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1. Introduction 

The real stellar systems - globular clusters and oalaxies - ~re known 

to be generally in the equilibrium state. This is reflected in t~e hioh 

degree of regularity of basic physical characteristics of the stellar svs-

terns, i.e. surface luminosity, dispersion of velocities, ~eometric shanes. 

etc. 

Jeans, Schwarzschi ld, Eddi n~ton, .~rnbartzuf'1i an. Chan-lrasekh<~r, <:.nitzer 

and others. have formulated many fum1amental orincioles of statistical mecha­

nics of the stellar systems. Thus, Chandrasekhar [1] has consir!er!'d in de­

tail the relaxation mechanism based on the account of the most natural rro-

cess - stellar binary encounters. However the maqnitude of the relaxation 

time of t~e real stellar systems (especially elljptical qalaxies), owin~ 
!3 only to binary encounters, turned out to be more than 111 years, i.e. 

exceeded the Hubble time. This contradiction is known as Zwicky paradox. 

An important step to eliminate this paradox became lynden-Rell 's naper 

[2] in which the theory of the collisionless .violent relaxation was rlevelonerl. 

This theory, having great heuristic advantages and stimulatino a lot of 

papers, sifll.Jltaneously could not avoid certain difficulties. Be inn a theory 

describing essentially non-eauilibrium nhase o~ evolution of the stellar 
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systems, it cannot describe their quasi-equilibrium phase. Amana mnny 

further attempts as to understand the mechanics of collisionless stellar 

systems, it is worth mentioning the paper by Severne anrl luwel [1] , wherein 

the contribution of fluctuations of the sel~-consistent field to thP relax-

ation process has been considered. 

The interest to the relaxation proble~ anrl the dynamical evolution o~ 

the stellar systrms has grown sharply due to i'l. numher o~ recen1:1_y obtained 

interesting observational data. Thus, at the centre of the olobular cluster 

Ml5, an anomalous excess of brightness is ohserved, whose exolanation by 

the prec;ence of the central black hole c~J encounters certain difficulties 

( [5], see also [6] ) . Existence of a ''rapid" mechanism o~ relaxation could 

become the possible explanation of this fact. 

The problem of the shape of elliptical galaxies has acquirPd a new 

content (see the recent review [7] }. 
The difficulties in satisfactory understandino of dynamics of the 

stellar syStems are due to the well-known fact that in a system of ~ Qra-

vitationally interacting stars Debye screeninq, as distinct fr0111 plasma, 

is absent. This circumstance makes the statistical description o~ oravitn­

tiona 1 sys terns more complic.ated and requires specia 1 methods. 

All that point out the crucial role of collective effects in the oro­

cess of relaxation of stellar systems. 

The present study is aimed at the investigation of this orohlem from 

the viewpoint of the ergodic theory which essentially takes into accoUnt 

the collectiVe nature of interaction. 

In the ergodic theory [s-11] a great progress is achieved in the in­

vestigation of statistical properties of dynamical sYstems prescribed by 

differential equations. The methods developed in the erQodic theory have 



found an application ir. the investig().tions of N.S.Krylov [12] • who half 

originally used these methods for the description of the relaxation Droc~s~. 

One of the authors (GKS) [n, It.] recf: .. ~1y ·;~ .... ~ ';h.:·se ~ethocls sturlyin(T 

the statistical properties of non-Abelian ~auq~ Yilng-~H11s i="iplr!s tle~no 

the basis of the theory of ele1'1entary particle interaction. That systeM 

was proved to be Kolmogorov K-system, i.e. non-inte~rable, rossessinq exnn­

nential instability and stronq statistical properties. 

The classification of non-integrable dynamic~tl systems hy the inr.reas­

ing of degree of their statistical oroperties is otJtaineC in the err!l"<ic 

theory. K-systems [15] possess r-.axirnally strong- statistical properties. 

These systems tend to the equilibrium state with exponential rate. ~nd thp 

index of exponent is naturally considered as the .relaxation time. 

As is shown in this paper, the stellar systems possess exoonential ~n-

stability peculiar to K-systems; the relaxation time is calculated, which ;~ 

connected with the Chandrasekhar (binary) relaxation time by the relatior. 

