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1. Introduction

The real stellar systems - globular clusters and galaxies - are known
to be gererally in the eguilibrium state. This is reflected in the hinh
degree of regularity of basic physical characteristics of the stellar svs-
tems, j.e. surface luminosity, dispersion of velocities, neometric shapes.
etc.

Jeans, Schwarzschild, Eddinaton, Ambartzumian, Chandrasekhar, Spitzer
and others have formulated many fundamental nrincinles of statistical mecha-
nics of the stellar systems. Thus, Chandrasekhar [1} has considered in de-
tail the relaxation mechanism based on the account of the most natural pro-
cess - stellar binary encounters. However the mazanitude of the keTaxatfon
time of the real stellar systems (especially e]Tjntica1 galaxies)., owina
only to binary encounters, turned out to be more than 1013 years, i.e,
exceeded the Hubble time. This contradiction is known as Zwicky paradox.

An important step to eliminate this paradox became Lynder-Rell's naner
[2] in which the theory of the collisionless violent relaxation was develaned.
This theory, having great heuristic advantages and stimulatina a lot of

papers, simultaneously could not avoid certain difficulties. Beina a theory

describing essentfally non-equilibrium phase of evelution of the siellar



systems, it cannot describe their quasi-equilibrium phase. Among many
further attempts as to understand the mechanics of collisionless stellar
systems, it is worth mentioning the paper by Severne and Luwel [3] s wherefn
the contribution of fluctuations of the self-consistent field to the relax-
ation process has been considered.

The interest to the relaxation problem and the dynamical evolution of
the stellar systems has grown sharply due to a number of recently obtained
interesting observational data. Thus, at the centre of the alobular cluster
M15, an anonalous excess of brightress fs ohserved, whose explanation by
the presence of the central black hole [{] encounters certain difficulties
([5], see also [ﬁ] ). Existence of a "rgpid" mechanmism of relaxation could
become the possible explanation of this fact.

The problem of the shape of elliptical galaxies has acquired a new
content {see the recent review [i] ).

The difficu]t}es in satisfactory understanding of dynamics of the
SteI]ar systems are due to the well-known fact that in a systém of N gra-
vitationally interacting stars Debye screening, as distinct from plasma,
is absent. This circumstance makes the statistical description of aravita-
tional systems more complicated and requires special methods,

A1l that point out the crucial role of collective effects in the nro-
cess of relaxation of stellar systems.

The present study is aimed at the investigation of this oroblem from
the viewpoint of the ergodic theory which essentially takes into account
the co]TeﬁtiVe nature of interaction. .

In the ergodic theory [8—11] a great progress fs achieved in the in-
vestigation of statistical properties of dynamical systems prescribed by

differential equations, The methods developed in the ergodic theory have



fourd an application in the investigations of N.S.Krylov [12] , who had
originally used these metheds for the description of the relaxation process.

Ore of the authors (GKS) [13, 14] recently e these methods studyine
the statistical properties of non-Abelian cauge Yang-Mills fields beino
the basis of the theory of elementary particle interaction. That system
was proved to be Keolmogorov K-system, i.e. non-inteorable, nossessing exnn-
nential instability and strong statistical properties.

The classification of non-integrable dynamical systems by the ¥ncreas-
ing of degree of their statistical croperties is ohtained in the ercrlic
theory. K-systems [15] possess maximally strong statistical properties.
These systems tend to the equilibrium state with exponential rate, and the
index of exponent is naturally considered as the relaxation time,

As is shown in this paper, the stellar systems possess exoonential in-
stability peculiar to K-systems; the relaxation time is calculated, which is
connected with the Chandrasekhar‘(binary) relaxation time by the relation
(see {5.21))

R . (1.1)

where R, is the radius of gravitational influence of the star, d i
the mean distance between the stars. So far as for the real stellar systems
ds» R, ., then

T << ,C:-’fh (1.2)

The time T s, substantially less than the Hubble time.



2. Reduction of the N-Body Problem to the Study of Rerdesic Flux

in the 3N-Dimensional Riemann Manifold

v Denote by In (a‘ =, ,JV') the ceordinates of stars. The noten-

tial of interaction is

- - - Ma Mg

=S U(R-R)=-65 Y&,

Uaé:eu(“ ré) acg fag 7
{(2.1)

fag = e " fe >
where Mg is the stellar mass.

