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H. C • AHAHl1Kffif , H. lll. 113MAl1ll.HH 

TOIT0ll.0Il1'IECKVIE ACITEKTH KA.JlMEPOBO'IHillC 11 

CIMHOPHX MOnEJIEH ITOTTCA 

.lI.Jm d - MepHOM Ka.7Ili6poBO'!HOH MO~e~H IloTTCa nOJIY~eHO npe~­

CT~eHHe ;n;.IDI CTaTHCTH~eCROH cyMMIJ:, B ROTopoM CyMMld:poBaHHe no 

n~eBHM nepeMeHHHM 3aMeHeHO Ha cyMMlipOBruIHe no IlOBepxHOCT.lil~ 

(oplieHTHpyeM!iM H HeoplieHTHpyeMHM), . o6pa30BaHHl:lM rr.na.KeTaMH pe­

rneTRH. IlpH STOM cy~eCTBeHHO HCn0.7il>3YIDTCH TOITO~OI'H~eCKHe HHBa­

pHaHTH ('!He~ E~TTH) aTIDC noBepXHOCTefi. 06cyJKAaIDTCH HeROTOpHe 

B03MO.JKHHe npHMeHeHHH TaRoro npe~cTaBJieHRH: ~JlH CTaTRCTH~eCKOH 

CYMMH. 

EpeBruICRHH il.JH3~eCRHH HHCTHTYT 

EpeBaH 1954 

Spin [1] anc 9<iu ge [ 2] Potts models are the natural aeneralization of 

the Ising spin anc: gauqe models to r1orf' -than-two comnonents . These niodpl s 

art interestin'J theor e ti cal systems which un~ ernr> first - anc seconri-orc'er 

phase transitions . 

It is ri (J Orou ly proved tha t two-~imens 1r>na1 Q-comrnnent soi n Potts rN) -

de l has a first- or der phas e transition for Q :;i:. ~ ' and liinhpr-l"rrlpr tr~nsit -

ion for Q < 4 [3] . As to the tw0- dinension;il naune ""tts T"orlel . it i s 

equivalent tr the one-dil'1ensional spin r-oclel and has no pf111~'? tr;insitil"n. 

The three- C. i mensi onal (l au qe Potts rodel is rJ1 1;il to the snin one [ ~J . 
A nui r.ber of anprcx 1111a te l'lethods \·1ere :ised to establish t'1~t it has '" i rst­

orc;er phase-trans 1ti on for Q ~ 3 [ 5] . 

d-dimensional Potts 111.odels 1-1ert! investi riated 1·1itli the heln of J/ n -

expansion in l!a111 iltonian approach [6] . The Lariranqian version of 1/0-

expdnsion for these l!lodels in four Jimensions ~1as investinated in [7 ] . l>ut 

since they calculated only lowest orders, the contribution of nonC'r1entPd 

manifolds was not noticeu. 

In this paper, we have found the representation fer the p11rtition f"11 n~ • 

ion cf the gauge Potts morlel in four dimensions, which ex11iicHlv t .1kes i ;' r 

account both orienteJ and nonor1ented manifolds. We sh~ll essent1,.11 v .,, 
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module 2 hoH.olcqies since they are irrelevant to the orientation of the 

manifold. The representation for the partition function. nrnr>osed here, 

will be useful for different exact an~! armroxiP,?.te (hirih-ternri"!ratur<>,llQ­

expans ions etc.) scherr:es of the i nves ti ria tion of the httice o~uoe rot ts 

rl!odels fn any 0imension d. Tris reoresentation is sirlilar to tlie one> nro-­

poseJ by Baxter for the spin systems [3] . 

The Q-state spin Potts mociel [1] is described b.v the action 

S = - J3 [. 66to· 
<Lj> J 

(1) 

wiltre the site variables 6t ranqe over the discrete vi'lues n.1,? .... 0- 1, 

ancl the sun; in (i) extends over nearest neiqhbours on a d-dimensional latt-

ice. 

The partition function, follc~ling Baxter, for this r.odel can be written 

as 

wher e 

Z: (Q,J3) = L n ( 1 + 'lf56",sJ) 
f6t}<tj> 

1f = e[3 - 1 

r 2) 

The expression (2) takes the follmdnq sfmole forn after c?rrvino out 

the soin summations 

6pL0 I I ZG (G. ;fa) = L 1fg(G)Qn(G) 
G'CG 

( '.1) 

where the summation goes over all subqraphs G1 (i.e. ways of dr;wing lines , 
on the edges of the l attice G ) , g ( G') i s the number of lines in G anrl 

n ( G') is the number of connected pieces. 

Next, rewrite (3) in the form 
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.lex t. r.u 1tio1 v ou t the nr od uct ( 6), and each tcrrn 

L v 4 OR,R,R 3 R.,i .•. 6R, R,R 3 R4 1 nut fn corresr:>0ndenc<> 1-:fth 
{R<} ~ f > 

J l11 0- .: ii:.ensi ona l sutma ni fo 11 Gt of the lattice G . cor.structed from 

the plaquettes involv ed in 6 -symbols. In tfie result of the sull'"'~tion over 

link variables each ~ -symbol (plaquette) will impose one constrafr.t , 

until the situation wnen the previous plaquettes form the boundnry of the 

following plaquette, and while adding 1t one chanqes the second hornolooy 

·1roup H2( Gf) [ 0 J of the submanifold. Thus we reduce the Sll"11!1ilt10n nvPr 

link variables in (6) to the one over sub"lanifolds of the latticP G 

c~aus! 
c;. 

z9au9e 
& 

= L lf.j(GF) Q E -.j(Gf.)+ R~
2

J(G-t) 
~fCG 

= GE ~ ( lf )/(Gf) (2) L_ Cl QR2(Gf) 

G+c& 

(7l 

( 7~ l 

The su11111ation now goes in (7). (7a) over all twC'-dfmensi0nal ~11b.,,~n1. 

folds Gf (i.e. way of puttinr plaquettes (faces) on the hyrercubir. lntt-

ice S ) . t(G-f) is the nurntier of plaquettes in Gf E is the full 

(2) ) 
nur,iber ef elliges in the lattice G Re (Gf is r:io1ulo 2 secon~ BPtti 

nu11.ber [9] ef the submanifold Gf 
.le usFc nlflliulo 2 homologies with the ourrose to tre.0 t nonor1entable 

subr.ianifolds too. It is necessary to point here that for thP cl > ~ case 
(2) . 

