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1. 'I ntroduc ti on 

Until recently, a random (chaotic) behaviour of dynamical systems was 
associated with either random 'initial conditions or' action of random extern­
al forces (as, e.g .• in the case of Brownian motion). or, finally. with 
excitation of a very large number of degrees of freedom. Of course, any of 
these conditions ts enough to give ·rise to chaos in systems; however, as it 
became known, none of them may be treated as necessary condition [t-6]. 

At present, it is well established that a large number of simple com­
pletely determined dynamical systems of classical mechanics with a small 
number ( n.. ~ 2} of degrees of freedom is characterized by extremely irre­
gular, exceptionally complicated and practically unpredictable motion de­
termined entirely by intrinsic dynamics of a system. 

Such a random (stochastic) behaviour, nowise connect~d with the above­
quoted sufficient conditions of occurrence of chaos. is natural to dete~ine 
as dynamical stochastfcfty. 

A mechanism of occurrence of such dynamical chaos consists in stroM 
local instability of motion [3. 4, 7} . Typical random features manifest 
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themselves even in a separate trajectory of a system. 

A dynamical chaos is typical of many nonlinear classical systems in 

various fields of p~sics, and also other sciences (chemistry, hydrodyna­

mics, biology, meteorology, ecology, etc.). 

We shall see below that 1t manifests itself specifically also in clas­

sical theory of non-Abelian gauge fields. 

The question of complete integrability (or, more precisely, noninte­

grability) of the classical Yang-Mills {Y.M.) equations, associated direct­

ly with the problem of their stochasttcity, has already its history and is 

to a certain extent connected with wide popularity of classical solutions, 

e.g., of the instanton type [a, 9] • on which great hopes were set for the 

construction of QCD ground state. 

However all attempts to find additional integrals of motion of the 

classical Y.M. equations have hitherto been unsuccessful. As a result, a 

program of searches for conservation laws has arisen, being expressed not 

in terms of potentials and fields, but in terms of the manifold of loops 

[_10. 11}. 
This circumstance sti1M1lated inv!stigations of the classical Y.M. 

equatiO!"S, nonlinear ;n their nature, as concerning presence of stochastic 

component in the latter. The urgency of studying non-Abelian gauge fields 

from the viewpoint of stochasticity, besides being of great interest tt­

·self,.fs dictated· also by a phenomenon {originating from solid state phy­

sics) of dimensional reduction tn quantum spin· systems interacting with 

·random magnetic field (12] . In 1982, P.Olesen [13} suggested a hypothesis 

that by analogy with this phenomenon, r&ndom fields reduce the 4-dimension­

al Y.M. theory to the effective two-dimensional one which possesses the 

confinement property. He showed that in the limit of infinitely large num-
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ber of colors, N-. oc , the presence of random fields in the vacuum is 

a necessary and sufficient c.ond1tion of confinement. In Ref. [141 • on the 

example of calculation of Wilson average \xi\C) in the limit N- oe and 

confined by planar loops, this reduction is observed concretely, Calcula­

tions in the SU(2} lattice gauge theory [15} also Point out a reliability· 

of Olesen's hypothesis. 

The quoted consideratio~s show that the problem of confinement may be 

solved if one is convinced that random vacuum fields naturally arise in the 

4-dimensional QCD, being its essential part. 

The present review deals with works in which the stochast1city of 

sourceless classical ~~n-Abelian gauge fiel~s is observed and proved [16-lR) 

So, finally one may conclude that QCD, as distinct from quantum elect­

rodynamics, is a theory which in classical limit has strongly developed 

stochastic features. 

What happens with stochastfcity when we proceed to quantum systems 

seems a rather complicated problem being far from its final solution. 

In general [19, zo) • ft should be expected that dynamical stochasti­

city cannot take place in quantum systems with limited phase space, because 

the wave function (or the density matrix) of such systems ts always quasi­

periodical, i.e. its spectrum is discrete. A transient or temporary sto­

chasticfty may, at the best, take place in such systems. One can say that 

until, in qUasi-classical terms, ~ve packet of such a system diffuses, 

the latter will have a classical, and hence, stochastic trajectory. and 

then at least the stronger stochastic features must vanish. 

However fn the quantum case for conservative systems, ene should 

scarcely speak about trajectories, even in the quasi-classical 11m1t. The 

concepts of· spectrum and wave functions of the system are more appropriate 

here. What are the properties of s~trum of quantum system which in clas-· 
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sical limit exhibits stochastic motion? This question is quite natural and 

highly impOrtant. 

It seems reasonable enough (21] that in the quasi-classical limit the 

quantum energy spectrum of a dynamical system consists of a reqular and 

irregular parts. In the general case, a regular part of the spectrum 

(weakly varying with Hamiltonian parameters) corresponds at h =0 to re­

gular classical trajectories which are winding of invariant torus. 

The irregular part of the spectrum (strongly dependent on Hamiltonian 

parameters) in this limit corresponds to dynamical chaos. 

A numerical simulation shows [22, 23] that there is a correspondence 

between a fraction of classical chaotic motion and that of irregular part 

of a manifold of the energy eigenvalues. Such part of spectrum arises 

beyond the critical energy. at which a classical regular· motion starts to 

turn into chaotic one. 

Note that the irregular part of spectrum, taking into account the Ha­

miltonian symmetry pro.perties, is, as a rule, connected with repulsive le­

vels in accordance with the well known theorems [24, 25}. 

tie will return once _a9ain (in Section 5) to the question on nature of 

spectrum of quantum systems which in classical limit have stochastic com­

ponent. 

Another criterion that discriminates between regular and irregular 

(i.e. corresponding to chaos in classical limit) quantum states is_ connected 

with the behaviour of wave fu·nctions: to the first case a regular interfe­

rence pattern and large intensity fluctuations correspond, whfl-e to these­

cond case randomly distributed interference maxima and minima with suppress· 

ed intensity fluctuations do. 

Things are different when the quantum syStem is unclosed, i.e. when 
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it is in chaotic external field. Tne above-stated ~rguments, generally 

speaking, are inapplicable in this case, so the question needs a special 

study. Recently carried out consideration of such simple systems [27] shows 

that ·the quantum-mechanical properties of these systems, stochastic in the 

classical limit, do not impose strong limitations on the stochasticity ma­

nifestations. In other words, the considered quantum systems fn random field 

exhibit continuous spectral properties, just as the corresponding classical 

model does.· 

The above·qtJOted considerations make it plausible that the discovered 

dynamical stochasticity of the free classical non-Abelian gauge fields will 

leave its traces in a real world of QCD, so we may hope that just ·these 

phenomena are responsible for the color confinement. 

