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1. Tntroduction

Untit recently, a random {chaotic) behaviour of dynamical systems was
associated with efther random initial conditions or action of randem extern-
al forces. (as, e.g., in the case of Brownfan motion). or, finally, witﬁ
excitation of a very large number of degrees of freedom. Of course, any of
these conditions fs enough to give rise to chaos in systems: however, as it
became known, none of them may be treated as necessary condition [}-6]. '

At present, it is well éstablished that a‘1arge'number of simple com-
Pletely determined dynamical systems of classical mechanics with a small
rumber ( 1. > 2) of degrees of freedom is characterized by extremely 1rre-
gular, exceptionally compiicated and bractfca?ly unpredictable motion de-
termined entirely by intrinsic dynamics of a system, .

Such a random {stochastic) behaviour, nowise connected with the above-
quoted sufficient conditions of occurrence of chaos, is natural to determine
as dynamical stochasticity.

A mechanism of occurrence of such dynamical chaos consists in stronn

Tocal instability of motion [3, 4, 7] . Typical random features manffest
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themselves even in a separate trajectory of a system.

A dynamical chaos is typical of many nonlinear classical systems in
various fields of physics, and also other sclences (chemistry, hydrodyna-
mics , biology, meteorology, ecology, etc. }.

We shall see below that it manifests itself specifically a1so in clas-
sical theory of non-Abelian gauge fields.

The question of complete integrability {or, more precisely , noninte-
grability) of the classical Yang-Mills (Y.M.} equations, associated direct-
1y with ‘t.l-1e problem of their stoc'hast‘lr.‘lty, has already 1ts history and 1s
to a certain extent connected with wide popularity of classical solutions,
e.g., of the instanton type [8, 9] , on which great hopes were set for the
cdnstmction of QCD ground state.

However all attempts to find additional integrals of motion of the
classfcal Y.M. equations have hitherto been unsuccessful. As a result, a
program of se;rches for conservation laws has arisen, _bei ng expressed not
in terms of potentials and flelds, but in terms of the manifold of loops
[20, 11].

. This circumstance stimilated {nvestigations of the classical Y.M.
equations, nonlfnear in their nature, as concerning presence of stochastic
component in the latter, The urgency of studying non-Abelian gauge fields
from the viewpoint of stochasticity, besides being of great interest it-
“5elf,.1s dictated aiso by a phenomenon {originating from solid state phy-
sics) of dimensfonal reduction in gquantum spin systems interacf'lng with

- random magnetic field f12] . In 1982, P.Olesen [13] suggested a hypothesis
that by analogy with this phenomenon, random fields reduce the 4-dimension-
al Y.M. theory to the effective two-dimensional one which possesses the

confinement property. He showed that in the limit of infinitely large num-



ver of colors, N - =o , the presence of random fields in the vacuum is
a necessary and sufficient condition of confinement. In Ref. [14] » on the
example of calculation of Wilson average W (C) in the limit N—+ << and
confined by planar leops, this reduction is observed concretely. Calcula-
tions in the SU(2) lattice gauge theory [15] also point out a reliabflity
~ of Olesen's hypothesis.

The quoted considerations show that the problem of confinement may be
solved if one is convinced that random vacuum fields naturally arise in the
4-dimensional QCD, being its essential part. ‘

The present review deals with works in which the stochasticity of
sourceless classical npn-AbeHan gauge ftelds is observed and proved [16-18]

So, finally one ’may conclude that QCD, as distinct from quantum elect-
rodynamics, is a theory which in classical Vimit has strongly developed
stochastic features.

What happens with stochasticity when we proceed to guantum systems
seems a rather cowplicated problem being far from its final solution,

In general [_19. 20] . it should be expected that dynamical stoechasti-
city cannot take place in quantum systems with 1imited phase space, because
the wave function {or the density matrix) of such systems is always quast-
periodical, 1.e. its spectrum is discrete, A transient or temporary sto-
chasticity may, at the best, take place 1n such systems. One can say that
until, in quasi-classica) terms, wave packet of such a system diffuses,
the latter will have a classical, and hence, stochastic trajactory, and
then at least the stronger stochastic features must vanish.

However .1n the quantum case for conservative systems, one should
scarcely speak about trajectories, even in the quasi-classical 1imit, The
concepts of spectrum and wave functions of the system are more _u‘pprop'r'late

here. What are the properties of spectrum of quantun system which in clas-
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sical 1imit exhibits stochastic motion? This question is quite natural and
highly 'Impértant. '

It seems reasonable enough [21] that in the quasi-classical 1imit the
quantum energy spectrum of a dynamical system consists of a regular and
frregular parts. In the general case, a regular part of the spectrum
{weakly varying with Hamiltonian parameters} corresponds at h =0 to re-
gular classical trajectories which are wfnding of invariant torus.

The irregular part of the spectrum {strongly dependent on Hamiltonian
parameters} in this limit corresponds to dynamical chaos.

A numefica] simulation shows [22, 23] that there 1s a correspondence
between a fraction of classical chaotic motion and that of irregular part
of a manifold of the energy eigenvalues. Such part of spectrum arises
beyond the critical energy, at which a classical regular motion starts to
turn into chaotic one, ' |

" Note that the irregular part of spectrum, taking into account the Ha-
miitonian symmetry properties, is, as a rule, connectéd with repulsive le-
vels in accordance with the well known thegrems [24, 25],

Ae will return once again (in Section 5} to the question on nature of
spectrum of quantum systems which in classical 1imit have stochastic com-
ponent. .

Another c?iterion that discriminates between regular and irregular
{i.e. corresgonding to chaos in classical 1imit) quantum states is connected
with the behaviour of wave functions: to the first case a reqular interfa-
rence pattern and targe intensity fluctuations correspond, while to the se-
cond case randomly distributed interference maxima and minima with suppress-

ed intensity fluctuations do.

Things are different when the quantum system s unclosed, i.e. when



it 1s in chaotic external field. The above-ét'afed grghments, generally
speaking, are inappticable in this case, so the question needs a special
study. Recently carried out consideration of such simple systems [27] shows
that ‘the quantum-mechanical properties of thes;a systems, stochastfc in the
classical 1imit, do' not impose strong limitations on the stochasticity ma-
nifestations. In other words, the considered quantum systems {n random field
exhibit continuous spectral properties, just as the corresponding classical
model does.

