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The crucfal role played by gauge synrnetry fn the physfcs of strong 

fnteractfons fs generally accepted today. The elementary excftatfons of 

gauge theories seem to have the strfng nature. It means that fn quantum 

case one wfll face the problem of SU1Tllling over the surfaces. An essential 

step fn this direction was made recently by A.M.Polyakov [1] 

The simplest model of fluctuatinq surfaces is the free bosonfc strinq. 

It fs described by the sum over the surfaces (selfintersectinq and non­

selfintersecting) wfth the statistical weight dependinq only on the ar·ea of 

the surface. To get the descrfptfon of the fermionfc strinq, let us rP.call 

the difference between bosonic and fermionic particles in the functional 

integral picture. The study of two-dimensional Ising model (2d JM) h~s showr 

that the propagation of the two-dimensional fermfon can be described as a 

random walk, but the path integral must include only non-selfintersectinq 

paths. Thfs fs achieved by providing each statistical weight in the funct­

ional integral by the sfgn factor (Kac-Ward factor), ensur1ng the cancellat­

fon of the contributions of selfintersectfng trajectorfes. 

Proceeding by analogy it is natural to define the theorv of a free 

fermionic strin<J fn three dfmensfons by the functional 1nteqral over non-
-d.A 

selfintersecting surfaces with the weight e Jl bein~ t~P ~re~ nf 

the surface . The free ener(ly of so c'efined st rinn ~1111 coinci de witt> tt>e 
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free energy of three-dimensional Ising gauge rnodel (3d IM) near the critical 

point. The latter is known to be the sum over non-selfintersectfnri surfaces 

on the regular lattice. The main problem in this approach is the definition 

of the sign factor ensuring the necessary cancellations and its construction 

in terms of the fermionic variables on the surface analoqous to the con­

struction found in the fermionic particle case [2. :iJ . 

The present paper consists of 2 sections. In sec.1 the exoression for 

the sign factor and the qeneral mathematical considerations learlinn to ft 

are ~f~en in some details. l./e also qfve the expression for thP sinn ~actor 

on a regular lattice proposed by Polyakov and Dotsenko [2J . It is sho~·n 

that our sigr factor is the aeneralization of Palyakov-Dotsenko one. The oe­

neral ization allows one to pass from the surfaces on a reriular lattice to 

arbitrary piecewise smooth surfaces which are essential near the critical 

point. 

In sec.2 we present some calculations showino the possible equiv~lenc{ 

of the continuum limit of 3d IM to the fermionic part of the surers)IT'l!"etric 

string defined in· the work [4] . Making some plausible assumotions about the 

calculation of the functional integral over the anticommutfnq variables we 

show that the free enerqy of the superstrinq is eou~l tn the sum of free 

energies of bosonic and fermionic strinqs written in the form of the funct­

ional inteqral over the surfaces X ( s) . The feT'l'lfo0nic part of the free 

energy contains. besides the weiqht factor e -cl.A , the sfan factor de­

fined in sec.1. The analogous result is kn0wn to hold for the free two­

dimensi onal superparticle, the fermionic component of it defining the con­

tinuum limit of 2d IM [3J . 

4 

1. The Sign Factor of 3d IM. 

The partition function of 3d IM can be presented in the form 

2! =(ch.13t L. (th.f3l, (1) . 

J 
. .f3= KT where , 1\1 is the number of the plaquettes of three-

dimensional regular lattice, and the surrmatfon is carried out over the closed 

surfaces on the lattice, .A being the area of the surface. The sum (1) 

includes the surfaces of the type sh~n in Fig.la. It is desirable however 

to deal only with the surfaces which can be parametrized by the function 

x C~1,s2) . This would allow one to write the partition function 

near the critical point as a functional integral over X ( ~ 
1

, ~ 2 ) 

It is known [s] that this can be achieved by providing each statfstfcal 

weight in (1) by a sign factor (-1 l • where e fs the total lenath 

of the lines of selfintersections of the surfaces (Fig.1) 

, , 'TjjlLJ + 

Fig. 1. 
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The partition function thus takes the form 

~ = (chp)N L. (thJ3)A (-1l 
over two­

dLmensionae 
surfaces 

(2) 

One may say that the contributions of the surfaces of the types (c) and (~) 

cancPl each other,and what is left is the sum over non-selfintersectino 

multiconnected surfaces. 