2. Space·Homogeneous Yang-Mills Fields. Exact Solution. Classical 

Yang·Mills Mechanics. 

At present, there are many reasons· to state that the perturbational 

vacuum of Yang-Mills theory does not coincide with the true one. The ~rgu~ 

ments in favour of this statement haVe both classical [8, 9] and quantum 

[28, 29) basis. 

Qualitatively, owing to gluons interaction ("pairing"), their conden­

sate arises. manifesting itself in nonzero vacuum expectation value of 

squared field tensor of gluons and lowering the energy of ground state of 

QCD which ignores this phenomenon. 

From the classical point of view, the search and analysis of the clas­

sical solutions of ·Y .M. Sourceless equations in Mtnkowski space. that could 

serve as a basi_s for constructing and studying the QCD vacuum structure and 

the asymptotic states problem, seem highly important. 



let us start. our consideration with the free Y.M. fields in ordinary 

space - time corresponding to the SU(2) group. 

The equations of motion have the form 

(2.1 I 

where 

{here and, below the Latin indices range the values 1, 2, 3, the Greek ones­

a. 1. 2, 3). 

We shall look for a class of solutions of the system (2.1). for which 

the Poynting vector in some system vanishes [30] 

" " Toj = Go, GJl = o 

a.. Q. 1 Q.'l. 

T.!"" =- Gl"~ G"' + Tj ~.JU~ 6, J 
sor of the field). 

" 

(2.2) 

is the energy-momentum ten-

In the gauge flo • 0 Eqs. (2.1) and coildftfon (2.2) take the form 

.. a... a... a.tc i, c 
A,- Gjl.j • ~c Aj <;Ji = 0 (2.la) 

(2.1b) 

(2.2a) 

. " (the dot over At denotes the time differentiation, Gi..j,KaO~~:G~j ), 
0. 

where Eq.(2.lb) plays a role of constraint. N vanishes for the free 
"-

equations. In case of the presence of external current, - N is the den-
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... 
sfty of external color charge j 

0 

The constraint equations (2.1b} and (2.2a) lead to a relation 

·a. 0. a. 
fl. (A· . - A· · ) = o . ~ jJt.. ~IJ 

A sufficient condition of the validity of this relation are 

a) b) 
·a. 

fit = 0, c) 

(2.2b) 

We shall examine, as it will be seen fn the following, a most interest· 

ing case a) of space-homogeneous Y.M. fields, when in the given coordinate 

system the fields depend on time only 

The region of applicability of equations for homogeneous fields is de­

termined by a condition that time variations dominate in the system. In 

other words, this corresponds to a long-wave part of the spectrum (or to 

strong fields): 

:A\11~1 » 1 

We may hope that the study of such fields will be helpful for obtain-· 

fng infonmatfon on the QCD infrared regime - its most unsOlved .Point. 

The equations of motion for homogeneous fields will take the form: 

duces to a discrete nonlinear mechanical system with a Hamiltonian 



(2.4) 

One can readily see that- thf$ Hamiltonian is sym~etrfc relative ~'to the 
~ ' ' ' ' 

Ntrix fli. transp.osftfon, Le. relative_ to internal and ,·external" 

(three-di,.nsional) spaces, both isotropic (the 0(3) x 0(3) symnetry ), 

therefore, as we can easily see, two "II'IOrll!nts" are conserved:- a usua·l three-

dfMns 1 ona ~ moment 

N 
.. 

and internal "three-dimensional moment" ... 
for fields with sources and equals to - j 0 

(2.lb) which is nonzero only 

The abave-safd provides one with many reasons as to call the consider-

ed system of homogeneous Y.M. fields the classical Yang-M_tlls mechanics, 

whfch;as will be shown below, exhibits dynamical stochastfcfty in full 

aeasure. 

The system (2.3) has nine degrees of freed"' ( l, Q. • I, 2, 3) and 

four trivial conserved integrals H YM and M i 
Before proceeding to the analysis of a situation with the number of 

degrees of freedom n. >- 2. let -us consider a simple case [30]. We shall 

seek a solution to the system (2.3) in the form 

(2. 5) 

a. 
(there is nc sunnation over Q 1n (2.5) >~where 0~ 1s a constant 

orthogonal matrix 

(2.6) 

For f (a.) (t) we obtain the following system 
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{2.7) 

where 

It is known that any conservative systems with one deg~ee of freedom 
, are integrable, so a particular solution of the system (2.7) at f (i) =­
~ f (<) = f (3) ~ j ( i ) can readily be found using the energy 

integral . '/• [ .. ,. ] 
f{t) =(~~) }'len (~i) }'It; '/f2: {2 .8) 

where Ct-t.(x; K) is the Jacobi elliptic cosine of argument x and 
4 

.}1 is the Hamiltonian density T00 in the considered 
modulus tl\ 

coordinate syst~. 

The solution given by fonnulae {2.5), {2.6), {2.8) varies in time with 
period 

'/4 
T = ·(~) ...!i.. K ( '/12:), 

8 ~· J" 
where K (x) fs a complete elliptic integral of the first kind. 

Note some interesting features of the solution obtained, though they 
do not relate dfrec.tly to the question of stochastfcfty of Y .M. equations 
we are interested in. 

The corresponding to this solution field strengths .. o" . .. a.tc o' oc E,=-'-f H,=c•jKt. 1" ~ 2~ 

a.te 
c.. 
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are such that Eo..( Ha.) 
~ o.. are parallel to 

are 111.1tually orthogonal in the "rest" frame, and - .. E ( It • I , 2, 3). 

Further on. one can easily see that the argument of the periodical s~ 

lution {2.8) in an arbitrary frame obtained from our system for the 

"accompanying" wave, will transform under the corresponding lorentz boost 

into l; = I< :x: : KJ" :x.J" , where K • = JA '6 K, = JA 0 V"t , 

?.)-'/• • • ( c = (1 - \J , i.e. K = J" • Such a solution 

cannot take place in linear massless electrodynamics since it is impossible 

to choose a coordinate frame in which the magnitude of the Poynting vector 

of a wave is equal to zero and not to the energy density. Just thts is res­

ponsible for the difference between the Solution (2.8) and the correspond­

ing Coleman's solution (311 . Owing to the same circumstance, j'J. fonnally 

plays a role of mass in nonlinear wave {2.8). 