(see (5.21)) 

(!.!) 

where R.,.. is the radius of gravitational influence of the star, d is 

the mean distance between the stars. So far as for the real stellar syst~ms 

, then 

'1: « '0cn 
( 1.2) 

The time ?: iSosubstantially less than the Hubble time. 
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2. Reduction of the N-Body rroblem to the Study of r,erdesic Flux 

in the 3N-Dimensional Riemann Manifold 

Denote by 7a (a.:: 1, .. · ,K) the coordinates of stars. The ooten­
tial of interaction is 

(2.!) 

r;;, = r;. - rg ' 
where Met is the stellar mass. 

The equations of motion in the Hamiltonian form are 

(2.2) 

where H is the complete Hamiltonian of the system, ~ is t~e strtr 

momentum. So far as H is explicitly tiMe-indeoendent, then H(P, P} 
is an integral of motion, while the equatio,n H ( p, r) = E = const 
detenni nes the 6 N -1 dimensional enerQy hyoersurface in 6N-di~en-

sional phase space. 

By means of the variational principle of Maupertuis the trajectories 

of motion of the system (2.2) may be presented as geodesics of some Rie~nn 
metric given in the region of the confiqurational space ( G, ... , "Fn) € Q 

if U(~)<E 

2 '" ) 2 cis =(E-U)ci/=Wf, (dey~ , (U) 

where { c(-} is defined as 
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{ d. } - { 10 '"' -q,_- ,r;, ... 112-} 
' M.rr & ' {2.•) 

The main idea is that the study of the behaviour of the qeodesics, and 

1ence the trajectories of the system (2.2) reduces to the investiqation of 

geometrical properties of the Riemann ~anifolrl orescribed by the metric 

{2.3). 

The equation of the geodesics on the Riemann manifold 

dq;" 
dS 

( r~; are the Cristoffel symbols) for metric (2. ~),where 

has the form 

d'q."' 1 [ --+- 2 
ds' 2W 

aw dq.' dq."' _ "t aw dq. .. c!.q.'] _0 
aq,' c(s ds 'J aq,• !J,, ds ds - · 

{ 2. ,, 

(U) 

{ 1. 7) 

Eq.{2.7) coincides with equations of mot.ion (2.2) if the eigentime ds 

is replaced by J2 Wdt 

The global properties of the geodesics are defined by the linear devia-

tion Scy of close geodesics which satisfies the equat·ion 

( 1.R) 
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where RJ3,r6 is the Riemann tensor, Il/Ds denotes the covariant 

derivative. 

From (2.8) for the magnitude 

(2 .9) 

one can readily obtain the following equation 

( 2 .1 n) 

from which one can see that the linear deviation of the qeodesics depends 

on the geometry of the Riemann manifold determined by the Rie~ann tensor. 

Indeed, by definition, the curvature alon9 two-dimensional directions 

d<J, and d~ jds is l'i. 

K:(Sq, ciq/ds)·lo'r/1 dcpjds I= R.Ns ot ~~- oo/ ~f j 

-(ct .... oq, d. ~~ .. ;) e ' 

and if it is negative in all directions Oq, 
tile linear deviation will change by exponential 

Sees. 5,6, Eqs. (5.8, 5.1?, 6.2, 6.3)) 

Iocr (s) I? loq,(o) /e.f"F<'s 

1 s~ cs) 1~ /oq, co) 1 e-ms 

8 

(2 .11) 

and clqjds , then 

rate (for details, see 

if. 
d/Sq./ />o cts 

d/oq.l 1:~0 (2.12a) 

if cts s=o 



where 

K=min / K(ocy, dqjds)/. 
(6q,, d~/ds) 

(2.!?h) 

The next section deals vrith the statistical properties of dvnamical 

systems having exponential instability (2.12a) from the viewpoint of the 

ergodic theory. and their relation with the relaxation time. 