The equations of motion in the Hamiltonfan form are

= 3H aH (2.2)

-3 fa® e

where  H  is the complete Hamiltonian of the system, [,  1s the star
momentum, So far as [ s exb‘l'lcit'ly time-independent, then H(ﬁ, F)
is an integral of motion, while the equatiop H(ﬁ,F’") = [ = const
determines the GN-f‘ dimensional enerqy hynersurface in 6N-dimen-
sional phase space. )

By means of the varfational principle of Maupertuis the trajectories
of motion of the system (2.2) may be presented as geodesit;:s of some Riemann

metric given in the region of the confiqurational space (F,, ey P”)EG

it U(r)<E

dsts(e-U)ast-wE (ag”) &

[ o
where L C} } is defined as
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A, o, 3N

The matn fdea is that the study of the behaviour of the qeodesics, and

(2.4)

ience the trajectorfes of the system (2.2} reduces to the investiqation of
geometrical preperties of the Riemann ranifold prescribed by the metric
{2.3).
The equation of the geodesics on the Riemann manifold
ﬁdJr Vo{ @i E‘ﬁﬁ:o o (2.®
ds By ds ds ?
( fﬁé? are the Cristoffel symbols) for metric [2.3), where
(2.6}

1
Gup = Whip 3,‘“5: % Oup

has the form

(2.7)

diq* 1 [, aw dg” dg* .y W dg” dg¥
ds? +2W[2 aif ds ds 9 aq,‘r da'ja‘y ds  ds =0 .

£q.(2.7) coincides with equations of motion (7.2) if the eigentime ds
is replaced by V& wWdt
The global properties of the geodesics are defined by the Jinear devia-

tion éﬂ; of close geodesics which satisfies the equation

{2.8)

D%Sg* d
DUS5". R (g) - 0"



oL
where Rgy§  is the Riemann tensor, D/_Ds denctes the covariant

dertvative.
From {(2.8) for the magnitude

{2.9)

]SQI ’2 =9, 69" 6g°

one can readily ghtain the following equation

{2.1n)

d?|8ql « dg® ardq Dé8q |°
% "2R°w3(9)69 ds 69 re Ds !

from which one can see that the linear deviation of the gendesics depends
on the geometry of the Riemann manifold determined by the Riemann tensor.

Indeed, by definition, the curvature along two-dimensional directions

&z, and dq/ds is K

dgf dg®
K (65, dg/ds)| SgAda/ds =R 55 60% G 63" o~
(2.11)

]csqr/\dq,/ois] (9@59&“5%”)(9# ds %)

”(%ﬁ 09" T2 27 ),

and if it is negative in all directions 59, and dq,/ds , then
the Tinear deviation will change by exponential rate {for detatls, see

Secs. 5,6, Eqgs. (5.8, 5.17, 6.2, 6.3))

,59(3)[%‘5@(0)!8“@?5 it .@{fg’—‘[>0
520 (2.122)
FT &
|G @leeg@]e™ <o




where

A
K =min [ K(%g, d(%/ds)‘. (2.120}
(g, dg/ds)
The next section deals with the statistical properties of dvnamical
systems having exponmential instability (2.12a) from the viewpoint of the

ergodic theory, and their relation with the relaxation time.

3. Statistical Properties of the Dynamical Systems: Definition

of the Relaxaticn Time

The dynamical systems can be divided into two classes - Integrable
ones, i.e. when the number of conserved integrals is equal to the number of
degrees of freedom, and phase trajectories nerform winding of N-dimensional
torus, and qon—integrab1e ones*. when the phase trajectory covers chaotical-
1y the 2N-1 -dimensfonal energy hypersurface. The classification of non-
integrable dymamical systems is given in the erqodic theory [9,91 ty the
increasing degree of their statistical properties, Those are: the eraodic
systems, the systems with weak mixing, with mixing, with n-fold mixina, and
finally with K-mixing, i.e. K-systems. Already the systems with mixing have
the property of tending to the equilibrium’state [10] .

K-systems possess mawimedlly. strong statistical properties. One of their
main properties is the decay of trajectories fn the phase space into beams
of exponentially approaching and expanding trajectories (traﬁsversa1 fibers}

[16] . Therefore K-systems tend to equitibrium state with exponential rate.