The above-gquoted considerations make it plausible that the discovered
dynamical stochasticity of the free classical non-Abelfan gauge fields will
leave its traces 1n a real world of QCD, so we may hope that just these

phenomena are responsible for the color confinement.

2. Space-Homogeneous Yang-M111s Fields. Exact Solution. Classical

Yang-Mills Mechanics.

At present , there are many reasons to state that the perturbational
vacuum of \'ang-M'i‘I.'ls theory does not coiﬁcide with the true one. The argu-
ments {n favour of this statement have both classical [8. 9] and quantum
(28, 29] basis.

Qualitatively, owing to gluons interaction ("_'pa'lr'lng“), their conden-
sate arises, llidnifestfﬁg itself in nonzero vacuum expectation value of
squared field tensor of gluons and lowering the energy of tround state of
QCD which ignores this phenomenon,

From the classical point of view, the search and analysis of the clas-
sical solutions of 'Y.M. sourceless equations in Minkowski space, that could
serve as a basis for constructing and studying the QUD vacuum structure and

the asymptotic states problem, seem highly important,



Let us start our consideration with the free Y.M, fields in ordinary
space - time corresponding to the SU(2} group.

The equations of motion have the form

[ a.%c 3: < . . _(2.1)
OuGuv + 48 Ap Guv =0
where | '
a H% ¢
{ here and. below the Latin indices range the values 1, 2, 3, .the Greek ones-
0,1, 2, 3.
We shall look for a class of solutions of the system (2.1), for which

the Poynting vector in some system vanishes {30] :

a ' (2.2)

o
To; = Gou Gji =0
2
{ Tyv =- Gj“?\ G.:?\ * JLT %J\l\’ th is the energy-momentum ten-

sor of the field).

& .
In the gauge A, =0 Eqs.(z.l) and condition (2.2) take the form

g g ¢ _
A-G i %6 H; GJ-L = 0 {2.1a)
NQ’E ém&c ﬂf A'Elca O ) (E.Ib)
. a o
Iqi GLJ = {2.2a)

(the dot over A, % denotes the time differentiation, Gij, k23, Gy )
o
where Fq.(2.1b) plays a role of constraint. N van'lshes for the free

equations. In case of the presence of externa‘l current, - N is the den-
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' .o
sity of external color charge 1,
The constraint equations (2.1b) and (2.2a) lead to a relation
‘a, a o ' (2.2b).

ﬂi(ﬁj,;_" ﬂ;,j)=o-

A sufficient condition of the validity of this relation are
[+ 9 Q. a a.
a) /qi_,é =0, b A, =0, c) ﬂj)-‘_ - /‘h,j = 0.
He shall examine, as 1t will be seen 1n the follewing, a most interest-
tng case a) of space-homogeneous Y.M. fields, when fn the given coordinate

system the fields depend on time only

@ &€

fq,'_ = A',_ (t)
The region of applicability of equations for homogeneous fields is de-
termined by a condition that time varfations dominate in the system. In

other words, this corresponds to a long-wave part of the spectrum (or to

strong fields):
Q ad a
LAS | <= AT, AJATE 1.

We may hope that the study of such fields will be helpful for obtain-
tng information on the QCD fnfrared regime - its most unsolved poing.
The equations of motion for homogeneous fields will take the form: -
e [} (2.3)
AS-gaRE AL+ g AT AT AT = 0 .
with constraint (”)
Thus , for space-homogeneous Y.M. fields the field equation (2.1) re-

duces to & discrete nonlinear mechanical system with a Hamiltonfan



..La

Ac)+ [(ﬂ;. Ay~ (A; )] (2.4)

mel & (A
Laat ©
One can readily see that this Hamiltonian is symetr'll‘c re1at1ve.;to_ the
matrix’ tq':l transposition, i.e. relative to Internal and ‘“'extelinaj"
(three-dimensional) spaces, both fsotropic { the 0(3) x 0(3) symmetry ), -
therefore, as we can easily see, two "mdm_'ent;“ are conserved: -2 usual three-

dimensional moment

@ q
M &'LJK ﬂ HK
) a ‘
and internal "three-dimensional moment* N (2.1b) which is nonzerc only

. o
" for fields with sources and equals to - 1,

The above-said provides one with many reasons as to call the consider-
ed system of homogeneous Y.M, fields the classical Yang-Mills mecﬁanics.
which, as wil? be shown below, exhibits dynamical stochasticity in full
measure.

The system {2.3) has nine degrees of freedom {( L, . =1, 2, 3) and
four trivial conserved integrals Hyym and M,

Before proceeding to the analysis of a situation with the number of
degrees of freedom K. 2 2, let us consider a simple case [30]. We shall

seek a solution to the system (2.3) in the form
a ‘ (2.5)

Al = ‘;— £ (1)

o
{there §s nc summation over ¢ 1in (2.5) }, where O.L is a constant

orthogonal matrix
a ~b_ ~ab ‘ {2.6)
or 0f=6°"
For {(u') {t} we obtain the foltowing system
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o {a) &) , + a)? :
Foe (-0 e

where

‘ It is known that any conservative systems with one degree of freedom
are integrable, so a particular solution of the system (2.7) at f(')

- ;(E) § ()2 F(%) can readily be found using the energy
integrail
(egz |/ll Ch[ 8%a)‘ll}ut i '/\!_E ] (2.8)
Fl) =32 ) M (}," ’

where cn(x; K) I"fs the Jacobi elliptic cosine of argument X and
modulus K, M s the Hamiltonian density Too in the considered
coordinate system. .
The solution given by formulae (2.5), (2.6), {2.8) vartes in time with
period
. fu
T=(_§_) L ok('\NE),
& 9 M ‘
where K (x) s a complete elliptic fntegral of the first kind.