3. Statistical Properties of the Dynamical SysteMs: Definition 

of the Relaxation Time 

The dynamical systems can be divided into two classes - ~nteqrable 

ones, i.e. when the number of conserved integrals is equal to the nu~ber of 

degrees of freedom, and phase trajectories perfo~ windinq of N-~im~nsion~1 

* torus, and non-integrable ones , when the phase trajectory covers chaot~c~l-

ly the 2N-1 -dimensional energy hypersurface. The classification of non­

integrable dynamical systems is given in the er~odic theory [ ~.<?) by the 

increasing degree of their statistical properties. Those are: the er~odic 

systems, the systems with weak mixing, with mixing. with n-fold Mixinn, an~ 

finally with K-rnixing. i.e. K-systems. Already the systems with mixino have 

the property of tending to the equilibrium 'state [10] . 

K-systems possess m~lY~ strong statistical properties. One of their 

main properties is the decay of trajectories in the phase space into beams 

of exponentially approaching a~d expanding trajectories (transversal fibers) 

[16] . Therefore .K-systems tend to equilibrium state with exponential rate. 

* The non-integrability of three body problem was proved by Poincare 

in 1892. 

9 



It is natural to consider the magnitude equal to the exoonent index as 

the relaxation time. 

It is important to establish what class of non-inteqrable systems 

the stellar systems belong to. 

In [17-1g, 12, 16, 20] and other studies rather qeneral criteria 

were obtained ans't'lering the question to what class the systems with oiven 

Hamiltonian belong. It was proved, in particular, that the 9eodesic flux 

on the Riemann manifold of the variable negative curvature is K-s_ystel'1, so 

that the curvature determines the exponent ind,ex. The physical aspP.cts of 

the ergodic theory mentioned above are treated in more details in [n] 
Thus, the negativity of the curvaturP of the Riemann manifold ore 

scribed by metric (2.3) is a sufficient condition for the exoonentia1 in­

stability in th£ stellar syster,ls. 

4. Sign of the Scalar Curvature 

The Riemann tensor Ro~..JicrO for metric (2.2) has the fo~ 

('.I) 

and the scalar curvature is 

(l.?) 
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where 

aw 
W"'= aq,"- ; (vw)'= aw 

aCi"' 
aw 
aq,"' 

Let us calculate q~;,)di':.L~:; ~n (11.2) for thE! scalar curvature. 

Taking intc account (2.4) and the relation 

( 4 .3) 

for the term with LJ. W in (4.2) we obtain 

3N(3N-1) 41rr ~ M M o(r _F.) 
3JVW' ..,. L a g " ' a to 

The expression (4.4) is evidently zero in all cases except t~ose w~en 

any two or more stars undergo direct impact. Since the real stellar systems 

are collisionless (i.e. the time interval between two i"'lpacts is very 

large), one can neglect direct impacts. Therefore. for Fl we <'~rrivP at 

R=- 3N(3N-1)(_1 __ 1 )(vw)' 
w3 4 2N 

(4.5) 

Note that neglecting the first term in (4.2) and speakin9 on the ab-· 

sence of direct impacts, we nevertheless 'do not iqnnre the collisions in 

the Chandrasekhar s~nse, i.e. close encounters of the stars, as a result of 

which the direction of their motion changes by a certain anqle. Thus in 

(4.5) the effect of binary stellar encounters as well as ~ossible collect­

ive effects is taken into account. 
' 

One can see from (4.5) that the sign of R depends on the sion of 

W and the value of J{ . At lf ~ 2 R = 0 , and this reflects 

the fact that the problem of two bodies is integrable. At N -9 3 and 
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W>O we arrive at the important conclusion thnt R is 

negative and the systeM may have exponential instability anrl is a can~irlate 

into K-systems. More precise statements will be rlone in analysinrr t'le sinn 

of two-dimensional curvature (2.11) in Sec.!\. n.ut already now we cC~n claill"' 

that the stellar systems may be attributed to the class of systems wit'1 

strongly developed statistical properties. 

The conclusion on non-integrability of the N-bndy problem at J{ ~ 'i 

agrees with the mentioned result of Poincare. 