Now the question arises how to write the sign factor (-l)e in terms 

of the differential-geometric characteristics of the surfaces. In their 

beautiful work [2] Polyakov and Dotsenko suggest the followinq program. 

Let's cross the surface on a regular lattice by the normal planes, crossino 

every link of the la~tice once. The ,planes will intersect the surface ~Y 

some closed lines ( C1 C5 in Fig.2) 

C3 

Fig. 2 
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Cs 

C4 

Cs 

If the surface has the line of selfintersection (AB in Fig.2), then on the 

planes crossing that line one will have the selfintersecting contours, while 

the other contours will have no selfintersections. If the total length of 

ines of selfintersections is e . then the contours will have e noints 

of selfintersections. Now providing each contour by the Kac-Ward factor of 

2d IM and taking the product of those factors one will arrive at the .necessa· 

ry sign factor (-l)e of Jd IM. On the other hand, the 2d IM near the cri­

tical point is known to be equivalent to the free massless fermion theory 

and, as was shown by Polyakov and Ootsenko [2] , the partition function of 

2d IM can be written near the critical ooint as a path integral with t~P 

action proposed by casalbuony [6] and Berezin .and Marinov [7] for the fer­

mionic particle. 

~ = ).Vx ('i').Vf(-c)$X('C) e -s, (3) 

s = ~ d-c ( ~ rt + ~ xx + x f 7) 

These considerations show that it i' natural to expect that the 3d IM 

near the critical point is described by Neven-Schwarz fermionic strinry 

action [s, 9] , which is the generalization of the action (3) in the case 

of strings. 

The geometrical meaning of Kac-Ward factor is well known. It is the 

exponent of the tangent vector rotation angle along the contour 

(-1t= -etpecle 
(ii) 

In three-dimensional space this quantity may also be written as 
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c-
1
r = _ +t-z.eHce-de"J<n 6> 

' 
(5) 

where rn is the number of selfintersections of the contour, 6 are 
..... 

Pauli matrices, n is the unit vector normal to the plane of the contour. 

The described construction of the sign factor is strictly defined only 

for the surfaces on the regular lattice. However, 12ar the critica 1 ooint, 

where the system is scale-invariant and .one must tend the lattice s~acinc 

to 0, the arbitrary piecewise smooth surfaces become important. To qet the 

expression for the sign .fac tor for such surfaces, let us consider thP re11uhr 

homotopical classes of inmersions of two-dimensional manifolds into three-

uimensional space. 

The lines of selfintersection of the surfaces ~~v be either ooen (i.P. 

ndving the end points , Fig.ld) or closed. In the former case one has niece­

wise smooth immersed surface with singularities on the ends of the lines of 

selfintersection, while in the latter case the immersed piecPwise smoot~ 

surface with no singularities. The regular immersions of two-dimensionnl 

surfaces into the three-dimensional Euclidean space wPre investioated 1-y 

Whitney [10] , Smale [1iJ , and Hirsch [12] . It follows from their ~1orks 

that the classification of the immersed surfaces with respect to the reqular 

homotooy is connected with the homotopical groups of the mappin0s of 51 

(the contours) into the group 50(3), !IT1 (50(3)). 

In Fig.3 two examples of the immersion of the torus into three-dimen­

sional space are given. They belong to different homotopical classes. 

In Fig.3a the contour C crosses the line of selfintersection, while in 

Fig.3b there is no selfintersection at all. 
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c~) c~f) 

Fig. 3 

To write down the element of 9T1 (50(3)) in terms of the characteristics 

of the contour C , consider in each point of thP. contour three ortho-- -norma 1 vectors 8o1, ( a, ,. 1, 2, 3). We take e 1 to be tanrient to the 

contour, e
2 

- tangent to the surface and normal to the contour, e.:i is 

normal to the surface. Now consider the matrix 

2"(~) E SO (3) 

(i;) 

and consider the quantity 

cp(c)= fit Pexp~.Q- 1 dQ 
(7) 

c 

where P is the ordered product operator. In (7) Wt! take all thP qene­

rators of 50{3) in spinor representation. In th1s case cp (c) may be 

written in the form 

1 {i-,t;" 11} . cj:>(c)=2hPexp 4're"'deo1. E c2 , 
c 

(fl) 

where 
t\ - -eol = ec( 6 
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t; 
Indeed, 