Note some interesting features of the solu'tion obtained, though they
do not relate di rectly to the question of stochasticity of Y.M, equations
we are interested n. -

The corresponding to this solution field strengths

:'=--- £ Ho-egee™™ —O-‘a%—ou f

2 ‘ abe

(H = %(}i-) Eye € Ej Ey)

g



are such that Eq( ﬁq') are mitually orthogonal in the “rest" frame, and .
Ff.u' are parallel to —f-f (a=1,2,3).

further on, one can easily see that the argument of the per'lod'lcﬂ so-
lution {2.8) in an arbitrary frame obtained from our system for the
“accompanying” wave, will transform under the corresponding Lorentz hoost
inte € = Kot = Ky Xu, where Ko=py o K= pyVi,
(‘6 -_-U— v ) "2 , i.e. Ka=_;ua . Such a solution
cannot take place 1n linear massless electrodynamics since it is impossible
to choose a coordinate frame in which the magnitude of the Poynting vector
of a wave is equal to zero and not to the energy demsity. Just this is res-
ponsible for the difference between the solutfon (2.8) and the correspond-
ing Coleman's solution [31} . Owing to the same circumstance, formally
plays a role of mass 1n nonlinear wave (2.8).

0f course, we could from the start seek a solution of the system {2.3)
in the form ﬂ? (=)= ﬂ? (E) with K- =Juz . However in this case,
the analogy with classical dynamical system to which we have reduced gaugé
field would be Tess explicit.

3. Two Degrees of Freedom. Qualitative Analysis of Color
Oscilations [16] .

.Nonlinear system with 1L = 2 fn the conservative case already can
possess alt characteristic features of dynim'lca'l stochasticity,

For the corresponding Hlamﬂtonian system {2.3), 1ntroduc1n§ notations
A‘=—"x_(£) . ='—-Ié() and taking Ai =Aa-

©we arrive at a nonlinear mechanica‘l system on plane with Hamiltonfan
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H < ol N Xy . (3.1)

a 2

and the corresponding very symetric and simple in form constraint equations’

of motion which we shall investigate here:

&+ xy =0 : (3.2)
g+ gxa:— 0

The analysis of these equations is undoubtedly much simpler than that
of a more general system (2.3} and 2]l the more, of {2.1). However, {f the
stochasticity of the system (3.2} will be shown, it can hardly be conceived
that a stochastic component would disappear entirely in a more complicated
system with f1. > 2 and all the more, in the general case of space-
inhomogeneous Y.M. fields. In the following sections we shall consider ho-
mogeneous Y.M. f1é!ds with b > 2.

'it follows from the form of H (3.1} that any conserved integral
F(x,y,x, g)- of the system (3.2) must satisfy the partfal differential
equation

x 9F

+o3F 9F . 3F
a:n ga “mgha—"

Ay

from which it can be seen that [ . camnot depend on only two of variables
x, U, :i—,’ g ' or be a po'lynomial of finite degree in these variables.

It s obv.ious that the "material point" described by (3.2)‘caunot

Jeave the region bounded by the equipotential curves xry=* ‘[é—‘ Ju-a s
where J“u is the “total energy of the point”. It is obvious that if the
“point” with “total energy” Juq described by (3.2) is at some instant
on the equipotential curve xYy=1% \/?Juz ,.then 1t will leave this
curve along the normal into the allowed region,
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Let us see whether the system {3.2) has periodic trajectories.

It follows from the symmetry of the problem that the trajectory will
be periodic if any of the events listed below occur at Teast twice:

a) the trajectory passes through the origin; b) the trajectory 1s perpendi-
cular to one of the symmetry axes; c) the trajectory reaches the equipo-
tential curve.

These sufficient conditions of pertodicity are helpful for the classi-
fication and description of the trajectories (given below), however we do
not rule out that one could find other weaker sufficient criteria of peri-
odicity of the trajectories of the system {(3.2). .

Along the symmetry axes ox = * y the system executes , of course,
the periodic oscillations {2.8) (events a) and ¢) ). Along the axes 20
and Y =0 the point, as in efectrodynamics , goes away to infinfty
(% =0, XF0; Y =0, § £0). But if at some instant the velo-
¢ity of the point is not directed along the >c  or Yy axis, then it
will not go to infinity, though in some cases it may travel an arbitrarily
large d'ls_tance from the centre and return in a finite time to the region
x A~y » a5 is readily seen from the negativity of :i:./:r_ and
yly - .

One can say that such a motion occupies an intermediate position be-
tween finite and infinite motions, .

In polar coordinates ( oc = fcos y, y iﬁsin ¥ ) Egs.{3.2)
have .the form : '

Cma 2 .

L?+-§—J£t?+-f: sin (Y = O. ‘ (3.3)
2

ﬁ-ﬁf??W- —a‘f—s«naaL{?=O

(3.3
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In the case of motion away from the centre ( 7> ; note that in
our problem. x,2 Yy, P have dimensions of mass and not length! )}, for
example ,'along the channel § << 37/&; , Sin LY = 4§ . f:)" o,
it can be seen from (373 } that the frequency of the oscillations with res-
pect to the coordinate ‘? increases with increasing distance from the
centre, while the amplitude decreases until JO =0 ("turning point")
(this last occurs in a finite interval of time, since P’-‘-’Q.(‘f:) f’a(t)

{ & > 0) ), after which the "damping* regime is replaced by a "swinging”
regime. Figure 1 shows a characteristic example of' such behaviour cbtained
on a computer. l

The motion with respect to _P , averaged over the rap'l-c.i osci'llat‘!ons
of P , consists of a random walk with large amplitudes ( Prap=0)
from channel to channel with complicated motion fn the region OC ~ U
(which can be followed in a numerical integration of the system (3.2) on a
computer). In the language of the variation 1n time of the color amplitudes
ﬂ: and ﬂ: , this picture corresponds alternately te rapid oscilla-
tions and decrease of one color amplitude and growth of the other. .

It 1s obvious that the behavicur of the three-dimensional system is
qualitatively similar to the behaviour of the system {3.2} with h =2
{see below) that we considered above. ln_this case there are six channels
along the coordinate axes and the motion in them is analogous to the motion
in the channels _of the two-dimensional system, f.e., with {ncreasing dis-
tance from the centre, the frequéncy of the oscillations of the tr,a:]gctor'les
increases, and the amplitude decreases until it stops, after which the re-
gime of damping with respect to the spherical angle 1s ‘replaced by a swing-
ing regime. The general picture of the variation in time of the color ampli-

tudes in this three-dimensional case is characterized by alternate rapid
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oscitlations and decrease of two color amplitudes and growth of the third.

"Beats* of the color take place.

4, Instability of Periodic Trajectories of the System (3.2),
Stochasticity.