Of course, we could from ~he start seek a solution of the system {2.3) 
·o. o.. e, 

in the form A, (x) =A, l ~) with K =JA . However in this case, 

the analogy with classical dynamical system to which we have reduced gauge!" 

field would be less explicit. 

3. Two Oegrees of Freedom. Qualitative Analysis of Color 

Oscillations (16] . 

. Nonlinear system with tt • 2 1n the conservative case already can 

possess all characteristic features of dynamical stochastic1ty. 

For the corresponding Hamiltonian system {2~3). introducing notations 

A
4 i 1. 1 1 c 
, = ~ x ( t) A a= ~ ~ ( t) and taking A a = A 1 = 0 

we arrive at a nonlinear mechanical system on plane with Hamiltonian 
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+ 
• • X y (3.1) 

and the corresponding very synmetrfc and simple in fonn constrafnt·equaMons' 

of motion which we shall investigate here: 

X+ • xy ~ 0 (3.2) 

• ~X = Q y + 

The analysis of these equations is undoubtedly much simpler than that 

of a more general system (2.3) and all the more, of (2.1). However, if the 

stochastfcfty of the system {3.2) will be shown, ft can hardly be conceived 

that a stochastic component would disappear entirely in a more complicated 

system with n. ,.. Z and all the more, in the general case of space· 

inhomogeneous Y.M. fields. In the following sections we shall consider ho· 

mogeneous Y .M. fields with n.. > 2. 

It follows from the fonn of H (3.1) that any conserved integral 

F (x,y, :X:, y) of the system (3.2) nust satisfy the partial differential 

equation 

X ~~ + y ! ~ = :XC.lj L 'l ~: +X ~: 1 
from which 1t can be seen that f cannot depend on only two of variables 

-:c,y.:X;,y or be a polynomial of finite degree in t~ese variables. 

It is obvious that the •material point" described by (3.2) cannot 

leave the reg!'"' bounded by the equipotential curves :X.~ • ~ {2 .I"• 
" where JA is the 11 total energy of the point". It is obv1ou~ that if the 

"point0 with "total energy" 

on the equipotential curve 

" JU described by (3.2) is at some instant 

:x.y = ! rc jU.. • then it will leave this 

curve along the normal into the allowed region. 
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Let us see whether the system {3.2) has periodic trajectories. 
It follows from the symmetry of the problem that the trajectory will 

be periodic if any of the eventS listed below occur at least twice: 
a) the trajectory passes through the origin; b} the trajectory is perpendi~ 
cular to one of the symmetry axes; c) the trajectory reaches the equtpo~ 
tential curve. 

These sufficient conditions of periodicity are helpful for the classi­
fication and description of the trajectories (given belOw), however we do 
not rule out that one could find other weaker sufficient criteria of peri· 
odictty of the trajectories of the system (3.2). 

Al~ng the synrnetry axes X = 1:: ~ the system executes , of course, 
the periodic oscillations (2.8) (events a) and c) ). Along the axes • 0 
and ~ •. 0 the point, as in electrodynamics • goes away to infinity 
(X • 0, .X. ~ 0; ~ .. 0 I Y ~ 0). But if at some instant the velo· 
city of the point 1s not directed along the X or ~ axis, then it 
will not go to infinity, though in some cases it may travel an arbitrarily 
large distance from the centre and return in a finite time to the region 

'as is readily seen from the negativity of x; :t and 

One can say that such a motion occupies an intermediate position be~ 
tween ffni'te and infinite motions. 

In polar coordinates 

have the fonn 

.. 2.P. 
lf'+ylf 

X= .f'CO~ tp, y • }'Sin tp ) Eqs.(3.2) 

p• . 
• -- sin 4 t.p -=. 0 4 

(3.3) 

.f- .f~a + ( sin• 2.lf = 0. (3.3") 
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In the case of motion away from the centre ( .f >?o-..f4 ; note that in 

our problem :;;c., y, .f have dimensions of mass and not length t ) , f()r 

example,'alon~thechannel lf<-<lr/4, sin ~lf'"'- 4\f • j»O, 
it can be seen from (3.~ ) that the frequency of the oscillations with res-

pect to the coordinate 'f increases with increasing distance from the 

centre, while the. amplitude decreases until .f • 0 ("turning point") 
.. ' 

(this last occurs in a finite interval of time, since .f-, a.( i) .P ( t) 
( a.. > 0) ) , after which the ''damping" regime is replaced by a "swinging" 

regime. Figure 1 shows a characteristic example of such behaviour obtained 

on a computer. 

The motion with respect to jP , averaged over the rapid oscillations 
.. ' 

of lj1 , consists of a random walk with large amplitudes ( f' • o.._p "- 0 ) 

from channel to channel with complicated motion fn the region .X '"V y 
(which can be· followed in a numerical integration of the system (3.2) on a 

computer). In the language of the variation in time of the color amplitudes 
' a A. and fie. • this picture corr.esponds alternately to rapid oscilla-

tions and decrease of one color amplitude and growth of the other. 

It is obvious that the behaviour of the three-dimensional system fs 

qualitatively similar to the behaviour of the system (3.2) with rt • 2 

(see below) that we considered above. In this case there are six channels 

along the coordinate axes and the motion in them is analogous to the motion 

in the channels of the two-dimensiOnal system, i.e., with increasing dis­

tance from the centre, the frequency of .the oscillations of' the tr..ajectorfes 

increases, and the amplftude decreases until it stops, after which the re­

gime of damping with respect to the spherical angle is ·replaced by a swing­

ing regime. The general picture of the variation in time of the color ampli­

tudes in this three-diMensional case' is characterized by alternate rapid 
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oscillations and decrease of two color amplitudes and growth of the third. 

"Beats" of the color take place. 

4. Instability of Periodic Trajectories of the System (3.2). 

Stochastlclty. 

In Figure 2 we show examples of SCII!e periodic trajectories photo­

graphed on the d1splay of the computer used to integra.te the system (3.2) 

In Figs. 2(a)-2(f) we show trajectories that pass through the coordi­

nate origin and are perpendicular to either an equipotential line {Figs',2(a) 

2(b), 2(d) , and 2(f) ) or the symmetry axis ~ • 0 (Figs. 2(c) and 

2(e) ). The trajectories are arranged in the order of decreasing slope re­

lative to" the ~ axis at the origin. The trajectory in Ftg.(a) corres­

ponds to the oscillations tn accordance with the elliptic cosine law (2;8) 

[30] • A further decrease in the. slope leads to an increase tn the number 

of intersections with the ~ axis as in the trajectories 1n F1gs.2(c) and 

2(e) and 2(d) and 2(f). 