* The non-integrability of three body problem was proved by Poincare

in 1892,



It is natural to consider the maonitude equal to the exnonent index as
the relaxation time,

It is important to establish what class of non-inteqrable svstems
the stellar systems belong to.

In [17-19, 12, 16, 20] and other studfes rather general criterda
were obtained answering the question to what class the systems with afven
Hamiltonian belong. It was proved, in partfcular, that the geodesic flux
on the Riemann manifold of the variable negative curvature is K-system, so
that the curvature determines the exponent index. The ohysical aspects of
the ergodic theory mentioned above are treated in more details in [1{] .

Thus, the negativity of the curvature of the Riemann manifold ore
scribed by metric {(2,3) is a sufficient condition for the exponential in-

stability in the stellar systems.

4, Sign of the Scalar Curvature

" The Riemann teusor f?dﬁas for metric (2.2) has the form

1

Rugys = 2w [Wﬁar Gus™ Wy Qs ™ Was Gy * W“S%a] .
a1

3
T Lw? [Wﬂ Wy Gus = W Wy G5~ W W5 Gy + Wi W QMJ

1
+ ——— - &
AN [gﬁ?f 90‘-’5 gdaf QﬁSZI WG W,
and the scalar curvature is

AN 4 4 (VW}Z
R:BN(TD’N"U [-SJV‘XF—( ] 4 (£.2)
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where

LA 8w 2. AW  3W
W= 3g%L 7 AW = a%d a%ob ’ (VW) = aq’oc 3g%

Let us calculate guantisizs *n (4.2} for the scalar curvature,
Taking inte account (2.4) and the relation

i o {a,1)
ap( Fogr)=-4ns (F-a)

for the term with AW in (4.2} we cbtain

(4,.4)

3N (3N-1) < >
W 4WGaZ%E Ma Mg 5(*"@ rs) .

The expression (4.4) is evidently zero in all cases except those when
any two or maore stars undergo direct impact. Since the real stellar systems
are collisionless (i.e. the time interval between two impacts is very

large}, one can neglect direct impacts. Therefore, for R we arrive at
- SJV'(SJV-D( 1" 2
R= 4 EJV)(VW) ‘

Note that neglecting the first term in {4.2) and speaking on the ab-

{4.5)

sence of direct impacts, we nevertheless do not ianore the collisions in
the Chandrasekhar sense, i.e. close encounters of the stars, as a result of
which the direction of their mofion changes by a certain anq]e. Thus in
(4.5) the effect of binary stellar encounters as well as pnésih1e collect-
1vg'effects is tgken into account.
One can see from {4.5) that the sign of R depends on the sian of

W and the value of &V . At K =2 , R=0 |, and this reflicts

the fact that the problem of two bodies is integrable, At J 23 and

11



W0 we arrive at the important conclusion that R is
negative and the system may have exponential instability and 45 a candidate
into K-systems. More precise statements will be dome in analysine the sion
of two-dimensfonal curvature (2.11) in Sec.6. "yt already now we can claim
that the stellar systems may be attributed to the class of systems with

strongly developed statistical properties.

The conclusion on non-integrability of the N-bedy problem at & > 13

agrees with the mentioned result of Pofncare.

5. Estimation of the Collective Relaxation Time

According to the results of the previous section, the stellar systems
may possess exponential instability, and the exponenf index determined hy
a minimum modulus 6f the curvature temsor along all two-dimensional direc-
tions (2.12) can naturally be considered as the relaxation time.

It is helpful, first, to'estimaté the mean scalar curvature {4.5).

One can readily see that

12



{5.1)

whers €, s the field strength.
To estimate the quantities in R-%W and é}V‘/ we shall proceed

from the virial theorem and the Holtsmark orobability distribution for the
. .
force [21-23] .
According to the virial theorem,

w=E-U=-E, | ' (5.2)

i.e., as was already mentioned, W >0  for the bound systems,

Making use of the Holismark distribution, we shall find mean souare

force affecting a single star

<E%> =j€a}f(c)d€ =

y ) Y {5.7)
(=)
=a’*/3fyadg‘s?g'fe<” X sin xdx =
o °
4 2 45
= a/ij(g)g dy=ca™,
0 .
where E}e is the Holtsmark distribution, and:
{5.2)

a1 (eqG) %< M*%n,

* The fact that the stellar systems possess exponential fnstabiiftv may

justtfy the Holtsmark-Chandrasekhar-von Reumann probability approach.