In Figure 2 we show examples of some periodic trajectories photo-
graphed on the display of the computer used to integrate the system {3.2)
[16] .

In Figs. 2(a)-2(f) we show trajectories that pass through the coordi-
nate origin and are perpendicular to efther an equipotentfal line (Figs.2{a)
2{b), 2(d), and 2{f} } or the symmetry axis Yy =0 ({Figs. 2(c} and
2(e) ). The trajectories are arranged in the order of decreasing slope re-
Jative to. the I axis at the origin, The trajectory in Fig.{a) corres-
ponds to the oscillations in accordance with the elliptic cosine Taw (2,8)
[30'] . A further decrease in the slope leads to an increase in the number
of intersections with the oc axis as in the trajectories 1n Figs.2{c) and
2(e) and 2{d) and 2(f).

We denote these angles for trajectories of the type Tn Figs.2{(c) and
2(e} by o{: and for trajectories of the type in Figs.2(d) and 2(f) by
Jb:, , where L s the number of intersections of ;he'trajectories with
the x axis.

In the 1Mt R — ow , the angles o(:; and ‘[5:, tend to zero.

These figures clearly reveal the tendency to an increase in the fre-
quency and decrease in the amplitude of the oscillations as the particle
moves further into the channel along the oc axis the smaller is the
angle between the oc  axis and the trajectory at_the'oﬁg‘ln - in agreement
with the qualftative analysis made above {Sec.3) for large i .
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"In Figs.2({g)-2(m} we show examples of trajectories that pass perpendi-
cular to the y axis at different distances from the centre and perpen-
dicular to either the coordinate axis (Figs.2(g), 2(3). 2(1), and 2(m) )
or the equipotential 1imes. With decreasing distance of these trajectories
along the 'y axis from the -centre, they all then enter the channel, and
the picture considered in Sec.3 is again reproduced qualitatively. Figs.2{p) .
2{q), and 2{r) show trajectories that are twice perpendicular to the equf-
potential lines. .

Finally, Figs.2{s)-2{x} represent trajectories perpendicular to the
symuetry axes X = t Yy '

On the basis of the above analysis of the trajectories in Fig.2 it
can be seen that the number of pericdic trajectories of the type in
Figs.z{c}-2{f), and also of the type in Figs.2(n) and 2(m) s comtable,-
so that we can assert that the set of periodic solutions of the system
{3.2) 1s at least countable. ‘

'Since no trajectory of the system {3.2) can lie entirely in a single
quadrant of Fig.1, ft follows from this and the symmetry of the problem’
that a1l possible trajectories of the systein can be obtained by specifying
inftial conditions in the form

. 2 . .
Y= 0, X =A,>0, :x;=\/€ﬂ cosol, y:\/zﬁa&nd
(0=l =1).

From this analysis, most important to us {s the fact that, as we have
seen, the trajectories of the system are ext;emely unstable with respect .
to small changes' in the fnitial conditions ( Xg, o ), which is one of
the signs of stochasticity of the system {3.2).

. Following the arguments quoted above, one should expect that the tra-
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Jjectories of the system possess local instabflity which is just the reason
of strong dependence of the motion on both initial conditions and different
small perturbations. Another method, that shows clearly this stochasticity ..
“is connected with the computer experiments applytng Poincare’s mapping me-
thod {32] . Experiments of such type were orfginally carried out when stu-
© dying the stellar motion in the galaxy field {(Henon, Heiles, Contopoulos,
 Ford et 21, [33-35] ). _

. A computer was programmed to solve Egs.(3.2), as well as to light out
the points of 1|itersect10n of phase trajectory of the' system fn the spice
{x,2, y, y )withtheplane({ y,y )at x = © [lB]. 1
the motion is periodic, then the intersection occurs in a finite number of
points; if the system is integrable, i.e. the trajectory represents tore
winding, then the points construct a regular closed curve tn the plane
(y, H - ). If, finally, the behaviour of the system is stochastic, the
point of intersection travels randomiy in the plane { Y, 5 ) and covers
densely the finite area. Precisely such behaviour of the trajectories ;f
the system {3.2) in the plane { Yy, § ) at L > O is revealed by a
computelr [18] , which appears-a proof of the stochasticity of the system
(3.2) (see Fig.3, where al) the points fntersecting the plane ( y, g }
belong to the same trajectory), The most characteristic and important pro-
perty of random motion {s rapid exponential divergence of close phase tra-
jectories: R ~ e“ ~,where h > 0O .

This criterion of dinamical chaos is especially helpful in numerical
simulation. '

The quantity h  which determines the exponentfal rate of divergence
of close trajectorfes is so-called metric entropy of a chaotic component of

motion, called sometimes KS-entropy (_the Krylov-Ko'mogorov-Sinal entropy).
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If hW> O , then the motion has a stochastic component, Moreover,
fhe condition h > O , accordi r;lg to modern theory of dynamical systems
[7] . ts necessary and sufficient for stochasticity of nearly al} trafecto-
ries [36] .

KS-entropy 1; determined by Lyapunov's exponents A (> O)

h-1 (4.1)
h = 2 /\1 = /\m
=
where /\m is a maximal exponent [ . is, 1in most cases, the number
of degrees of freedom of the system),
Am

' phase space

is determined by a "distance" between close trajectories in the

2 2 2 2 . .2 2
P=(am)s (ay) v (a7)w (o) + (a9) + (0 &)
{for definiteness, we consider the case with n. = 3 ﬁ: =
3
= = . = 2 that was studied or{ginally with the use of
2 =Y 3 :

the notion of KS-entropy in Ref. [17] ):
Ao = 8im {n P} . (4.2)
m t

The behaviour of close trajectories we study in the linear approximation
which 1s quite correct since we are interested in a strictly local bahaviour
of close trajectories. .

If A, > O , then it follows from (4.1) that' h >0 , and
close trajectories diverge exponentiaily. For; an integrable system (the
quas1-periodic motion) PEY~T (the power local fnstability) and
Am = h=0

In Ref. [17] , making use of the notion of KS-entropy, 'the exponential
tocal instability of the system of the type of {3.2) with = 3 was shown,
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as well as the above conclusion {16] on the stochasticity of the system
{3.2) with  h, = 2 was confirmed. .