We denote these angles for trajectories of the type in Figs.2(c) and 

2(e) by r:J. ~ and for trajectories of the type In Flgs.2(d) and 2(f) by 
• ~~ • where ~ is the number of intersections of the trajectories with 

the :x:. ax1s. 
0 (l,: In the limit .n. -- Qo • the angles d..."" and )""' .... tend to zero. 

These figures clearly reveal the tendency to an increase in the fre­

quency and deCrease in the amplitude of the osci11at1ons as the particle 

moves further .tnto the channel along the :x:. axis the smaller is the 

angle between the ~ axis and the trajectory at the·origin - in agreement 

with the quall'-tlve analysis made above (Sec.3) for large j> 

16 



In Figs.2(g)M2(m) we show examples of trajectories that pass perpendi­

cular to the y axis at different distances from the centre and perpenM 

dicular to either the coordinate axis (Figs.2(g), 2(j), 2(1), and 2(m) ) 

or the equipotential lines. With decreasing distance of these trajectories 

along the y axis from the centre, they all then enter the channel, and 

the picture considered in Sec.3 is again reproduced qualitatively. Figs.2(p) 

2(q), and 2(r) show trajectories that are twice perpendicular to the equi­

potential 11nes. 

Finally, Figs.2(s)-2(x) represent trajectories perpendicular to the 

synmetry axes .:X:. = t: ~ 

On the basis of the above analysts of the trajectories tn Fig.2 it 

can be seen that the number of periodic trajectories of the type in 

Figs.2(c)-2(f), and also of the type in Figs.2(n) and 2(m) is countable, 

so that we can assert that the set of periodic solutions of the system 

(3.2) is at least countable. 

Since no trajectory of the system (3.2) can lie entirely in a single 

quadrant of Fig.l, it follows from this and the symmetry of the problem 

that all possible trajectories of the system can be obtained by specifying 

initial conditions in the form 

y = 0, x ~ :X:
0 

> o, :x: = f2 fAa co~<>i, ~ = .f2:JA•s;n<1 

From this analysis, most important to us is the fact that, as we have 

seen, the trajectories of the'sys~ are extremely unstable with respect 

to small changes in the initial conditions ( ::C 0 1 d.. ) , which is one· of 

the signs of ~tochasticity of the system (3.2). 

Following 'the arguments quoted above, one should expect that the tra-
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jectories of the system possess local instability which is just the reason 

of strong dependence of the motion on both initial conditions and different 

small perturbations. Another method, that shows clearly this stochastic1ty. 

is connected with the computer experiments applying Poincare's mapping me­

thod [32] • Experiments of such type were originally carried out when stu­

dying the stellar moti.on in the galaxy field (Henan, Heiles. Contopoulos. 

Ford et al. [33-35] ) • 

A computer was programmed to solve Eqs.(3.2). as well as to light out 

the points of intersection of phase trajectory of the system in the space 

( x, x, y ,. y ) with the plane ( ~, y ) at x > 0 [tsJ. If 

the motion is periodic. then the intersection occurs in a finite number of 

pointSi if the system is integrable. i.e. the trajectory represents tore 

winding, then the points construct a regular closed curve in the plane 

(. y , ~ • ) . If, finally, the behaviour of the system is stochastic, the 

point of intersection travels randomly in the plane ( lj, ~ ) and covers 

densely the finite area. Precisely such behaviour of the trajectories of 

the system (3.2) in the plane ( y, y • ) at X > 0 is revealed by a 

computer ~a] , which appears· a proof of the stochasticity of the system 

(3.2) (see Fig.3, where all the points intersecting the plane ( ~' ~ 

belong to the same trajectory), The most chliracter1st1c and important pro­

perty of random motion is rapid exponential divergence of close phase tra-

jectories: R ,.,.. e. ht. • where h > 0 

This criterion of dinamical chaos is especially helpful in numerical 

simulation. 

The quantity h which determines the exponential rate of divergenCe 

of close trajectories 1s so-called metric entropy of a chaotic component of 

motion, called sometimes KS-entropy (the Krylov-Ko~mogorov-Sinai entropy). 
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If h > 0 • then the motion has a stochastic component. Moreover. 

the condition h > 0 • according to modern theory of dynamical systems 

(7] • 1s necessary and sufficient for stochasticity of nearly all trajecto· 

ries [36) . 

KS·entropy is determined by t.yapunov 's exponents 1\ t. ( > 0) 
h-i 

h = .L 
t=1 

where 1\ "" is a maxima 1 exponent ( n... 

of degrees of freedom of the system). 

( 4 .I) 

is. in most cases. the number 

/\ 111 is detennined by a "distance" between close trajectories in the 

phase space 

' (for definiteness. we consider the case with rt. = 3 A 1 .... X. 
.. . 3 

fla = y , fl, ~ ~ that was studied originally with the use of 

the notion of KS~entropy in Ref. [17] ) : 

/\m = ei ITO tn J'(t) 
t--- t 

(4.2) 

The behaviour of close trajectories we study in the linear approximatioP 

which is quite correct since we are interested in a strictly local bahav1our 

of close trajectories. 

If 11m> 0 , then it follows from (4.1) that h > 0 , and 

close trajectories diverge exponentially. For an integrable system (the 

quasi-periodic motion) p (t) ~ t · (the power local instability) and 

1\m = h ~ 0 

In Ref. [11] 9 making use of the notion of KS-entropy. 'the exponential 

local instability of the system of the type of (3.2) with n. • 3 was shown, 
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as well as the above conclusion [16) on the stochasticity of the system 

(3.2) with 11- • 2 was confirmed. 

A more detailed analysis of Eqs.(3.2) from the viewpoint of the pre­

sence of the stochastic component in them,_can be found in Ref. [36} , where 

the chaotic component is shown to cover in both cases nearly the whole ener­

gy surface. 

One more criterion of stochast1c1ty of motion in some cases, is the 

phenomenon of splitting of separatrices of the trajectories. Such an appro­

ach used 1n (37] , also confirms the above conclusion that the system (3.2) 

is stochastic, i.e. it is nonintegrable (see also (38} ). 