13



s the stellar density, < M > is the star mean mass.

From (5.1 - 5.4) we have

(5.5}
(VW)E = Nea?P <M,

Substituting (5.2}, (5.5) into (4.5) we shall get the desirable ex-
pression for

R=ﬂE(—3——<M>ca"/3 .4__21‘()
9K 3ca%h <M> | (5.6)
B 4E3

Note that calculating the mean square force using the Holtsmark distri-
butfon, we shall obtain a divergent quantity, so far as the constant ¢
in (5.3-5.6) is formally equal to infinfty. This fs due to the fact that

the Holtsmark distribution predicts too high probabilities for Efa at

[5‘ T, which in turn is connected with the (1ong1aj1nq) Coulomh
character of interaction.

Introducing cutoff ~ for the forces of the order of [22]

lge-.tuytl ~ GM""/F:A@% 1

Petogs = 2 G (MaaM)/ovr® (5.)

Cutogg ig the distance on whiech the egcape velocity
(from a star) equals (V5.

where

* The similar divergency takes place in electrodynamics, which in parti-

cular arises when calculating the Lamb shift and is overcome as 1s well

knbwn, by cutoff of contribution of small distances,

14



we shall get a finite value for C=1.
Mow using the above-obtained result for R we can estimate rounhly
the index of the exponent in [2.12).

Indeed, in the case when F <O in (2,10 - 2.17), (2.1M) can be

written as
délégl® ; S dg 2 (5.2
>2Kl q//\ s ) ’
whare
dg
K it K: 6 ¢ d ) .
gy ey )
The solution (5.8) in turn has the form
EVERS dl (5.9)
!é‘q,(s)' 2 5q,(0)8 R idg] éo
Hence the relaxation time is
{5.1m

T = (2&)%.

Mow using (2.11) we estimate the mean curvature over two-dimensional

directions
R(ngw %;L) ~ fy%\?)_é (5.1
and from (2.3) we have
—j—g’m _3% N \X/’( ;{2 )2:1 {5.12)
therefore 5
H‘SCI«A%}IEN@%E ‘S%I {5.13)

15



Eqs. (2.10), (5.8) and solutions {2.12), {5,9) contain the efaentime

dS which is related with the real time by the expression

ds =2 wdt .

Having in mind (5.13), (5.14), we rewrite {5.8) in the form

5 ["> Fe 159

(5.14)

(5.15)

cH:2

Finally we have
1'59/(1: ! lé"q/ 0),8

ind for the relaxation time

VBt {5.1R)

{5.17

PSRRI - 5.17)
¢ JrRw?

Using the previously obtained expression for the mean curvature radfus

{5.6) for the reTaxation.time we shall have °

B 7
t:\/ CaAzcMsN
{5.18)

_ __)2/3 1 V>
‘( & 293 G<M>n%
In (5.18) F =/ <M><v>/2.

The relaxation time (5.1%) normalized on characteristic values of the

stellar systems (globular clusters, galaxies)} parameters fs
<V n V¥ <M1 {5.19)
T= TOyr (10 Km)( 1PC'3) Mo . .

16




"
) 2
and for the clusters of galaxies T 1(‘-1 years.

Compare the relaxation time T with Toap taking fnto account tha

binary encounters onlv

J3 \/3 fe,2n)

The ratio of these relaxation times is

Ton . V/OM 4 _d 1 5.
T n’s Env  Ra« EnWN

where R,, is the radius of the star yravitational inflvence. d 45
the rean distance between ctars.

The expression [5,21) refiects the mair phyzical Jif arznce Fotucen
the relaxzation times T and tch which is the fallowing: as we have
already mentisned, the ro’axatior %ire T is Aefinnd bty *he o jruztoes
of Riemane manifold, the contrihution to which s datermined sirnly by the
presence ¢f the neares* nefghbours at a mean distence d , whereas the
contribution into Ceh S5 determined by binary encounters onlr, charac-
terized by the effective radius R,, . Since for the real stellar svstems

d » Ra& . we have

(5 27)
T << Teh :

Note that in the mechanfsm of collective relaxation Aiscussed ahove
the multiple mutual scatterings of all M ﬁod'ies in{:jdinn the nafr ones
are efficiently taken into acccunt. With 'inc.reas1nq densitv, O decreases
and approaches R* . 8o that the binary encounters become dominatine 4n
the relaxation mechanism. That occurs at unreally hia* stellar densfties
when d ™ R« . For the glebular clusters it will take nlace at

n~ 1012 pc“3.