5. Estimation of the Collective Relaxation Time 

According to the results of the previous section, the stellar systems 

may possess exponenti.a-1 instability. and the exponent index determined by 

a minimum modulus of the curvature tensor along all two-dimensional direc­

tions (2.12) can naturally be considered as the relaxation time. 

It is helpful, first, to estimate the mean scalar curvature {4.5). 

One can readily see that 
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( 5 .1) 

~ 

whern Crt is the field strength. 

To estimate the ql!::.ntities in R-W and .L). W we shall proceed 

from the virial theorem and the Holtsmark probability distribution for the 

force [21-23] *. 

According to the virial theorem, 

w=E-u=-E 
' 

(1.2) 

i.e., as was already mentioned, W > 0 for the hound systeMs, 

Making use of the Holtsmark distribution, we shall find mean snuare 

force affecting a single star 

(I .1) 

= a41a jH(y)~zdy= ca41.3 
0 

where ere is the Ho.ltsmark distribution, and. 

a =.i!_(25TG:)# < M',b> n 
15 ' 

(5.4) 

* The fact that the stellar systems pos_ses-s exponential instabi iitv may 

justify the Holtsmark-Chandrasekhar-von Neumann orohability approach. 
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n is the stellar density. < M > is the star mean mss. 
From {5.1 - 5.4) we have 

(U) 

Substituting (5.2), (5.5) into (4.5) we shall get the desira~le ex· 
pression for 

R= 
3N 2 (3N-I) 

E' 

(5.6) 

Note that calculating the mean square force using the Holtsmark distri­
bution, we shall obtain a divergent quantity. so far as the constant c 
in (5.3-5.6) is formally equal to infinity. This is due to _the fact that 
the Holtsmark distribution predicts too high probabilities for t;z at 
I e I - =-o • which in turn is connected with the (lont]layinl)') CoulO!nb 

character of interaction. 

Introducing cutoff * for the forces of the order of [22l 

\ r \ GM/r' l>e,.toH ,...___, -. c .. t.Qff J 

~"c.t. 11 = 2 G ( M.._. Me)/ w/ 
(5 .7) 

where ~~to~f is the distance on which the escape velocity 
(from a star) equals ( V ). 

* The similar divergency takes place in electrodynamics, which in parti­
cular arises when calculating the lamb shift and is overcome as is well 

known, by-cutoff of contribution of small distances. 
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we shall get a finite va1ue for C ~ 1. 

~101-~ using the above--obtained result for R we can estimate rouqh1y 

the i ndcx of the exponent in ( 2 .12). 

Indeed, in the case 1~hen K<O in (2.1(1- 2.12), (2.J"1) can""' 

written as 

.,.!here 

ci e I oa, I 2 > 2 K /5o 1\ 
cis" ~r 

dq, 
cis 

The solution (5.8) in turn has the form 

/ory (s) I £ c5q,(o) ~Vii<s 

Hence the relaxation time is 

(5.•) 

Is. o) 

(5.!0) 

Now using {2.11) we estimate the mean curvature over two-dimension~l 

directions 

- ~ 
K(o~, ds)-

and from (2.3) we have 

therefore 

I ola, le R 
K Sq, II dS - (3N)' 

15 

(5.12) 

/5ct 12 
(5.13) 



Eqs. {2.10}, {5.8) and solutions {2.12), (5.9) contain the eioenti~e 

ds which is relat~?d with the real time t-.y the express~on 

ci.s = J2 welt . 

Having in mind (5.13). (5.14). we rewrite. (5.P.) in the for~ 

lnj for the relaxation time 

,....,l _ _1_ 3N 
- 2 ~RW' 

( 5.11!) 

(5.15) 

(S.lo) 

rs.l1) 

Using the previously obt~ined expression for the ~ean curvature r~dfus 

(5.6) for the relaxation.time we shall have 

(U8) 

( 
15 )% 1 = 4 -:c-::iilo-ffc"'2=c 

<V> 
G<M>n'l• 

In (5.!8) E =N< M>< V~/2. 
The re1axation time (5.1~) norMalized on characteristic values of the 

stellar systems (globular clusters. galaxies) parameters is 

8 ( <V>)(. n )-
2/3( <M>)-1 

't ""10:~r 10 "sm 1 pc' M0 · 
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and for the clusters of galaxies 1010 12 
10 years. 