5. Higgs Mechanism and Stochast1c1ty. A Phase Transition 

Oisordttr - Order in the Classical System [1s] • 

In the recent years, great interest attaches to realization of one or 

another phase in gauge theories [3g-41] : confinement phase- disorder, 

Higgs phase - order. By analogy, one can say that to the absence of total 

set of nontrivial (the so·C«lled isolating) integrals in the classical sys­

tem, there corresponds the disorder phase which the system (3.2) and its 

generalizations for three degrees of freedom are found to have, while to 

.the systems with a complete set of isolating integrals {when thetr number 

is eQual to the number of degrees of freedom) there corresponds the order 

phase. 

In connection with aforesaid. the investigation of the classical gauge 

systems with spontaneous breaking of symmetry seems highly interesting. 

Consider the gauge th~ory with isodoublet breaking of the SU(2) group 

in the g~uge 
0.. 

A o • 0 · 
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The Hamiltonian corresponding to (2.4} has the fonm . 

1 · a · a) H ~ H~M • 2 ( e, ... 6 • 

• "' a.)[Ba.• (6 )" 
+ f (A, A, T • .Ja • "'l ] • 

(5.1) 

... 
'[5a. I 6 )' '1" •l- a•\-=o•'l. -'1. , 

'a 
and the constraint equations are as follows 

where ~ is t~ vacuum expectation value of the scalar field lp 

\f _ ( 'f, \ _ 1 (· L 5, + B.. ) 
- \f. ) - -Ie -Ie "'l • 6 - \. e, ~ 

)\ is the self·action coupling constant of the scalar field tp 

Let us study in detail the two-dimensional case of the gauge field 

((3.1)) that interacts with the Higgs vacuum ( 5a. ~ 6 = 0 ) : 

( 5. 3) 

The additional potential energy...., '::x:.~ + ~-e. is_. naturally. spheri-
a. 

cally synmetric here too, and again N • 0. 

It is clear that at large fields, t~s addition, corresponding to the 

linear osciHator, is inessential, so we nust get a random 1110tion of the 

system (3.2). At soall fields, on the contrary, the nonlinearity of x.• ~· 
lilY be thought negligible and stable regular oscillations 111y be expected. 

One can readily be convinced- using the ~cale transformation :x:-cLx 

t-~t • that the 1notion of the system (5.3) is . 
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characterized by the only essential dimensionless parameter 

At .IT • 0 we~ of course, have the stochastic motion investigated in 

detail fn Sees. 3 and 4. At large !iT , as was already mentioned, a re-

gular motion is to be expected. 

Now we shall see that actually, the system (5.3) is chaotic not only 

at .11" • 0, but also at small but finite 5f ~ 5T c. 
Our purpose fs just to calculate on a computer the critical value of 

parameter .9\ c , ·at which the "phase transition" occurs in the following 

sense: at large values of ~ the system comes close to integrable one 

and the trajectory fn the phase space ( ::x:, X, y} ~ ) represents the 

tore winding [421 (the measure of ergodic trajectories ts equal to zero 

[ 42]. (1]. [21 ) , i.e. the phase of order 1s realized, while for small but 

finite values of gr ( 5f < gf c. ) the motion, just as at !Ji • 0, fs 

stochastic, i.e. the phase of disorder is realized. 

In Sec.4 we Qave already described a part of the computer experiment 

associated with solving Eqs.{3.2), that lights out the points of intersect­

ion of the phase trajectory of .the system fn the space ( x, :X, y} Y 
with the phase plane ( ~ , y ) at X > 0 . 

In F1g.4 we show the photographed from the display of the computer 

picture in the plane ( y, ~ } for jf "" 4.84~ one can see that the 

poihts of intersection of the trajectory with the plane form closed regular 

curves. The stable trajectories correspond to the centres of three small 

closed curves, while the unstable periodic trajectories correspond to two 

points of intersection of closed lines (the intersection of separ8trices at 

nonzero angle, of which we have already spoken in Sec.4). 

Precisely 1n the vfcfntty of the two last points of intersection the 

"macroscopic" regions of the ergOdic motion of nonzero measure originally 
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arise (Fig.5, :if • 0.35, cf. [33-35] , see also [36] ). 

With a further decrease of 31 , the area occupied by stochastic 
component increases sharply, and at a critical value 5f == .9Tc.;:::. 0.15 

becomes almost equal to the whole allowed region of motion on plane ( Y~ ~ ). 
The picture then resembles the one shown in Ffg.3 (Sec.4) and corresponds 
to developed stochastfcfty (we emphasize again that all the points in this 
Figure correspond to the same trajectory). 

A detailed analysis of Higgs meChanism as stabilizing the motion is 
given in Ref. [36] . For the case with h- • 2 at small :if ( j-1 >> 1 

jj-'1., .:Jf << .:If c. ) the motion is ·chaotic ( h,....., fA/ £n..._.r.: ~ En ,1sr > 0 ). 
At large jf {.:if>~ .:IT c) the chaotic component is preserved only fn the 
exponent fa lly narrower layer around the separatrix, i.e. the system is 

integrable in the sense of KAM-theory [43, 42] 

Since h. depends continuously on :If • then the "phase transition" 

revealed in [18] • apparently has a smeared transition region {see also 

[44}, wherein for determination of ..!"crit. (or 3f crlt.l' the ap-
proach based on the study of the topology of the energy .surface H """ 
~ H ( :x, ~, x, iJ) is applied. At :if < 5T crit. • 2/3 , a gra­

dua.l transition from regular ·trajectories to irregular ones is characterist­

ic for our problem. At Sf > 5\ crit. , the extraction of a compact 
invariant manifold filled with regular trajectories is possible). 

In passing on to a larger number of degrees of freedom { rt. • 3) [36] 
the situation becomes more complicated. Even at small J4 (:If >> 1). 
a significant chaotic component fs revealed under certain conditions. At 
large jU. {IT\ -<-< 1). as well as for n. • 2 • the chaotic component 
covers almost the whole energy surface except for the small regions along 
the coordinate axes. 
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Hence we may assert that at n... >- 2, the Higgs mechanism, even at 

large values of 5\ , does not eliminate entirely the stochastic compo­

nent [36} • 

We now 1111ke a remark concerning the treatment of the Yang-Mills-Higgs 

system (5.3) in the quantum-mechanical limit. 