A more detailed amalysis of Eqs.(3.2) from the viewpoint of the pre-
sence of the stochastic component in them, can be found in Ref. [36] s where
the chaotic component i shown to cover in both cases nearly the whole ener-
gy surface,

One more criterion of stochasticity of motion in some cases, {s the
phenoanepon of sptitting of separatrices of the trajectories. Such an appro-
ach used in [37] , also confirms the above conclusion that the syste;n (3.2)
is stochastic, f.e. it is nonintegrable (see also L38] ).

5. Higgs Mechanism and Stochasticity. A Phase Transition
Disorder - Order in the Classical System [18] .

In the recent years, great interest attaches to realization of one or
Ianother phase in gauge theories [39-41] : confﬁaement phase - disorder,
Higgs phase - order. By analogy, one can say that to the absence of' total
set of nontrivial (the so-called isolating) integrals in the classical sys-
tem, there corresponds the disorder phase which the system (3.2} 'and its
generaltzations for three degrees of freedom are found to have, while to
the systems with a complete set of isolating —1ntegra'|s {when thetr number
is equal to the number of degrees of freedom) there corresponds the order
phase.

Ih connection with aforesaid, the investigation of the classical gauge -
systems with spontanegus bréak‘lng of symmetry seems highly interesting.

Consider the gauge thoory with isodoublet breaking of the SU(Z) group
[
in the gauge A,=0.
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7he Hamiltonian corresponding to (2.4) has the form

He by (B2 8°) >

2. 4 _arBa & 2 .1)
)
cE@ AN (Feo) 1
Pa 2 2
N[FE G -]
and the constraint equatfons are as follows
' : C(5.2)
ke b :c . . . abe .
EXAL AL~ Debor[6Ba-Bab-E By B2 0

g

where }\‘ is the vacuum expectation value of the scalar field LP

AHETAe
L?a' \E‘\E‘Tl*'e"ubb ;
A is the self-action coupling constant of the scalar field lP

Let us study in detail the two-dimensional case of the gauge field
({3.1)) that interacts with the Higgs vacuum ( Ba=e =0 ):

, o '.xaa zna (5.3
Hap'= k[ §0) + 550 370 (2747

The additional potent!al energy ~ :xf + Ha s, naturally, spheri-
cally symoetric here too, and again N = 0. .

1t is clear that at large fields, this addition, corresponding to the
linear oscillator, is {nessential, lso we must get a random motion of the
system {3.2). At small fields. on the contrary, the nonlinearity of x* Sa
may be thought negligible and stable régular oscillations may be expected.

One can readily bé comvinced - using the ;cale.transfomation X+l
Y=ol y , t—=PT - that the motion of the system (5.3) is
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Bmd
characterized by the only essential dimensionless parameter Jt = j}%—
At 5T =0 we, of course, have the stochastic motfon investigated in
detail in Secs. 3 and 4. At large U | as was already mentioned, a re-
gular motion is to be expected.
Now ué shall see that actually, the system (5.3) fs chaotic not only
I

at i =0, but also at small but finite 0T =< JTc .

Our purpose is just to calculate on a computer the critical value of
parameter .‘ch » ‘at which the “"phase transition" occurs in the following
sense: at iarge values of I the system comes close to integrable one
and the trajectory in the phase space ( X, %, y, 4 ) represents the
tore winding [42] {the measure of ergodic trajectories is equal to zero

42,1} [2]) . i.e. the phase of order is realized, while for small but
© finite values of §7 ( 90 = ¢ ) the motfon, just as at J7 =0, is
stochastic, i.e. the phase of disorder is realized.

In Sec.4 we have already described a part of the computer experiment
assocfated with éol\r'lng Eqgs.(3.2), that 1ights out the points of intersect-
ion of the phase trajectory of .the system in_the space.( oc ) O.C., y, g )
with the phase plane { 5', g ) at x >0,

In Fig.4 we show the photographed from the c_lispla_y of the computer
picture in the plane ( y, 3 Y for 7 = 4.84; one can see that the
poihts of intersection of the trajectory with the plane form closed regular
cdrves. The stable trajectories correspond to the centres of three smal)
closed curves, while the unstable periodic trajectories correspond to two
points of intersection of closed lines (the intersection of separatrices ai
nonzero angle, of which we have g!ready spoken in Sec.4),

Precisely in the vicinity of the two last points of intersection the

"macroscopic” regions of the ergodic motion of nonzero measure originally
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artse (Fig.5, & = 0.35, cf. [33-35] , see also [36] ).

" With a further decrease of » the area occupled by stochastic
component increases sharply, and at a critical value 97 = .‘JTC & 0.15
becomes almost equal to the whole allowed region of motfon on plane (Y, 9 ).
The picture then resembles the one shown in Fig.3 (Sec.d) a.nd corresponds
to developed stochasticity (we erﬁphasize agatn that all the points in this
Figure correspond to the same trajectory).

A detailed analysis of Higgs mechanism as stabflfzing the motion is
given fn Ref. [36] . For the case with h =2 at small ET_VE M1
T <= i, ) the wotion is chaotic { h ~ J“/Qn,f: ~ -J%n—%; >GC )
At large Jf (I > i'th_) the chaotic component is preserved only fin the
exponentially narrower layer around the separatrix, i.e. the system is
integrable in the sense of KAM-theory [43 , 42] .

Since h depends conttnuously on i » then the "phase transition”
revealed in [18] , apparently has a smeared transition region {see alsp

[44] , wherein for determination of Moy, tor T }, the ap-

proach based on the study of the topology of the energy -su:;;; H=
= H (=, 4, x, g) “is appled. At I < J[ crit. = 2/3 . a gra-
dual transition from regular -trajectories to irregutar ones 1s characterist-
ic for our problem. At I > I crit, ,‘ the extraction of a compact
invariant manifold filled with regular trajectories fs possible).

In passing on to a larger number of degrees of freedom (11 = 3) [36] s
the situation becomes more complicated. Even at small MY = 1),
a significant chaotic component is revealed under certain conditions, At
large M ‘ (W <= 1), as well as for L = 2 , the chaotic component
covers almost the whole energy surface except for the small regions along

the coordinate axes.
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Hence we may assert that at- . > 2, the Higgs mechanism, even at

large values of J7

nent [36] .