Sompare the relaxation time r; \'dth 'Lch taldnr~ into accn,mt t~'>r_ 

binary encounters· only 

The ratio of these relaxation tin1es is 

1 
tnN 

1 
EnN 

(5 .~1) 

v1here R. is the radius of t~e stnr ~..-avitation<1l influencr, d. .;., 
the l'i<:an eli stance !_:.eb:e<:n ~tars. 

The expression (5.21) refiect'l the n;ai~ phy:::ical ·..'·:"'"~.:o~E·::u: retl-1~"1:~ 

"!:l-.e rc1axation time"3 1; anC "ten \'lhich is the fn11owinfJ: ""-:; 1"11'' !,ave 

of Ri e11anr. rr,.;o. r;ifo 1 d, the contri!,uti on to· wl-:i ch 'is r-'eP.rri ner s i~·n 1 v bv th"! 

j:)resence of the nei'lrr-;.t: nei~!-Jbcurs at a mean distencc d , l'lhere'l<; thA 

contribution ir.to 'Cch is. rle":emined by binary enco1mters onl:-·, c'la,..i!C­

terizeri by ':he effective radius RAI . <;ince for the real stPllar 'i'!Stf'"'S 

d » R~ we have 

'C « 'tch . 
15.2?1 

Note that in the fTIIE!chanism of collective relaxation rliscussed ~hovf' 

the mu1tip1e mutual scetterings cf al1 ~1 horlies inf"jdinfl thP n11ir onf'S 

are efficiently taker: into account. !·!it~ i ncreas 1 nr1 rl~"ns i tv·, d rlecrf'-'1 ~e" 

and approaches R"' , so that t:1e binary encounters becnrne rlnrdnatir:r: in 

the relaxation mechanism. That occur" at unrea11y h1r.~ stellar densities 

when d "" R*' . For the globular clusters it will take- olace at 

n- 1o12 pc-3 
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In the following section the curvature over twn·cli..,ensiona1 rlirections 

is investigated anrl the relation {5.11) is derived. Several nll.vsici!l cnn-

sequences are discussed. 

6. The Mean Radius of Curvature Along Two-Dimensional Directions 

The previous sections have dealt with the scalar curvature, w!,f':re<'~s 

actually two-dimensional curvature rc (2.11) enters the eQuation ~or t!,e 

geodesic divergency. Below, we give the analysis of th~ two-di~ensiona1 

curvature. 

latus calculate the right-hand side of (2.11) usinq the exor~ssion 

for the Riemann tensor (4.1j. ~fter substitution we obtain 

R 0a.'"6J'"'o¥6 8
-, "-.B.r8 o_r Y U-y v -

= ,/w [zl ~ w "o~Jioq,<j.l-1 ocy w'~q,l/<j.<j.~~w"c}l/ Bq,ory/]-

- 4~, [2/<j.w'))w'oq,//oq,<j.)-lottw'/iorrw'/IHI-
(' '1) 

-/~w'Jiw~/lorr oq,/] + 4~. [/~oql-IH/Ioq,oq,/}-/w'w'/, 

where the dot over q ( ~) denotes d1fferentiat1on with resnect to S 

a dash over W ( W') differentiation with respect to cy • <~nd the ~r~rs 

denote 

/
(' ·,/ ", aw oq, W = uq, ary"' ; 



lw' 'I- aw aw a"-.1' 
W - aq"' aq• a · 

let us present the linear clivergency of the oeodP.sics ~s the su~ cf 

1 ongi tudi na 1 and f'lO'"Ma 1 cotrponents~ to the velocity vector 

Then, one can see from (2.R) that the lon'litudinal component satisfies 

the trivial equation 

-0 

and the normal - the same equation (2.~). so th.>~t no~o1 in (?.Fl), (2.11). 