S2-'d S2 =(0.,"ii,,8,Jd(f )= 
(9) 

1 -d- . - -
= 2c"-N ec(. e.f3 ~ = 1.. ~ rp ec(. cJ. e.P 

where ~ are the S0(3) generators 1n adjoint representation. Makino 

r: Ool rYf n the substftutfon "'- -T 1nto ~c:. d ..)C:.. (the element of the al-

gebra) one arrives at the formula (8). 

It 1s easy to see that tj:> (c) remains unchanged when the contour 

fs moving within the fixed hanotopical class of the contours. Indeed, the 

curvature of the connection .52-1d .s;L is equal to O. But ff the contour 

crosses a singular point fn which 52 fs not defined as an element of 

SO(J) (e.g. the point A in Fig.4), then cp (c) chan9es. 

Ffg. 4 

It me~ns that ¢ (c) depends only on the number of singular points en­

closed by the contour C . Below we will show that 

¢ccJ= -c-1r, 
where m is the number of tfmes the contour C crosses the line of 

selffntersecti0n. For example, for the contour fn Ffg.3a cp (c) • 1, for 

the contour fn Fig.lb ¢ (c) = -1, for the contour fn Ffq.4 ¢(c) s-1. 
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Let us consider the geometrical meaning of cp (c) . For this puroose 

approximate the contour by the broken lfne and wrf te the discrete version 

of (7). In adjoint representation one has (see Ffq.5) 

a' 

Y~------, 
2' ) 

2 / 
/ / 

/ / 

/ --/ -
I ---~ ...... ------- ---

F1g. 5 

¢ (C) = f hp n exp [ _Q~f ( 52i.+I - .5'2_i.)] = 
L 

1 -1 (} 
= yh p C1 S"2i .:>q+f. 

L 

-1 -· The matrix S?.;. Qi.+f rotates the vectors e;_ 
1nto the vectors -e , .. , 

d.. 

-i. n-1 n _ -i.+1 e"' ..::.(.• ..)Li.+1 -e"'- . 

in the pofnt L 

(10) 

(11) 

In sp1nor represel\tatfon the normalized rotation aperator has the form 

1 + e i. e" LH ... "' (12) 

s., i.+f = 2J 1 + e.:,t ~i+1 

Usfng the formula 
" i. I\ I\ e°' = 2 E.._n eJ3 e0 

(13) 
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it is easy to check that 

I\ . e c S = S ~ <+t 
ol L,L+f i.,L+1 €°'. 

(14) 

The cp ( c) is the t r ace of the ordered pr oduct of the rota tion matrices 

along the contour 

1 
¢ (c)=2tiG S ~,i.+1. 

L 

(15) 

After the rotation ar ound the closed contour one arrives back at t he initi a l 

vectors, s o n St, L+1 
" 

represents the r otation by the anal e 

2 STK ( K • 0, ±1, ±2, ••• ) around some ax is n --no 
•29TK 2 

fl St L + 1 = e = 1 cos ITT" K 
L 1 

(16) 

an<.I 

cp(c)= ±1 E C2 • (17) 

Now we shall prove the important property of multfplfcativity of the 

factors cp ( c) , which follows from the Stokes theorem. The contours C1 

and C2 in Fig.6 are obtained by the arbitrary division of the contour 

C: into 2 parts. The. points A and B are infinitely close to each other 

ua 
Fig. 6 

I? 

One can readily prove that 

¢(c) = -<P ( c1 ) ¢ ( c2) . 
(IR) 

Note, first, that since the variations not crossing the sinaular oofnts 

do not change the cp(c) , ¢Cc)= cp (c') • On the other hand, 

¢(c'J=ft-i{~c cAs J Os cP(caA)o,J 1 

(19) 

where <P(cAs) and ¢ (c eA ) are the products of the r otati on 

matrices from point A to B along the loops shown in Ff o. 6~. and ('~ ~• n ... -1 

Oa are the operators of rotation by the anqle f1I 'a rc,un ,~ th!' ncr-.. • 1 '" 

- -
the points A and B. Since on the ends of CAB and .. · ,.. 4 t" ~ ' ~_. ~ ,··; -ec( coincide, one has, us fng (16) 

<P ( cAa ) =¢ (ci)1 

cp ( C BA) = r.p ( C 2) f 

and 

¢(c) = <P (c ,) cp(c2) fh ( Os OA ) = 

= - cf> ( C 1) ¢ ( C2) , 

providing 
. gr - -Lyn 6 . 