, does not eliminate entirely the stochastic compo-

We now make a remark concerning the treatment of the Yang-Mi1ls-Higgs
system (5.3) in the quantum-mechanical Timit.

The corrésmnding problem with the nonlinearity parameter of  was
treated in [23] :

{5.4)
4.8 = " +%(xa+ ga)fdnga

In the classical problem the authors of [23] also observed a tramsi-
tion (at large energies, ';rh1ch. as is readily seen, corresponds to smll
" values of our parameter a } from regular motion to chaos.
In the quantum problem (5.4}, although considering the term wft_h
as perturbation, it is found (in agreement with the expectation [21] we
spoke of in the lntroducﬂon) that there exists a close correlation between
the portion of classical random motion and the portion of that -part of the
energy spectrum of Hamiltonian {5.4), in which the efgenvalues are highly
sensitive to small changes in the perturbation parameter (directly corres-
ponding to the abﬁence of intersection of the levels). ’
The energy region, where a transitfon from one regime to another is
observed, is the uﬁe for both classical and quantum cases.
In Ref. [23] it is clearly seen how with increasing energy the fract-
1on: of the nbndegenerated energy e genvalues, being strongly dependent on

small change of the nonlinearity parameter ol , increases

At~ |[E (8 £ ()1 - LEL () - Eg(L-0)]|~
=T tas)?
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and how the portfon of.levels with A? 7 0 decreases,
It is fnteresting to study this prob‘lem; not considering the parameter
ol as perturbation. )

At the same time, 1t must be borne in mind that the quantum mechanical
system is not yet a quantum field system with an infinitely large mumber of
degrees of freedom, . -

‘Ar_sd though, as we atready mentioned , the homogeneous fields, we are
interested in this review, correspond to the long-wave part of the spectrum
of the classical Yang-Mills system,' the relevant problem in quantum field
theory must not ignore the fact that the infrared problem is the problem of

strong coupling.
6. Classical Yang-M111s Mechanics with n > 3.

if, as was shown in the previous sections, the classical Y.M. mecha-
nics (1.e, space-homogenecus fields) is char-actefized by dynamical stochas-
ticity aiready at N =2, 3 , then the increase of the number of degrees
of fréedom in the system, generally speaking, must but 1ﬁtensify chaotic
nature of motion, '

At the same time, the increase of M. introduces a new aspect,
which we shall consider in this sectfon. - : "

We shall study the system (2.3) for n = 4: ﬂf= A, = ﬂ:= 0

In this case, the third component of conserved moment is nonzero:

a . . (6.1)
M,= A, A A, A,

a
while the constraint condition { N is zero) has the form



H A /4‘ A= o0 ‘ (6.2)
9 1

The form of'_potential U=+ (ﬂ1 A, A, ) hints at a
substitution
%H: = E1 * §a %A" N §3 ¥ Elﬂ (6.3)
1
%Ag:ga_gta %Aa=§q”ga>

that "mixes up" components of different isotopic vectors

) >{a 2 2
A )

(H’I)AQ} )J ﬁ (H“) 'an O)
The Hamiltonian takes the form
4 {6.4)
2 o= 1 B 2 a . 2
%H=‘Y—1‘ El-?(§1*sq"§a ‘53)
i=
Expressing M:5 from (6.1) via variables (6.3) and using the con-

straint (6.2}, we arrive at

. (6.5)
a Ma -
=, 5 - 55,735 - 5%
1t is convenient to introduce new variables
=1 siny §a='la Sin §. (6.6)
Eq‘-*'7.1cogl-P Esz'zaco‘_\@,
s¢ that {6.5) will take a sfnpler form
: (6.7)
t M E g~
%"""4"'3':11"?::-7‘3@‘
Substituting {F.6) and (6.7) into {6.4) we shal) finally obtain
(6.8)

%aH Z "Lan + 28 Ma
Id

2

'l?' + —%E-]‘f“jil—'('rj‘ 7,2)
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. s » Las T3 N
we shall certainly arrive at the studled in detail Hamiltonian with . =2

(3.1)

Taking M, = 0 and making substitution 77,=

Eq.(6.8) was originally obtained in [45] , where, unlike here, not
Hamiltonian but axial gauge A: = 0 was used, A

The author of [46] has recently arrived at (6.8), however he didn't
notice the constraint condition, which leads to the equality L, = Le
of two constants that play a role of our M3 { =4, = Lo )

Although everywhere in [45] , Jjust the case L, = L, is consf‘d.er-
ed {as an .assumpt'lon).

The obtained system with Hamiltonian (6.8) is actually independent of

parameter M;, , for by means of the scale transformations

iy . -
v () e (B )

H can be transformed as follows [45] :

2 M Wrpad e o4 1 q (6.9
% H = —_— ——— (_“a_ + 3 +
4 2 21, Te
K A 2,2
+ 4_(7" -2 ],
The corresponding equatfons of motion have the form
. i K 2
T2+ T, m
1 2'3 1 ( 1 = ) (5,10)
*- 4 2 2
e =53 - 2 {2, - 'za)
T
The region T, = Tz =0 is forbidden because of the centrifugal
barrier in (6.9).
The trajectorfes of the system in each quadrant of the coordinate

system 24 , "2, lie inside the region bounded by the equipotentfal’

27



curve shown in Fig.6.

Here a‘lso,‘ as it was the case with the system (3.2}, the same bicture
of a "random walk" of the par't'lc'le in the channel along the quadrant bi-
sectrix, 1is again reproduced qualitatively, Ruling out the trivial case,
when the velocity of the particle is directed precisely along the channel
axis, the particle, as the analysis shows, cannot, generally spgak‘lng,' go
to infinity, for the channel's width reduces with time more rapidly
(like t'a ) than does the amplitude of oscillations near the channel's
axis {(~ e ) 48] . This circumstance is, in essence, responsible for
the stochasticity which is particularly pronounced at not small values of
Hept

We will not dweil on the details of the analysis of this stochasticity
and the question of regular c;:mponent. referring the interested readers to
the works 45, 47, 48] . We shall make only one remark,

In Sec.5 we observed a stabilizing action of the Higgs mechanism on
the sjstem (3.2}, 1t actually took place owing to intreduction into the
system (3.2} éf additional parameter Ji , which, when varied, changed
at a given 4 the regime of motion. The system (6.8), despite nonzero
moment M3 . has no such parameter. However , if introducing into the