(5.8) we have /5'111 ~~ = /8'1/ 2 
. 4ence in (6.1) oq, 

only as nomal COfl'POnent, and therefore, usinq (F.2h) WI'! ~rrive at 

R._J358 Bq,«~ .. oc{~"=- ,/w [/oq,w"oq,l/ HI 

~ /~w"~Jioq,oq/] + 4~'[/oq,w') 2 /~~/ 
• 

The first two terms in (6.4) are of thE' same nature for thev contain 

the second derivatives of the potential and corresnond to th~ first te~ 

in (4.2) with the laplacian. while the thirrl. fourth ~nrl fifth te~ have 

the first derivatives of the ~otential and corrP.s~on~ to the s~con~ t~~ 

in (4.2) with the 9radient. 



Calculate in the exi)licit forrr ti,E' exrress1~ns 

where tile second -derivative m'!trix 

)-

has been used. 

:late that the terrr: Without 8 (3) ( r) +"unctiOn CQrrP'5f)Onrls tO 'JU'lrlru­

polar rnornent of the qravit<l.tioMl '5y'5tern \'ihose tri'Cf?' is Zf?'rn, so tl,~t th<> 
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total truce 0~ this w~trix 

(see (4.2)-(4.5)). The last three terr•s can be (lhtai~H"-1 t-v ~~i'!r'l<; n~ tl,r 

first-derivative vector 

Let us introduce the notations 

au 
aq/ = B'" 

(~_Q\ 

Consider the case \othen ~g f= 0 

turns into zero while the re-nainin'"' re;l nart is c;y!"''letrir ?rl'"' in •drtuP l"lf 

{ 6. 6) has a zero trace. :'lnong its ei oenva l11es Jt d. 
sitive and ne9ative ter~s. the difference between t'leir r!!l':lhPr<: t-elnr t~<> 

invariant of this f'latrix in virtue cf the lnw of inerti<'l. In l"act. ~1e ;,r"! 

fqA9/ composed of 

/8~ A 0'} I 
in 3tl-dimensior.i'!l sracP<; OCJ.d. 

interested in the sign-definiteness of quadratic forms 

~cL • Since this 

fanns Is'} JJ oq, I 
matrix has the eioenvalues of different sinns. the 

anc are si!ln-indefinite, SC' t~nt ~hf' 5trr-

face where these quadratic forms turn to zero is a hynersurface qiven hy t!le 

expression 

which at N : represents a conical surface {F'i(l.l). ll.t certain instcn.,tc; 

of time may become zero, then sinrJUlilr tems wil1 contrihute into 
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(6.-') either. As was 1""2ntioned befrwe, suc!-J events tilke r1<\r:(' pftrel~(~1v 

rarely. 

To stu-::!y the Si()n-definiteness of the last three t:errs. h'E' shilll write 

dO\\•n the scalar products in the 1~-di~'ensional Sllilr:es Oq,<:L i'lnrl 

in the form 

5~ d. B" = J 6q; 5~ I v., I B B I y;, cos £1"1- ) 

~d. s .. = 144/ y;, I B B jl"< cos-& 4- ' 

~>lhere &~ . ._ and 19~ are ~he angles 1'-ehlcen vectors Oq.cl , Bd. anr1 

q B._ , respectively. Ther. these terms can be rewritten in the 

form 
f f",. 1 ?) 

Fi~.2 shm:s the posit~ve and ne<1ative rer;ions· n"' tile exl'lr~ssinn "'rorr the 

square brackets in (15.12). The null line is Oeterl'lined hv the equi'ltion 

cos 2~~ + cos2~ = j 
(6.11) 

and the maximum anJ ·"'ini'l1UM are achievf'r1 in the Points 

t9.max _ 
s~ -

.C!max 0 

u~ = 0' '1i' c$1 

(f.l'a) 

{)min . {)':'in= !iT/ 31!/ 
s~ - q, 12 , /2 

bei ny equa 1 to 
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(f.15) 

respectively. 

Thus, during the evolution of the system at differ~nt times t~e for~ 

(6.4) can take both positive and ne~ative v"lues. 