17



In the following section the curvature over twn.dimensional directions
s investigated and the relation {5.11) is derived. Several nhvsical con-

sequences are discussed.
6. The Mean Radius of Curvature Along Two-Dimensional Directions

The previous sections have dealt with the scalar curvature, whereas
actually two-dimensional curvature K (2.11) enters the equation for the
geodesic divergency. Below, we give the analysis of the two-dirensional
curvature.

Lat us calculate the right-hand side of (2.11) using the expression

for the Riemann tenser (4.1). After substitution we obtain
R, o 8ot g88q¥5° =
Rapys 0G 97°9° 9

- S l2lg g led |- 59w sglIg it w5 169891

(k.1)
-2 [alawilwsg|iSq3]- [sgwillgwlldsl -

'If;W'HW'@H%!]+£w-eﬂc'»&»fa-!wll%ﬂ-lw'ww,

where the dot over C"/ (q) denotes differentiation with resnect to S
a dash over W(W') differentiation with respect to q/ , and the bars

denote
4 AW

lGw'sq|= 5L Seag 89 [Sgw =85 S



von] . W
!W W,‘ aqw aq g

Let us present the 1inear divercency of the aecdesics as the sum of
Tongitudinal and rormal components+to the velocity vector

{r.2a)

5g =6q, + 69, ,
’6% c'q,[=0.

Then, one can see from (2.8) that the lonnitudinal component satisfies

{£.2h)

the trivial equation

]je i ) (6.7

Ds®
and the normal - the same equation (2.8), so that now in (2100, (2.11),

(5.8) we have jaq,/\ a5 l \55” . Hence in (£.1) &} may be treated

only as narmal component, and therefore, wsing [£.2h) we arrive at
Rugss 64°4°893%= - 77 L1895l 4.3
3 ) .
“ 4w {|8q 89/ * awel 8w |44

g lsabal]- i [ lj3a54 561

6.4

The first two terms in (6.4) are of the same nature for thev contain
the second derivatives of the potential and corresnond to the first term
in {4.2) with the Laplacian. while the third, fourth and fifth terms have
the first derivatives of the notentfal and corresnond to the second term

in {4.2) with the gradient.



Calculate in the explicit forwr the expressions

‘5@\?(/"59] 2 ZBQ ap 5,, 8rf -

b i,K {F )
ng{ Ma Mg [&-gg 5%, - 3(&:3 3(87 7ag)” ]
-5 Ma Mg (87 875) 8 (i) |
[gw'g|~|sgwse|  w g4,
where tie second -derivative matrix
acu - I3 3'3% fut
3"538"'5 G MaMs {'ﬂa (SL g ) (6 631
drs 6%(%) ) a#e

(F £

92U 6X MaMc{FL(5£R— 3nh nf )_

2
ar‘ é‘r“s ¢ #a Mae

A5k 877} as8

has been used.
@,
lote that the term without 6 (F‘) function corresponds to quadru-

polar moment of the gravitational system whose trace is zern, so that the

20



total trace of this matrix

LA

AU=-AW =416 L Ma Mg 59 7).

isee (4.2)-(4.5)). The Tast three terms car be ohtained by mazns nf the

first-derivative vector

— ,’(.: ah
a ' Ma Mg — o
3 L:’ = Z Uag f;ﬂﬁ - G ;3_ r‘ug '
o g&#a a8 gEra ab
Let us iatroduce the notations
(6. ay
3<u - fl . aUu . B, .
ar_}rxaq’ﬁ I aq/d\ o
Consider the case when Fae #0 Then the sipaular rart ﬁdﬁ

turns into zero. while the remainin- real part is symmetric apd in wirtye of
{6.6) has a zers trace. Arong its eigenvalues ﬂ& there vi1) ko kath no-
sitive and negative terms. the difference between their numhers teine the
invariant of this matrix in virtue of the law of fnertia. In fact. we are
interested in the sign-definiteness of quadratic forms [5(.} A (SE; , and