OA=08 =e 
Evidently, defining the quantity 

X (c)=-<P(c) 
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one w111 have 

X(c)=-X(C 1 )X(Cz). {2~) 

Let us now consider the value of ¢ (C) for different contours. The 

two-d1mensiona 1 surfaces may be 

i) imbedded into three-dimensional space {no selfintersections) 

ii) immersed {a closed line of selfintersection) 

iii) inmersed with the singularities in some points {on the enrls of the 

open lines of selfintersection). 

The contours on two-dimensional surfaces may be either homolooical to 

zero (the ones that can be deformed into the ooints) or not ( those enc1nsino 

the hole or th~ handle, see Fio.7). 

If the contour is homological to n anrl has nn sinoularities of .s-2. 

inside, then, clearly 

X (c) = -c:p(c)= 1. 

The same result holds if the contour is not homolooical to n anrl rloes not 

pas~ through the line of selfintersection of the surface {Fio.7) 

O 
___ -+J-

~ 

/ ..... 
{ ~ 
\ 

\ 
/ 

..... / 
I 

- e/-: - .,, 

Fio. 7 
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Consider now the immersed torus (Fig.3a). '·/hen oassing throuoh the line 

of se1fintersection, the vectors undergo the additional rotation b~' 291 , so 

X(c)== -c:p(c)= -1. 

If one has the contour enclosinq the end of the line of selfi~ter~ectinn 

(Fig.4), then one can smoothly deform it to the contours of tvoP C1 ~nrl 

Ce in Fig.2, and our sion factor llec0<11es the usual Kac-'·larrl far:tl"r. 

yieldinq 

X(C)=-c:p(c)=-1. 

The general statement is that X (c) = -1 for the contours l"~ssin" 

once through the line of selfintersection of the surface, anrl 

for the contours not passing throuoh it. 

X (c) = , 

In Appendix some explicit calculations of the value of X (C) are 

presented. 

The expression (8) for the sign factor of the cor~ours was orininallv 

derived frow. general mathematical considerations in Ref.[11] . 

Now our aim is to use the sign factor (7) to construct the siqn factor 

of the surface (-l)e • where e is the total lenoth of the lines of self­

intersections of the surface. For this purpose one must covpr the w~ole 

surface by the contours passinq once throunh each link. of the surfacP. Thi~ 

covering may be done in different ways oivinq thP different numhers of the 

contours. In particular, it is possible to have only one contour crossinn 

all the links of the surface, say, in the middle points. The res•1lt will not 

depend on the particular type of covering prl"vider the siqn fact1r (7) has 

the properties of invariance and multiplicativity. 

Any type of the covering with the contours passino throun~ the middlps 

of the links may be obtained using the following orocedLre. Draw two oara11p1 
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lines connectinQ the middles of the neiqhbouring links of each olaquette of 

the surface (see Fig.Sa). 

LJ D 
'a) (8) 

Ffg. SJ 

The surface will get covered by SOl!'e number of non-fntersectfno contours. 

Any other tvpe of coverinQ may now be obtained by switchfnn t~P lfn~s on 

some plaquettes 1n the way shown 1n F1a.~b. 

A simple example 1s given fn Ffg.9. The contours ~ an1 ~ fn Ffn.~a are 

un1tea in Fig.9b to give the contour C 

f"-
A 

(a) (g) 

Fiq. 9 
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Our last step is to define th~ sign factor of the surface ct> as the 

product of the sign factors of all contours coverirg the surface 

cP = n ¢(CL) 
(24) 

It fs easy to see that ft satfsffes the necessary eauatfon 

?~) 

<P = r - ne 

2. The Quantum Supersyrrmetr1c String 

The idea that the continuum limit of 3d IM can bf' descrfhed 1n tefl'lS of 

the surfaces with some fermfonfc structure on them belonos to Polvakov. rn 

his paper [1] he claims that the resultino theorv is a nroof'rlv auantfzed 

lleven-Schwarz string mode 1. 

