘

=0 [(m:e “1) cosaééin—‘ mig ] .

(19}

Joining the expressions (18) end (19) we obtein



F=Sox.e™" [maoe '(n:as'f)wseeéﬁ]_

iy s
- §Dxue™™ " ] r:osdfg)"rl Te Pg 20 mAPn
n
. i,
« §e e §, e T e FETA

:F°+F1

(20)
where

4 2__ <ad> 1. _ J
m—mo-—e“fn[,;:?s cos® =5 (7 ok 1) ’

<Ad>7
2

my= Mo '“-z;-* En cos
are the renormmlized masses, {A d)? is the particle deviation
mean angle at random walk.

Thus, we see that the free energy of superparticle decom—
poses into bosonic (Fo) and fermionic (FT-) parta, with F, coinm
ciding with the free energy of the two-dimenaionsal Iaing model
near the critical pbint.

The authors are indebted to H.M.Asatryan, 5.G.Matinyan,
A.M.Polyakov, O.M.Khu&averdian for helpful discussions.
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