,(_}/ﬂq, composed of ﬂdﬁ in 3Y-dimensional spaces 5(}"L and

3¢ . Since this matrix has the eigenvalues of different sinns. the
forms I&i -ﬁ&}l and J CI,HC” are sinn-indefinite, sco that *he sur-
face where these quadratic forms turn to zero is a hypersurface aiven hy the
expression

2 fe 1
A6, * o * Ay, = Ry Gy ™ -0 = 605,20 "

which at ' = 1 represents a conical surface (Fie.1). At certain ipstarts

of time raS may become zere, then singular terms will conmtrihute into

21



‘6.2 either. As was rentioned before, such events take rlace ertremely

rarely.
To study the sign-definiteness of the last three terms, we shall write
down the scalar products in the M.dimensional snpaces 5(}-"" and c'f('

in the ferm
o a|¥
Scf Bd:}5%69| EIBB] ecos&&} s re 1y
C.VLB‘i : IQCH’/& IB BIVe COS’LQ%’ ’

where 795% and ,&% are *he angles hetwoen vectors S‘f . By and
. d
Ci, Bd' . respectively. Then these terms can be rewritten in the

form

7‘?‘—1&]/ 6$IVaIBB|V2 [Cosa&&}* cos? 9'-31_? . re.17)

Fig.2 shous the positive and necative reqions of the expression From the

square brackets in (£.12Y. The null lire §¢ determined by the equation

4 (6.1
cos‘?é?gcfr + cosz&; =3
and the maximum and minimum are achieved in the points
(F.17a}
max max. ’
6% - &éj = O, ﬂ P EST .
min _ min _ ¢] 3gy fa.126)
&S(i, - &év - é ) 2 -

being equal to



(€.15)
* 5 |BB[6380]134] e - 7-|BB]I6g65]l34

respectively.

Thus, during the evolution of the systém at different times tbe fore
(6.4) can take both positive and necative values.

However with fncreasing N for spherically symmetric svétems, the time
the system spends in the region of neaative values starts to prevail strona-
ly. In order to make sure of that. Tet us choose am asserhly of svystems with
spherically symmetric initialvelocitiesand shifts and averane (£.2) aver

them, We shall use here the followina relations:

w5 15 5]
Ci/ r‘f/ .3JV'9’ 5? 9 (f.17)
s sk T oéﬁ/"f )
979" = wd 199
As a result of such averaging, the first two terms in (6.4} transform

into expression

AW J.Hé, 6’ (6.17)
swwe 499119999
which is zero at [e #0,
The last three terms in (£.4) after averaging are eonal to
.18}

(37~ %) 57 [53%)135 ]

23



Ine can see that with increasinn M the system mnst ~f the time srends near
s T
the negative values {6.14b} eoval to ~z B° .

After averaging the expression {£.4) Tnoks Tike

Rarss 8470974 -
g 9
(3w e (1) e J15 By- o

R -
= Sy 159 8gl=x[8g 8,

wherein we have used the relations (4.2), (6.7), {5.12). Thus, the validity
of the relation (5.11) is shown.

Thus, generally speaking, the dynamics of the system is not determined
by the scalar curvature R only, however. as is seen fror [5.19). the
averaged curvature over two-dimensicnal directions K 15 rronertional to
scalar curvature and turns out nenative in virtue of verified analvsis.

‘At the same time, the dynamics of the non-scherica’ systems is deter-
mined by two-dimensional curvatur: [ which ray ke beth rositive and ne-

gative. This significant fact is responsihle for that rich variety of con-

figurations of stellar systems that are observed in the Hniverse!ﬂln parti-

cular, the presence of regians with positive curvature admits the existence
of the systems with a more regular structure (cf. [és, 26] } than gqlobular
clusters and elliptical galaxies, mamely spiral nalaxies of different -
classes.