The corresponding problem with the nonlinearity parameter « was 

treated 1n [23] : 

1 -a• 
H=----

2. ax• 
1 -aa 1 ~ '2. -a a 
~ -.+-(X+y)to(X~ 
c. 0 y 2 

(5.4) 

In the classical problem the authors of [23] also observed a transi­

tion (at large e_nergies, which, as is readily seen, corresponds to small 

values of our parameter Si ) from regular motion to chaos. 

ln the quantu• problem (5.4}, although considering the_term with 

as pert.rbation, 1t is fot1nd (in agreement with the expectation [21}we 

spoke of in the Introduction) that there exists a close correlation between 

the portion of classical random motion and the portion of that part of the 

energy spectrum of 'Hamiltonian {5.4), 'in which the e~genvalues are highly 

sensitive to Small changes in the 'perturbation parameter (directly corres­

ponding to the absence of tnter~ection of the levels). 

The energy region, where a transition from one regime to another is 

obseived, is the same for· both classical and quantum cases. 

1n Ref. (23) it is clearly seen how with increasing energy the fract­

ion· of the nondegenerated energy eigenvalues, being strongly dependent on 

sinall change of the non11nearity parame.ter r:J.. , increases 
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• and how the portion of levels with L1~ ~ 0 decreases. 

It is interesting to study this problem, not considering the parameter 

d.. as perturbation. 

At the same time, ft must be borne in mind that the quantum mechanical 

system is not yet a quantum field system with an infinitely large number of 

degrees of freedom. 

And though, as we already mentioned,. the homogeneous fields, we are 

interested in this review, correspond to the long-wave part of the spectrum 

of the classical Yang-Mills system, the relevant problem tn quantum field 

theory must not ignore the fact that the infrared problem is the prOblem of 

strong coupling. 

6. Classical Yang-Mills Mechanfc;s with n > 3. 

If~ as was shown in the previous sections, the classical Y.M. mecha­

nics (i.e. space-homogeneous fields) ts characterized by dynamical stochas­

t1c1ty already at rt • 2, 3 , then the increase of the number of degrees 

of freedom '1n the system, generally speaking, ~rust but intensify chaotic 

nature of motion. 

At the same time, the inc:rease of n.. introduces a new aspect, 

which we shall consider 1n this section. 
3 • • 

We shall study the system (2.3) for n. • 4: A,= A,= A,= 0 

In this case. the third component of conserved moment is nonzero: 

._ 
whfle the constraint condition ( N is zero) has the form 

(6 .I) 



1 • 2. e • 1 
AA-11/1=0 

l ~ ~ l 
(6. 2) 

<J?. 1 a e 1 a 
The form of potential U =-;:;- (A, A,- A, !1,) hints at a 

substitution 

(6.3) 

that "mixes up" components of d1ffererit isotopic vectors 

At1) 1 1 

(A, A,, o), 
The Hamiltonian takes the form 

(6.4) 
2 4 • 2 1. 2. e c. c.) 
~H-,~s,-"(5,•s,-s.·s,. 

Expressing ~3 from (6.1) via variables (6.3) and using the con-

straint (6.2), we arrive at 

It is convenient to introduce new variables 

s, = 7., sin lj' Se. ~ 7., sin& 

S, = 7., co~ El, 

so that {6.5) will take a si1npler form 

~·-?~ 'l.,a.:p ~- 'l.: e 
Substituting (f.6) and (6.7) into (6.4) we shall finally obtain 
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(6. 5) 

(6.6) 

(6.7) 

(6.8) 



. X.+Y )(- y 
Taking M~ = 0 and making substitution 7. 1 "' -C.- , 'ta::: - 2--

we shall certainly arrive at the studied in detail Hamiltonian with n.. = 2 

(3.1) 

Eq.(6.8) was originally obtafned fn [451 , where, unlfke here, not 
q 

Hamiltonian bUt axial gauge A?J = 0 was used. 

The author of [46} has recently arrived at (6.8), however he didn't 

notice the constraint condition, which leads to the equality L 1 -= Lz. 
of two constants that play a role of our M3 ( = L 1 =- L. a ) • 

Although everywhere 1n [46], just the case L 1 = La is consider­

ed (as an assumption). 

The obtained system with Hamiltonian (6.8) is actually independent of 

parameter M ~ , for by means of the scale transformations 

·''' 
t- ( ~') t 

H can be transformed as follows [45} : 

~·H = ( ~' )'1' ["~ :i .... + ~ k~• + _i ) + 
7.i; 

( 6. 9) 

The corresponding equations of motion have the form 

.. i ( • • ) 
'tr :. ~ + 'I.,. 'I1 - 'I?. 

1, (6.10) 

7.~ = & -7.~ ( L~ - 1:) 
• 

The region 1. 1 ,. 1z. = 0 is forbidden because of the centrifugal 

barrfer in (6.9). 

The trajectories of the system in each quadrant of the coordinate 

system 't1 • 'la lie inSfde the region bounded by the e(fuipotentfal 
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curve shown ·in Ffg.6. 

Here also, as it was the case with the system (3.2), the same picture 

of a "random walk" of the particle in the channel along the quadrant bf· 

sectrfx, fs again reproduced qualitatively. Ruling out the trivial case, 

when the velocity of the particle is directed precisely along the channel 

axis, the particle, as the analysis shows, cannot, generally speaking, go 

to infinity, for the channel's width reduces with time more rapidly 

( -. like t } than does the amplitude of oscillations near the channel's 
~ 1/e 

axis ("""'" i ) [45] . This circumstance is. in essence, responsible for 

the stochastfcfty which is particularly pronounced at not small values of 
H=.f'; 

We will not dwell on the details of the analysis of this stochastfcfty 

and the question of regular component, referring the interested readers to 

the works [45~ 47, 48] • We shall make only one remark. 