Here we shall consider the free string fn three-dfmensfonal sunersoace. 

The actfon for it was proposed fn [4] . We shall sho.-1 that at least in sOft'e 

particular scheme of regularization of the functional fnteoral the fe"'11onfc 

component of ft describes the continuum limit of 1d IM. 

Consider the surerspace ~M=c><, e) , wh.ere x" (Lst. 2, ,, 

are the coordinates of three-dimensional Euclidean snace and S fs two-

con•ponent Mayorana spinor. The action of the superstrfno is o1ven by the 

ex:iression 

s = m2 f d25 J cl et (a~;;,-iii6'aaBJ( ;g x L - L B6' ~ e) , 
(26) 

which is invariant under the reparaMetrfzatfon and supersyrrmetry transfer-

"·ations. In (26) B=-Ll3T62 , and 2 M ( u = ( X L ( ~) , 9 ( 0) 
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defines the world surface of the string. The action (2fi) is the direct 

supersy111netrical generalization of Nambu-Goto string action. 

Our afm fs to calculate the free energy of the superstrinr. 

-F= ~.vxc~) Z>B(~)e-s 
(27) 

Here the integration is carried' out over the connected closed surfaces. We 

choose the conformal gauge 

(2R) 

aa x L as x" = p ( ~) SC18 

and expand the square roof in the action in Taylor series in variableS6iaae 

S=rn2~d 2 ~p - Lm~cl 2 $Jf B~aaae-

r z -11 -;. 1 ~ 2 -11 e 
-jd ~Beet a1BBesa2 Bcai- 2Jd HBe 3 aaB) . 

(?9) 

- ea.x 
Here ea= Ji) ( ct • l, 2) 

i, P. .. . K 

are the unit tangent vectors of 

the surface, e3 = n' =£•JI< ef ee is the norm~l vector. We also 
1 

by the rule e- :Fn1 e have passed to dimensionless e The parameter 

space is the disk with some boundary conditions defininq the toooloqy of 

the surface. 

We now want to compute the integral over 8 s. For this purpose, we 

discretize the parameter space in the followfnq way. First, we divide ft 

into squares of size 2£ ' and then, we place the variables e in the 

points m=(m1e,meE) in the way shown in Ffq.1n . 

18 

2E. 

. ..!:.- . 

2c. £1 

Fig. 10 

Then we make the substitutions in the action 

da e ~ f ( Bm +a - Bm) I 

B 
1 -

-T(Bm+& + Bm), 

- . I - . 
eG'aaB ~ T Sm 6L Bm+& 

~d 2~ ~c:2L 
"' 

and define the measure 

2)8 ~ Q Lci2 Bm ' ~d 2 Bm e;; e~ ~ i-S""13 

The B -dependent terms 1n the action take the form 

- " 1 - " - ~ :L {-Lrn 1:.JP 8mea8rn+Q.-2Bm8aBrn,; Bmeg Bm.Z Eo6 
rn 

- 2 ( 8mn8m+&), I - A "} 

(3(1) 

(31) 

(12) 

(~1) 

(34 ) 

In the limit c-0 this expressfnn qoes 1nto the corrPsponc1ino prrt of 
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,. 

expression (29). 

Using the equations 

Bm 6 Bm+a = - em+& 6 em ' 

e: e: = e~ e~ o<ifl 
one can rewrite the last two terms in (34): 

1 2 - " " Bm em Bm +G es eQ Ca& Bm+f -

1 II .? I 2 f I\ 2 
- yh n em Bm Bm+a. e m+.1 . 

Finally, we discretfze the product " " ea e8 

/\ "' I\ ..,, 

I\ I\ . 1 { ea, m+ i + ea ,m+z 
eaes-y 2 

I\ I'\ A "' 
II eg , mH + eg, m+2 } 

+ ea,m+a .2. . 