. . [+ 8
right-hand side of classical Y.M. equations the density of charge Ju =

o }

= (_f), 0 ) (which 15, in essence, of quantum origin and generated,
a abc g [

for example, by heavy virtual quarks) f =_P‘:- n, ng » where

n_La, are unit vectors fn inner space, then the motfon integrals M, and
N  will take the form

My=73 ¢ - 20 ©
'%':Zneq’*"‘"a 8
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Then, instead of (6.9}, we shall have 48 (after scale transformation

7, — (ﬂ‘:f)’h'L, and so on}:
b e iT 4 . (6.11)
- + + T A 4 2 2,2
%H- > 1-'"&7(-;(_?4- 'Z,e‘)+ -"l—(z'— Zz) 2

where in the system there appeared, besides enerqgy, & new parameter

_ M- P
e
A numerical investigation carried out in [48] reveals that at A # 1

atagiven H , a transition from stochastfc motion to a reqular one
takes place as A increases. At A crit. {H ) the system is
close to the regular one. Of course, the stabilizing action associated with
the charge density f’q ( A q ) is of absolutely different nature
that that connected with the Higgs mechanism.

7..The General Case of Classical Y.M, Mechanics.
In the work of G.Asatryan and G.Savvidy [49] , the most general case

of classical Y.M. mechani¢s with nine degrees of freedom is considered,

[+ 9 . .
The potential of Y.M. fleld A, (t) can always be presented as

;o (7.1)
(O‘ E O'e. ):.
where E 15 diagonal
x{t} 0 © | (7.2}



and O, and O, are orthogonal time-dependent matrices.

introducing antisymmetric matrices () and R

w=o0, 0, =-0 0, (7.3)
. - T ’
R =0,0,=-0, O,

we obtain for Hamiltondan

Hpg = 3 (25+8742% )+ Tyw + (7.42)

2
+ % EXETEEEINS
where

3 . 2 2

Tm=ds {IQ(QJUQ@)-ameQO} (7.4).
o=t ) '

W :j_a ) Q.=_.i. t... 9. ‘ {7.5)

o~ F Cake W ¢ 2 Tk ThiK
I1 = ‘:]E"' Zap Ia= X?_+ 23) I3= Xa+ H?. (7.6)

Jo =2y, J,=2x2,

Al
n

2xy.

If 'the analogy with classical mgchanics of the point was'helpfﬂ in
the previous 'sections , an analogy with mechan{cs; of a solid body is useful
here. Only, this "body" has £  dependent inertia moments J; and I
and "rotates" in usual and inner spaces, for 1t we project the moments M;

and N ®  onto the coordinate system "moving" together with the "body"
' a_ b g .

N = 01 nho, M-t:Oa.,J'.mj

a

N =Iw‘w;- Jofla, Me=L 8- 3 Wk,
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Ce e
and differentiate them with respect to time { N = Mi = 0}, we shalt

then arrive at the "Euler equation" of classfcal mechanfcs

[n,m] [m Q]

We shall not analyze in detail these equations (7.7) and (7.4), but refer

(7.7}

the reader to the original work [49] , where also the generalization for

the case of an arbitrary gauge group SU(H) fs available.
8. Stochasticity and Confinement.

The discovery of dynamical chaos of free classical non-Abelfan gauge
flelds and of the "phase transition® of the "disorder - order” type
{"confinement phase" - “Higgs phase") In these systems, which were the
contents of the previous sections, makes highly attractive the idea that
the obéerved phenomena are to a certain extent preserved in the real
{1.e. quantum} vacuum of QUD and that precisely the presence of random cofor
vacuum-fiélds in it is resbonsibIe for the color confinement.

We have already mentioned in ‘the Intrqduction the arguments in favour
of that the disordered (stoqhﬁstic) vacium mey be the reason of confinement
{the analogy with lowering of dimensionality of quantum spfn systems in l
random field, the Olesen’s hypothesis on the reduction of the 4-dimensignal

- Y.M. theory to the two-dimensional one at N — oo , the Tattice calcu-
lations that make this hypothesis plausible also for the SU(Z)-symetry).

We now consider a 1ittle in detail the last argument, associated with
the Monte-Carlo calculations on the lattice distributfon P (&) of eigen-
values of the Wilson loops < W/ (C) > = jdoé <P (o) > e .

For they show that stochastic phenomena are to some degree present at
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ap [1s] .

- It follows from the results of Ref. 15 .that for the distances ( the
sizes of loops) 'z less than the conf'lnemer;t radius Tg , the distribu-
tion of eigenvalues of loops (ihe spectral density) Pc (ol) has a peak
at ol = 0, that means strong correlation of fields at small distances,

However for loops with T % T. , the distribution £ (o{) becomes
practically homogeneous, i.e. the fields are weakly correlated and the dis-
tribution of efgenvelues of W (C) ‘corresponds to the disordered configu-
rations, '

This argument, if not being an artifact\' of the Monte-Carlo lattice
caic:ulaﬂr;ns. tdicates that stochastic component in some form is {indeed
present at QCD.

The question of whether this stochasticity is the manifestation and
"relic* of the cbserved and described in Secs. 1-7 c¢lassfcal stochasticity,
is left, of course, open.

At present, there is a large number of mechanisms that "provide" the
color confinement, the most popular among which is the mechanism based on
condensation of vortices and magnetic monopd'les [40 s 50, 51] . No less po-
pular is the mechanism [52] based on the fdea of lowering the vacuum energy
owing to occurrence of gluonic condensate [28, 29] . The Monte-Carle calcu-
lations [_53-55] show that quarks ére confined in the SU(2) and SU(3) gauge
lattice theories.