In Sec.S we observed a stabilizing action of the Higgs mechanism on 

the system (3.2). It actually took place owing to introduction into the 

sys~ (3.2) of additional parameter ~ , which~ when varied~ changed 

at a given ]4 

moment M~ 

the regime of motion. The system (6.8)~ despite nonzero 

has no such parameter. However, if introducing into the 
. ~ right-hand side of classical Y.M. equations the density of charge ~~ = 

:(j'~O) (which is, in essence, of quantum origin and generated, 
a. Q.~C. t e 

by heavy virtual quarks') .f = .f E. n 1 n a , where for example, 

n..'" 
' 

lire unit vectors in inner space, then ~he motion integrals M~ and 

N wil ( take the form 

.P • . 
-:7-, 'f 

2. 
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Then, instead of (6.9). we shall have 48 (after scale transfonnatiow 

't1 - ( JJ: .f ) '/?. 'Z 1 and so on): 

where in the system there appeared, besides energy, a new parameter 

)\ : 
JJ-.P 
JV.+f' 

(6.11) 

A numerical investigation carried oot in (48] reveals that at A ~ I 
at a gtven H a transition from stochastic motion to a regular one 

takes place as )\ increases. At A > A crit. ( H ) the system 1s 

close to the regular one. Of course, the stabf11z1ng action associated with 
the charge density fq_ ( i\. >> 1) fs of absolutely different nature 

that that connected with the Higgs mechanism. 

J •. The General Case of Classical Y.M. Mechanics. 

In the work of G.Asatr;yan and G.Savvfdy [49} , the most general case 
of classical Y .M. mechaniCs wfth nine degrees of freedom is considered. 

"-The potential of Y .M. field ,4 i. ( t) can always be presented as 

(7 .I) T 0.. 

( 0 1 E 0.,_ ) , 
where E is diagona 1 

( x.(t) 0 0 

) E = o ~ (t) 0 

0 0 i! ( t) 

(7.2) 
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and 0 1 and 0;::. are orthogonal time~dependent matrices. 

Introducing anti symmetric matrices GJ and J1 

T • • T 
w o, o, ~ - o, o, (7 .3) 

T • • T 
Q o, o, : - Oa o, 

we obtain for Hamiltonian 

(7.4a) 

g.~ z: c. 2. ~ 2. 2.) 
+lj(:x:y+y<.+lX 

where 

(7.4b) 

(7. 5) 

< < I,= X + y (7 .6) 

If the analogy with classical mechanics of the point was helpful in 

the previous ·sections, an analogy w11;h mechanics of a solid body is useful 

here. Only. this "body" has .t dependent inertia moments ,ft and It 

and "rotates" in usual and inner spaces, for if we project the moments 

and No.. onto the coordinate system "moving" together with the "body" 

N
o. 0 .. ~ t 

1 " 

Q . 

N ~ I"-w~- Jo...Ro.., 
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... 
and differentiate them with respect to time ( N = Mi. = 0} 9 we shall 

then arrive at the "Euler equation" of classical mechanics 

dil - - 1 d,;; _ [- - 1 ~=[n,w) dt- m,n. · 
(7. 7) 

We shall not analyze in detail these equations (7.7) and (7.4), but refer 

the reader to the original work [49] • where also the generalization for 

the case of an arbitrary gauge group SU(N) is available. 

8. Stochastfcfty and Confinement. 

The dfs~overy of dynamical chaos of free classical non-Abelian gauge 

fields. and of the "phase transition" of the "disorder - order" type 

("confinement phase" - "'Higgs phase") in these systems, which were the 

contents of the previous sections. makes highly attractive the idea that 

the observed phenomena are to a certain extent preserved in the real 

(i.e. quantum) vacuum of QCD and that precisely the presence of random cOlor 

vacuum·ffelds fn it is responsible for the color confinement. 

We have already mentioned in ·the Introduction the arguments in favour 

of that the disordered (sto~hastic) vacuum may be the.reason of confinement 

(the analogy with lowering of dimensionality of quantum spin systems fn 

random field, the Olesen's hypothesis on the reduction of the 44 dtmensional 

Y .M. theory to the two·dtmens1onal one at N -- oo , the lattice calcu· 

lations that make this hypothesis plausible also for the SU(2)-symmetry). 

We now consider a little to detail the last argument, associated with 

the Monte-Carlo calculations on the lattice distribution J'c \~) of eigen-
'f . .;.. 

values of the Wilson loops< W (C)>= jdD~<.J'c(~) > e' , 
""' for they show that ~tochast1c phenomena are to some degree present at 
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QCD (15} • 

It follows from the results of Ref. 15 .that for the distances ( the 

sizes of loops) 'Z. less than the confinement radius 'Lc , the dfstribu-

t1on of eigenvalues of loops (the spectral density) .P, (.).) has a peak 

at ol.. • 0, that means strong correlation of fields at small distances. 

However for loops w1th 1. ~ L c ~ the distribution .fc (ol.) becomes 

practically homoge~ous, i.e. the fields are weakly correlated and the dis­

tribution of efgenvelues ·of 'XI (C) corresponds to the disordered configu­

rations. 

This argument, if not being an artifact of the Monte-Carlo lattice 

calculations, fdicates that stochastic component in some form is indeed 

present at QCD. 

The question of whether this stochasticity is the manifestation and 

''relic" of the obseTved and described in Sees. 1-7 classical stochasticity, 

is left, of course, open. 

At present, there is a large number of mechanisms that "provide" the 

color confinement, the most popular among which is the mechanism based on 

condensation of vortices and magnetic monopoles [40, 50, sl) • No less po­

pular is the mechanism (52} based on.the idea of lowering the vaCuum energy 

owing to occurrence of gluonic condensate [28, 29] • The Monte-Carlo calcu­

lations [53-551 show that quarks are confined in the SU(2) and SU(3) gauge 

lattice .theories. 

As cgncerning less orthodox mechanisms of confinement, we mention the 

work of Kirzhnits et al. [56} , where the above-discussed possible sto­

chasticity of QtO is associated with the phenomenon of the type of locali­

zation in disordered syst~. 

The localization due to random potential leads, as is well known, to 
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unusual properties of spectrum of the relevant quantum problem: the spect­

rum is quasi-continuous (of the type of a set of rational numbers), however 

the wave functions corresponding to closest energetic levels are localized 

at a large distance from each other. Therefore, to such localized wave func­

tions corresponds a discrete spectrum, whose levels are determined hy the 

properties of random potential that acts between quarks ( in particular, 

by the localization length). 

Thus, the qualitative arguments lead to that in the "quark-antiquark" 

system in one-dimensional approximation there acts a linear effective po­

tential increasing with distance. 

The above-said, with account of the mentioned in the Introduction 

works [13, 14} , wnerein the confinement occurred in the ltmit N - oo 

as a result of stochast1city, is extremely important to exhibit stochasti­

city as a really sufficient condition for confinement in quantum field 

theory. 