Thus, the initial data of stellar systems, notwithstanding thefr iden-
tical dynamics, determine essentially the subsequent wevolution of the system,

At spherical distribution of the inftial data, as 1t was shown above, the
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system possesses exponential fnstability and stronq statistical pronerties:
those systems are globular clusters and elliptical qalaxies. Nn the other
hand, in the presence of the initial rotational moment the system mnst of
the time spends in the regions with positive two-dimensfonal curvature

and hence has a more regular structure, as, for example, sniral salaxjes

have. Hence it follows that the elliptical and spiral aalaxies must have

different origin, which is just confirmed by recent investinations,

As is well known, according to the KAM theorv [21] , the phase snace
of the non-inteqratie system contains both the regions of reoular mation
(the torus winding) and those of irregular motion. From this point of view,
the elliptical galaxies are in the region of frrecular motion, and the
spiral ones - fn the region of more regular one, close to some intecrable
problem, the small parameter being inverse proportional to rotational mo-

ment.

7. Discussion and Conclusion

The statistical properties of the stellar systems from a position of
the ergodic theory have been investigated in the present work, The injtial
point was to reduce the M-body problem to the fnvestigation of the heha-
viour of the geodesic flux or the Riemann manifold. The exponentfal! diver-
gency of geodesics was shown for the stellar systems with the exnonent
index determined by curvature of this marifold. According to the definition
(Sec,4}, we hava taken the index of this exponent as the relaxatfon time.

A question that naturally arises here is how the determined time of rela-
xation is connected with the time of arriving of the system to equi11hrium'
state. This question was discussed in detail in the remarkable works of

N.S.Krylov [12] on the foundations of statistical physics. Be1ow, we shall

25



dwell briefly on this nuestion.

The question is what is the rate the primary cell of phase space will
cover uniformly the energy hypersurface Pf = const. In the erqodic theory

10 it is shown that in the mixino systems the orimary cell comnlicates its

shapc so much (preserving its volume and Sond), that at t ~ == covers
uniformly the hypersurface H - const.* In this sense, precisely in the
systems with mixing, any non-equilibrium distribution tends to the equili-
briun one during infinite time. However., if requirinn that the mixing occurs
with the prescribed accuracy & comected with the accuracy of physfcal
measurement, then this time Tp will be finite.

The systems with exponentiel instability, i.e. those with ¥-mixing,
tend to equilibrium state with the exponential rate Elgé'. Therefare, 1f
we adopt a certain accuracy of the equilibrium state arrived, then the re-

laxation time 775 will be expressed via a characteristic time T

zé =$f(£)ff)

where \AV/(g) is the number that depends only on &£

Compare this definition of the relaxation time with that of Chandra-
sekhar [1] . The initial point of our definition is the trajectory instabi-
Tity which implies that the change of the inftial data on 8¢ (0) s
carried out with exponential rate: 8@(3) ~ SC; (O)Es/r . Thus,
e.g.,if we consider the binary emcounters of the stars with the inftial

scattering angles LFin' and L{ER + A Lan . then the exponential

instability means that

A ('Fout =RA Lf)i-rn!

* The ergodic systems do not possess this nroperty.
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At

in the process of 2 single act of encounter. Ar! after m encounters
the angle divergency will be

(n) _ qam _ Enk
4 cu"K A?m'”ﬁ%menn

5o that
T = 1//€r1FC

As for Chandrasekhar [1] , he considers the differnce

AY = Yot = Win

ind the relaxation time the time during which

29~ T/2

oving to the binary encounters, i.e. when the change of the argle of a sinale
star will become of the order of TT/E

Let us formulate the main results of the study.

1. We have shown that an exponentfal instabilitv which Teads to eaut-
librium state exists in the stellar systerms.

2. The expression for the curvature tensor. determinine the declinatien
of geodesics i analyzed. The regions of positivity and nenativity of the
two-dimensional curvature are realized and its rle in the evolution’af the
stellar systems is discussed.

3. The magnitude of the relaxation time for the real systess {-Tohular
clusters and galaxies) is calculated. The time obtained is corpared with
the Chandrasekhar relaxation time and thel: physical Aifferences are dis-
cussed.

In conclusion we mention several additional astrophysical consequences.

As is well known, if the velocity distribution of stars is Yaxwellian, core
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part of the stars will evapurale [?4] . So far as the time T 45 essen-
tially less than the Chandrasekhar relaxation tire, the role of evanoration
process in *he evolution of the stellar system increasey shayplv. The ob-
tained results can serve as a foundation to the hynothesis of the local

equilibriur of the stellar systems [22, 29].

The authars are thankful to $.G.Matinyan, A.G.Yechek and N.¥ . Khudaver-

dyan far useful discussions.
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