I\ 

eg,m+ 1 + 

The method is to write the expression 
/\ /\ A "' 
ea , m+i + ea ,m+z 

(\ 
2 

(35) 

instead of 

each vector ea. and then to omit the tenns violating the order of 

arrangement of e s . For instance, ff one has em.~ in the left of 

" I\ 
em+1 , then em+~ llllSt also be kept in the left of em+1 

Such a choice fs made for convenience. 

Hence the free energy takes the fonn 

r _... - m ZA l 2 { 
- F = j [J)x e .) Qd Sm exp ~ Lmc:JP 

I\ I\ 

8m 
ea,m + ea,m+ n 

2 Bm +A 

20 

+ Le 1e l e- • nO " " J;'.l " 4m m m:t2->£.m±2,m::;:11Jm'f1+ 

+ 8m 1 Bm2 (Sm'!.f' Sm2.; + 6m1+a Sm2+2), (1fil 

where 

,, " " . " " Sl.m,n =nm+ 11rn - L-Eag ea,m es,n. 
(?7) 

Now it is easy to integrate over the 8 s. Let us expand the exoonent in 

Taylor series. The nonvanishing contributions will co~e frOfl' the terrs havinn 

two 8 s in each point of the parameter spnce. The first ter~ in the exoo­

nent in (36) is of the order of €. , so we assuf:'e that in the lil'lit E.~O 

it 1~akes no contribution into the i ntegral. For th!' sec('ln" and third tl'ms 

we introduce the following diagrams 

81 82 e- " n 0 " " e " m m m+2 ..)t'..rn+z, m-1 m-1 

e:n e~ em-2 no A " e A 
~cm-2, m+1 m+i 

e:n e~ e:n.1 e~.;-

e:n e~ e~.~ eti.~ 
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I\ 
m-1 

m~ (\ 

mt-2 

/\ 
m-2 

~
m 

I\ 
m+1 

m 

tt m+1 

-m_ 
/\ 

m+2 (1R) 



Here the 6 s are placed on the ends of the solid lines and the dntte<I 

line corresponds to the matrix .r2. 0 
• The arrows show the or~er of indices . 

The integrand may be represented now in the followinq form 

n { 1+~m~ 
m 

i., 
+­

lt 

m 

~ +ml\+m } 

(39 : 

The nonvanishing contribution comes only from the terms ~avinq twn solid 

lines in each point n'\ • They are described by the diaaram shown in Fio . lla 

for the second and third terms in (39) and in Fia.llb for the fourth and 

fifth terms . 

L II II 0 II II 

L 
- -

0 
(a) (G) 

Fig. 11 

One may always choose the parametrfzation and the boundary conditions 

In such a way that the diagram of the type of Fig.Ila will consist of onlv 

one closed contour. Then the free energy will become the sum of two terms 

:orresponding to diagrams of Figs.Ila and llb. 

The ffrst term is gfven by the expression 

2(-1~ f-bi. P ~ Q~,n~~ , 
(40) 
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.A 
where N = 4e2 is the number of the plaquettes of the surface a1 

product of matrices is taker. along the contour . It is easy to notice · 

product (40) is proportional to 2 ¢ , where cp is the sion factot 

surface (24). Really , there is the following relation between Q 0 ancf 

n o J - - " ...) t..n ,m = 2 1 + eo1.,n eol,m nn Sn ,m = 

----- /\ 

= 2 ~ 1 + eo(,n eol,m Sn,m nm 

and therefore , denoting the mean value of the normalization factor ~y 

one may write 

2 ( - 1~th P f-'PS2°=2cp5m 

Here we have assumed that when calculating the i ntegral over r. 
nay write instead of the product of normalization factors nzJ J+e<{ ( 

the mean value of the factor B with the power L (the lenoth of t 

contour). Since , by our construction. 