We shall demonstrate [57] that if in ~he functional integral of theory 

one takes into account only fields generated by randomly distributed cur­

rents, tnen the appropriate two-particle Green's function will correspond 

to confinement. The contribution into the gluon propagator is, of course, 

not exhausted with these fte.lds, for there undoubtedly exists an important 

class of fields of different, nonstocnastic nature, which are particularly 

important for small and intermediated las compared to the confinement ra­

dius '"tc. or, in our problem, to the radius of correlation of random cur­

rents JU-i ) distances. Precisely these f~elds must be responsible for tht 

asymptotic freedom. 

We cannot say, whether they are present at 

together with the stochastic component (at which the above~ntioned Monte-
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Carlo calculations indicate (15] ) , and if they are, then what their rela~ 
tive contributio~ compared to randOm fields is. 

In other words. we are interested in the question: what the Green's 
function of field quanta is. if the latters are generated by random color .. 
currents J-"" ( x) which are Gaussian-distributed (the so-called 
•white noise"}: 

(8.1) 

In agreement with the abovesaid, the dynamics of.quanta of field 
- 1 {"gluons") at the distances of the order of 'l..c."'""' fi ~· 

by the stochastic equation of motion 

6 s. .. 
----;; .. - ~ J .1" 
oA.I" 

is detenni ned 

(8.2) 

where S is the action of theory 1n the four·dimensional space - time 
(below we shall use the Euclidean formulation), and quantum averaging is de· 
tennined by the relation 

(8.3) 

. -a. 
The fields A JlA are detennined from Eq.(8.2), and t~e averaging <·. · >:r in the right-hand side of Eq.(8.3) is made over the Gaussian 

distribution of currents 

"{1s· .. \} exp. _i!.J"' JJ" (oc)JJ" (:x:)d ::c. • corresponding 

to (8.1). 

The generating functional of our theorY, corresponding to {8.3). 1s 
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given by the expression 

Z.(h:;:.)~j.DJexp{-J[21J',J;(x')­

-h; (x) A; (x)]lx} 
which, being differentiated with respect to the quantum source 
defines the Green's func.tions (8.3). 

(8.4) 

" h_,., (:X:) 

Passing In (8.4) fr011 the vartables J to A by Introducing the 
0 -function, that corresponds to (8.2), and applying the standard proce­

dure of rewriting the arising determinant via the antieommuttnq vector 
fields. t; , f; , we shall arrive at the fon.t~la (for simplicity, 
we shall omit the Lorentz and internal indices below): 

;; (h) = J n f .D t l:! fl exp {-J [ 2> ( ~~ fo ( :x:- y) -
(8.5) 

-f(x) . 6' S '}(y)- hf!(x)6 (x- y)]d4
xd

4y. 
6Atx)6A(~) 

Note that the introduction of the stochastic equation (8.2) into the 
functional integral is notable by that we do not introduce the aux"iliary 
time as the fifth coq>enent, but nperate ·in the real space - time. We here 
observe a close relation between the stochastic differential equations of 

the type of (8.2) with supersynRetry, which was noticed recently [se] . 
One can see already from (8.5) that in the tree approximation the.two­

particle function of the type of (8.~) has the properties of confinement 
(see the first term In the exponent (8.5)). 

We shall show this, however, using another method, associated with 
0. . 

the Introduction of superfleld ~-"' ( o::, 6) : 
. <p; (:x:,e)~ ,4~ (:x)+ f;cxJ e + e t; (:x:) + c; e e, (8.6) 
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here e, [j are the antic0111111ting variables ( e•:, e'= {EI, G} = 0 ). 
One may easily be convinced that (8.5) can be written in the form 

- J"• PT ~;:._<~_"~ 
c ae a e 

(8.7) 

where H = h(xJ e e. 
From {8.7) it follows that the Fouri~r transform of the propagator 

< cp;. p vt > of superfield has the structure of ( p',.; _./"' • ): 

where J J cl are Grassman's variables corresponding (after the Fourier 

transfonn) to the variaMes §) e 
Integrating over them we shall arrive at confinement~ for the Fourier 

a. t 
transform <:AJU A v > has finally the fonn 

OJUV ,s"! JU'j p" 

i.e. the exchange of such quanta fs responsible for the linearly increasin~ 

with '(.. (for '"l ?:.- 'l c._ ) potential between the statfc sources. 

The consideration we have just performed 9 shows that the stochastfcfty 

of the sources generating the corresponding fields (and. they may occur, as 

tile Monte-Carlo calculations show [1s] , in the vicinity of 'Z.. ~ 'Z. c 

is the sufficient condition for the linear potential. 

One may be convinced that stochasticity is the necessary condition 

as well, if based on local field theor~es. However, the reader has appa· 

rently noticed that such confinement is not something extraordinary for 

gauge theories~ for, as fs $een from our conclusion, any quantum field the· 

ory~ that fs characterized by the condition (8.1) of stochasticity (the 

restriction by the "white noise" as an example of stochastfcfty fs apparent· 
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ly insignificant}, will have propagator with behaviour ...fl ~~ p 4 at 
pc.;E ~e. 

This is well seen from the following chain of the symbolic equations 
and relations: 

< fl(x) fl(y) > ~ o:' o~' < J ex) J (y) > ~ 
<. _, -1 (4l 

~JU DxDy o (X-~) 

and so on, from where our statement follows. owing precisely to the corre-
lator (8.1). 

What then makes the gauge theory of non-Abelian fields unique as com­
pared with the other theories? 

Apparently, the inherent in this theory dynamical stochastfcfty, which 
we have considered in detail fn this paper for the classical· case. We have 
also advanced arguments in favour of that stochastic phenomena are probably 
preserved in the quantum case, too. Of course, further·explorations are 
needed here. ' 
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c. r. ;,~IT'AH8Jl 
.!UlHAlvll1'1ff:KYiii XA OC l!EAEEJ!EBIJX KAJIJIEPOB01ffibiX 

ITOJ1&, 

(Ha aHr~CKOM ff3RK8, rrepeBO~ 3.H.Ac~) 

bjreBaHCRHH WH3H~ecRMM H~CTHTyT 

Sallas I90 
ilpeUjlHHT lJ,Pil 

Pe~aKTOP ~.ll.MyRaRR 

Tex. pe~KTOP A.C.A6paMJlH 

B\ii-04435 Tl'Jpaj!\ 270 

ilOI!ll!lCaBO K ne'll>Tl'! I/Yll-63r. 
WOpMa T l'IS~l!HH 60x84/I6 
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