However with increasing r: for spherically syrm~etric svSteiT'S. t.hP the 

the system spends in the region of ne(!ative values st~rts t0 !"revai1 strono~ 

ly. In order to make sure of that, let us choose nn ;,sserrb1y of s.vstef"S '<lith 

spherically syfl1Tletric initialvelocitiesand sl,i~ts anc! nverarre (f.~) nver 

them. We shall use here the follzydino relation~: 

As a result of such averagin9, the first two terms in (6.A) transfo~ 

into expression 

LIW 
3NW2 

which is zero at l';.s 1=-0. 

The last three tenns in (6.4) ilfter averaqinq are eonit1 to 
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:Jne can see that with increasinn ~1 the sy<stem :-nnst ~"~.r thf' ti~"'e sl'lencls nf!r-r 

the negative values (6.14b) eoual to - ~B2 
. 

After averaging the expression {6.ll) lr'loks 111-e 

( F .1 O) 

wherein we have used the relations {4.2), {6.7), {5.12). "!"hus, thf' validitv 

of the relation (5.11) is shown. 

Thus, generally speaking. the r.lyna~ics of the system is not c!E>ter"'inecl 

by the scalar curvature R only, however, as is seen f'ro~"' (M.JO). the 

averaged curvature over two-dimensional directions 1'C is rror!"'rt~oMl tn 

scalar curvatu!·e. and turns out ne11at"ive in virtue (lf' verifirfl ~nalvsis. 

At the same time, the d,rnamics of the non· Sf'herica~ syst"!f'IS is rlp"':.er­

r:•ined by two-dimensional curvi"!t\Jl""·<- K \o:!-i,·l· ""<'~Y ~:-e t-rt.h l'osi-t:ivf! anrl ne-

gative. l.:f-J.i2__si<-mi..f_~can_t_fac_t_j.l)_ responsihle -~'"or that rich v<~riety o-r con­

fj_2_~X.!"li.<? .. n~_Q:f_2._"t3.l!..a...!:... .. ~.l3-~ .. s __ !_ha t are observc>d in the t~niverse! In p~rt"f­
cular, the presence of regions with positive curvature adf'lits the ~xistence 

of the systems with a more regular structure {cf. [25, 2n] ) thrtn qlobular 

clusters and elliptical galaxies, namely spiral galaxies of' different 

classes. 

Thus, the initial data of stellar systems, notwithstandin~ their iden-

tic a 1 dynamics, determine essenti a 11y the subsequent -evolution of the syste~ .. 

At spherical distribution of the initial data, as it was shown above, the 



system possesses exponential instability and stron') statistical f'lron~rtiPs: 

those systems are globular clusters and elliptical nalaxies. nn t~e other 

hand, in the presence of the initial rotational mo~ent th~ syst~ ~ost of 

the time spends in the regions with positive two-dimensional curvature 

and hence has a more regular structure, as, for example, snir~l ~alaxies 

have. Hen~_!_'Lf_Q}_l_~2.__tb_'!_t _ _!:.!l_e __ ~1J...iptica1 an-i srira.l l'l'!l?xie_s must ~av~? 

P.!_f_f.~..!:_ent o_t:_iJrl_f!_,~i_S__b_~j_!J_~S!J_r:tf!rmPrl bv recent inv~stinations. 

As is well known, according to ~he KAM theor_v [21] , thp l'h<lse snace 

of the non-interyra~~~ syste~ contain~ both the regions of renuli'lr ~otion 

(the torus winding) and those of irregular motion. From this point of view, 

the elliptical galaxies are in the region of irre~ular motion, and th~ 

spiral ones - in the region of more regular one, close to some inte~rabl~ 

problem, the small parameter being inverse proportional to rotational ~o­

ment. 

7. Discussion and Conclusion 

The statistical properties of the stellar systems from a position of 

the ergodic theory have been investioated in the present work. The initial 

point was to reduce the N-body problem to the investiqation o~ the beha­

viour of the geodesic flux on the Rie~ann Manifol~. The exponential ~iver­

gency of geodesics was shown for the stellar systems with the exoonent 

index determined by curvature of this manifold. Accordinq to the definition 

(Sec.4}, we hav~ taken the index of this exponent as the r~laxation time. 