As concerning less orthodox mechanisms of confineﬁent, we mention the
work of Kirzhnits et al. [56] , where the above-discussed possible sto-
chasticity of QUD is associated with the phenomenon of the type of locali-
2ation in disordered systems,

The localtization due to random potential leads, as is well known, to
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urusual properties of spectrum lof the relevant quantum problem: the spect-
rum is quasi-continuous (of the type of a set of rational numbers), however
the wave functions corresponding to closest energetic levels are localized
at a large distance from each other. Therefore, to such localized wave func-
tions corresponds a discrete spectrum, whose levels are determined by the
properties of random potential that acts between quarks { in particular,
by the localfzation length). '

Thus , the qualitative arguments lead to that in the "quark-antiquark"
system in one-dimensional approximation there acts a linear effective po-
tential increasing with distance, ‘

The above-said, with account of the mentioned in the Introduction
works [13, 14] , wherein the confinement sccurred in the Yimit N —> =<
as a result of stochasticity, is extremely jmportant to exhibit stochasti-
city as a really sufficient condition for confinement in quantum field
theory.

We shall demonstrate [57] that {f in the functional integral of theory
one takes into account only fields generated by randomly distributed cur-
rents, then the appropriate two-particle Green's function wiil correspond
to confinement. The contribution into the gluon propagator is, of course,
not exhausted with these f1e]&s, for there undoubtedly exists an important
class of fields of different, nonstochastic nature, which are particularly
jmportant for small and intermediated (as compared to the confinement ra-
dius . or, in our problem, to the radius of correlation of random cur-
rents y'* ) distances, Precisely these fields must be responsible for the
asymptotic freedom. ' _

We cannot say, whether they are present at T ~ ju” ~ T¢

together with the stochastic component {at which the above-mentioned Monte-
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Carlo calculations indicate [15] }. and if they are, then what thetr rela-
tive contribution compared to random fields is,

In other words , we are interested in the question: what the Green's
function of field quanta is, if the latters are generated by random color
currents J (%) which are Gausstan-distributed (the so-called

*white noise”):

o 2 a&‘ ( ) (8.1)
T =) T () > e p 6y 6 8 (= y).

In agreement with the abovesaid, the dynamics of .quanta of field
-1
{("gluons”) at the distances of the order of T _ -~ - is determined
by the stochastic equation of motion
' ‘ (8.2)
&8 o
— = Ju
<) Hju |
where S is the action of theory in the four-dimensfonal space - time
(below we shall use the Euclidean formuslation}, and quantum averaging is de-
termined by the relation

(8.3}

A @) A (20) > = <AL () An (k) >,

~r

. a ) ‘
The fields AJ“ are determined from Eq.(8.2), and the averaging

<-.- >‘:r Tn the right-hand side of Eq.(8.3) 1s made over the Gaussian
distribution of currents

| exp. {_ é:_!_;u_a _’,J_J: () j‘J:' (a) d"x}, » corresponding
to {8.1).

The generating functional of our theor;v, cofrespondfng to (8.3}, is
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given by the'exﬁres'sio'n - , _
H sl A e
SR (o) AN oc)]d"xH |

which, being differentiated with respect to the quantum source hﬂ (x)
defines the Green s functfons (8.3). _
Ptssing in (8.4) from the variables J to K by introducing the
& -function, that corresponds to (8.2), and applying the standard proce-
dure of rewriting the arfsing determinant via the anticmﬁtiﬁq vector
fields ~.|/Ju q"_/u o e shall arrive at the formula (for simplicity,
we shall omit the Lorentz and internal indices below):

:JZ}@DL[/Z)A exp{_J[%uq(%‘%)as (x—g)‘

(8.5)

)-hA(x) 8 (x- “dy.
+x)am)ae()“q At e u)ldndy

Note that the introduction of the stochastic equation (8.2) fnto the
functional integral is notable by that we do -not .1ntroduce the auxilfary
time as the fifth component, but nperate in the real space - time. We here
vbserve a close relation behreen‘fhe stochastic differential equations of
the type of (8.2) with supersymmetry, which was noticed recently [58] .

One can see already from (8.5) that in the tree approximation the two-
particle function of the type of {8.3) has the propertfes of confinement
{see the first term in the expoment {8.5)).

We shall show this, however, using another method , associated with
the introduction of superfield ?ﬂ x, @)

(PJ: (2.8_)=ﬂ.,u (o) + k{aﬂ (x) 0+ @\[/ﬂ () + Cj: ) 8, (2.6)
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here @_, é are the anticommuting varfables ( 0= 92‘_‘ {@a é} =0).

One may easily be convinced that {(8.5) can be written in the form
2(h)= [2Q(x, 8)exp{-[[ Z(Q)-
2 + z Yy -
oM ? - d'xcd8d 8
2 ? 363 6 ?-Hel
where H=h(x)é8-

From {8.7) it follows that the Fouri2r transform of the propagator

a - X 2 2
<(PJ,, ?v “>  of superfield has the structure of { P =< }:

{8.7)

(Pﬂﬂao? ol)-1 é-a& (S;M\)
where J, ol are Grassman's variables corresponding (after the Fourier
transform) to the variables é, & .
Integrating over them we shall arrive at confinement, for the Fourier

transform <ﬂ; Af > has finally the form

2
S S 2/
i.e. the exchange of such quanta is responsible for the linearly increasing
with 7 (for 77 & T ) potential between the static sources.
The consideration we have just performed, shows that the stochasticity

- of the sources generating the C(;rresponding fields (and they may occur, as
tﬁe Monfe—Caﬂo calculations show [15] , In the vicinity of 7T = T )
is the sufficient condition for the linear potential,

. One may be convinced that stochasticity §s the necessary condition
as w;'ll » if based on local field theories. However, thé reader has appa-
rEntlj noticed that such confinement is not something extraordinary for
gauge the6r1es, for, as 1s seen from our conclusion, any quantum field the-

ory, that is characterized by the _cdndition (8.1) of stochasticity (the

restriction by the "white nofse" as an example of stochasticity is apparent-
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. . .
ly ins1gnificant),w1l1 have propagator with behaviour _M ,/f> at
2 3
Pre ot
This is well seen from the following chain of the symbolic equations

and relations:

DA=-T, A=—D”J,

CARIAG < 8,85 <TI0 T 5 -
~Ju 0, D 6(“ X-y)

and so on, from where our statement follows, owing precjsely to the corre-
lator (8.1),
What then makeslthe gauge theory of non-Abelian fields unique as com-
pared with the other theories? l
Apparently, the inherent in this theory dynamical stochasticity, which
we have considered in detat} fn this paper for the classical case, We have
also advanced arguments in favour of that stochastic phenomena are probably
- preserved in thg quantum case, too. Of course, further explorations are

needed here.
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