A 
L = 2 N = c.ee 

one has , at l ea~t in the leading diveroency aooroxi mat fon, 

A 

<( 1)Nn J - • ena · z;;i 
- f6 . 2 1 + e,,;, • eol, ••i > - e E 

c 

The diagrams of Fig . llb give the expression 

[ 1 - - )] N n 2 - 2 ( 1 + en em - :l) 

pfo~uettes 

The quanti ty :/) is positive. 
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The final exrression for the free energy is 

("~) 

F=Fo+F1 

where 

Fo =~xix e-m; 5d2s ~ (~6) 

z z 1 e (7\ 
ffio = m - 4 ee n JJ . 

is the bosonic part, and 

-F1 = ~.Vx e -m; Scias ~ 2cp (H) 

z e i e B m1 = m - zc.t n 

is the fermionic part coinciding with the free eneroy of 3d IM in continuu~ 

limit. Note that our method of calculation (e.9. the way we discretized the 

action) was chosen only for the reasons of convenience. In the other methods 

of calculation the surface must be covered by the contours in all possible 

ways. Then an additional factor in the functional integral will arise, equal 

to the number of possible coverings. We believe that this factor will be 
-cA proportional to e and will lead to some additional renormalizat-

ion of the string tension. 

Conclusions 

We have pointed the possibility of the fact that the free eneroy 

of the superstring is equal to the sum of the free eneroies of bosonic and 

fennionic strings. The latter coincides with the free enerov of 3d IM near 

the critical point. To investigate the critical behaviour of 3d IM one has 

24 

to quantize the superstring and to extract the fermionic rart of its spect­

rum. It is reasonable to expect that the fen<1ionic component of the suoer­

string coincides with Neven-Schwarz-Polyakov fermionic strinq. 

The investigation of 3d IM with the use of fermionic variables w~s also 

made in Refs.[14 , 15]. 

The authors would like to express their qr~titude to A.M.Polyakov and 

A.A .Migdal for stimulating discussions . and to S.G.Matinyan, .H.M.Asatrvan. 

V.G .Dotsenko , R.L.Mkrtchyan, S.P.Novikov, S. TsarPv . anr1 A.B.Zamol e>rlchHnv 

for v~lu~ h le remarks . 

25 



APPENDIX 

Here we will show by explicit calculation that if the contoor does not 

enclose the singular point - the end of the line of selfinterse~tion, -

then X(c)• 1. It is sufficient to consider the contour shown in Fig.12. 

Here we use the vectors rotated by !ff/4 with respect to the vectors 

described in the text. The sign factor does not feel this chan9e owill<l to 

the property (14) 

(: 
2 

2• 3 

Fig. 12 

The calculation goes as follows: 

• X(c) = -2h.n See' Se•e" Se·•e == 

{ { I\ I\ I\ I\ I\ II J\ } 

= - 2h ( 1+ e"' e:J(f + e~ e.;,)( 1 +e"' ea:) 

1 

23-J u + e"'e~J c 1 + e.: e::.· H 1 + e;;,· e""> ' = 

1 JI J\ I\ JI /I I\ 3 1 
= - 2h ( 1- e1 ez - ez e3 + e3 e1) · 23 = 1 . 
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" I\ I\ 
We have used the relation e<(. eJl = LE.._n er , ( c<. t= fa) 

Now consider the contour shown in Fio .13. 

2 

k: 
Fi g. 13 

The ~urface here is such that the selfintersection may ~p removed by small 

deformation. To compute the siqn factor we start f rom the point 0 anrl write 

the product of the rotation matrices mov inq in t he direction shown ~v the 

arrow: 

1 { I\ I\ /\ I\ " I\ 

X(c)=-yh (1+e 2e1-e1e3- e3ez.) 

I\ t\ " I\ " /\ I\ /\ " I\ ..... /\ 2 ( 1 - e, e3 + e
3 

e
2 

- e 2 e ,) ( 1 + e3 e2 + ez. e1 + e1 e3) 

/\ (\ /\ I\ I\ I\ /\ /\ A I\ J\ A J -f 
( 1 + e 

1 
e 

3 
- e 3 e 2 - e 2 e,) ( 1 - e 3 e 2 + e 2 e f - e 1 e !) 2 6 = 1 
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For the contour shown in Fig.14 

'l:·, 
Fig. 14 

1 { I'\ I'\ J\ I\ I\ /\ 2 A t\ l'I J\ 1\2 
X(c)=--yt'i (1+e 2 e,-e,eJ-e3 e,)(1-e,e3 +e3 e1+e3 ) 

11, I\ I\ A I\ I'\ 2. J\ I\ I'\ I\ 1\2 }:!_ __ 
(1t-e3e, + e,e2 t-eze3) (1+eze3-e3e2+e,) zB- 1 

2B 
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