A question that naturally arises here is how the determined tiMe of rela­

xation is connected with the time of arriving of the systeM to equilihrium 

state. This question was discussed in detail in the remarkable works of 

N.S.Krylov [12] on the foundations of statistical physics. Below, we shall 
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dwell briefly on this question. 

The question is \·/hat is the ri'lte the pri111ary ce11 of pl'lao;e soace will 

cover uniformly the ener:J.Y hypersurface H : canst. In the erqorlic theor.v 

10 it is shO\-m that in the mixina systen~o; the orir;ary ce11 corr.olicates its 

shape so r:~wch (preserving its volume .:~nd bond), that at t- 00 covers 

unifor~1~· the hypersurface H "' canst.* In this S!'!nse, precisely in the 

systems .w~th mixins,any non-equilibrium distribution tends to the equili­

briu:n one during infinite time. However, if requirino that the mixing occurs 

with the prescri~ed accuracy £ connected with the accurilcv of physical 

measurement, then this tirre 1:e. will be finite. 

The systems with exponentia~ instability, i.e .. those with r:-l'lixinq, 
S,f-

tend to equi1it.riurr. state 1-.'ith the exponential rate € . Therefore, if 

we-adopt a certain accuracy of the equilibrium st<~te arrived, thE>n there­

laxation time 't€ wi11 be .::xpressed via a charaCteristic time 1: 

where Jv'(c) is the number that depends only on C 

Compare this definition of the relaxation time with that of Chandra-

sekhar [ 1] The initial point of our definition is the trajectory instabi-

lity which implies that the change of the initial data on 6~ ( 0) is 

carried out with exponential rate: Sq,(s) ~ S~(o)e'k . Thus, 

e.g., if we consider the binary encounters of the stars with the initial 

scattering angles 'f 
in· 

instability means that 

and LD + .6 LP • then the exponential 
Hn 1"n 

* The ergodic systems do not possess this prooerty. 
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in the process of a sinqle act of enccur-:~<:!r. c"r·' ~f"t"'r n 

the angle diver?ency ·:~ill be 

so that 

As for Chandrasekhar [1] , he considers the di~fernce 

.6'f ='foul- 'fen ! 

1nd the relaxation time the time during which 

Ol'ling to the binary encounters, i.e. when the change of the ar.qle of a sinf71e 

star will become of the order of 'JT /2. . 
Let us formulate the main results of the study. 

1. Ue have shown that an exponential instabi1itv which leads to enui­

librium state exists in the stellar syste~s. 

2. The expression for the curvatur~ tensor. deternininr the ~eclinilti('l'1 

of geodesics is analyzed. The regions of rositivity ~nd ne~ativity o~ the 

two-dimenSional curvature a~e realized an<"! its t"'Jle in the evolutio~'.)f t~E 

stellar systems is discussed. 

3. The magr.itude of the relaxation time for :~e r€al syst0:·s (~lr~uliH' 

clusters and galaxies) is calculated. The ti!T'e ot-tainer:l is cor:rJC~rer:l 1-1ith 

the Chandrasekhar relaxation ti~e and the:~ physical rlifferences are Cis-

cussed. 

In conclusion we mention several additional astrophysical cor.seq~P:>nce:::. 

As is well known, if the velocity distribution nf stars ~s "coxl~f'l1hn, sr:r-"' 

'7 



part of the stars will ev~q:ura::e [24] . So far as t!"lc tir~e 7: is essen­

tially less than the Chandrasekhar relaxation ti!"'e, t"te role o~ evanoratior: 

tained resi..ltS can serve as a foundation to the hynothec;is of thP local 

equi1ibriurr: of the stellar systems [2B. 29]. 

The.au~hors are thankful to S.G.Matinyan, A.G.r.ech~k an~ n.Y.Khu~~ver­

dyan for usefu1 discussio~s. 
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Fj g. 1. 

e + Sir'gular r;art 

singular part 
---..__ 

Schematic rerresent~tion of t'-l'F> rerr"irmos nf • 
rositive and ne~ative sion o~ t~e ~i~st 

two terFs fro~ [~.(6.4). 
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FiJ. 2. Reqions of positive and negative sinn o~ 

the last three terrrs from Eq.(6 . .1). 
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