Ra -topological invariant n:ight be net enough to treat all tyoes of sub-

rnanifo'his Gf 
Z::p( p>2) 

group of G~ 

constructe<.1 o,. l'laquettes of the hypercubic lattir.e, sincP 

maltiplier can be qen!'raterl 1n the second '1nmolonv 

If we cons"ider on·ly cl ~ 4 -dimensirnal htticPs. then rrorlulo 2 second 
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. (2) 

Betti number ( R2 ) 1'1111 be enouoh for us to d0 scrir" ~11 suh,.,ani,.nlr'~ 

G.f . Fro1<1 this f'loint of view , s2 
- srhere (ori!'nte•') <>nd Klein hott.lP 

nonoriented) c~n be considered on the same orounrls. 

The rartition function z:;a.ulle written in the '"C'n'' {7). (7al r:~n h" 

useG to derive dLJality relations fn any r'if'lension d. 

°It is known that three-dimensionill nall'JC' 1101lel i~ dual tn the S'lin 0n". 

To shm·1 tha t . 11e use the fo 11 owing theCJre1" frcm the thPorv r" ho•eo 1" 

2ies [1GJ if we have d-1-dimensional closed rr~nifolc Pa-1 in c' 

Jh1ensional sp~ce . then the sp3ce is divice·i into Rct-1(P)+1 -cnnnectP:l 

i.ii eces 11i1ere Rct-1 ( P) is (d-1)-th 8etti nwrher of tr.e •·;~nifold Ra.-1 . 

He nc.; Ri(Gf)-t-1 == n(G) 
I 

. where su b·"rarJh G is r'u~ l t0 G+ 
Si nee G' is ~ u a l to Gf J(G.f) = E - g (G') . ''C'w th,. 

uuality transforin3ticn looks like 

:z3au9e ~ E ( if )4(GI) R2(Gf) E ( 1}-)E-g(G-
1

) n(G') 
L,. (tr;G.)=Q L (1 Q =Q LG G. := (Rl 

.,,. G-t G' 

- E ~pen = 'lJ Zr;, (G)lf) 

1.hen! 1f lJ = Q 

In the same way 1ie can treat fodr-dilcensional oauN' •oorlel, wfiic'i is 

self ·dual. Let i>/ be the subri-inifcld c!ual to Gf evi<'ently 

H ~1 > =- F - re Gf > where F is the "u 11 nu.,,l'er o" 

pl aquettes. Now using the relation 
~I <~ E 

R2 (J)n=-R2 (GJ)-f +2 

11llich is some generalization of the Po1nc~ r~'s th1?0rein [11] we have 
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The detailed investigations of these questions will be nublisheo elsewhere. 

The authors are IJrateful to S.G.Matinyan and J . ~ogut for useful and 

sti111ulating discussions. We are i ndebted to J.Koaut. for he was the first 

who called our attention to the nontrivial si tuation with nonoriented sub · 

manifolds . ~-le are also grateful to A.T.Fomenko and H.Onikyan for their 

assistance in the questions connected with the theory of h0f;1ologies. 

a 



REFERE'.KES 

1. Potts R. Proc. Cd~b . Phil. Soc. 1Q52 , v.48 . p.lnh. 

2. Kogut J . 11;-1 Expansions and Phase Diaqraflls of Discrete L~ttice Ga!Jrie 

Theories with Ma tter Fields.- Phys.Rev.D, 1 ~'3 11, v.21. ~·o.8. D.211fi-2~2F. 

3. Baxter R. Potts Model at the Critical Tefllperatur~.- J.Phy~. 1°73 . 

v.C6, p.L445 -449 . 

4 . Kogut J., Sinc lair D. l/Q-Exoansions for the Laoran(lian Formul ation of 

Three Dimensional Potts Model.- University of Illinois . !'reorint 

ILL-(TH)-81-17, 1931. 

5. Wu F. The Potts Model.- Rev. of ~~od ern Physics , l'JR2 , v.5<1(1 ). 

p.235-268. 

6. Kogut J., Sinclair D. l/Q-Expansions . for Potts Models in All Dimen­

sions. - University of Illino4s, Preprint ILL-(TH)-81-39, 19Rl . 

7. Ginspdrg P. , Goldschmict Y. , Zuber J . B. larae q Exoansions for q-StatP 

Gauge-Matter Potts Models in Lagrangian Form.- Nucl.P~ys. 1QQ(1, v.A1711, 

(FSl), p.409-432, 

8. Ananikyan N.S., Izn1ailyan N.S. 1/Q-Expansions of ~pin anrl r.~urie Potts 

Models. Lagrangian Formulation Preprint EPI-644('.1~)-83. Yerevan 198~. 

9. Croom F. Basic Concepts of Algebraic Topolo<'y-Soinger-Verla11, !1'178. 

IO. AneKcaH.n;poB 11.C. 06UlaH Teop1rn roMOJIOrHi1. I979, MocKBa,: 

HayKa. 

II. ~YKC ~.E.,~OMBHKO A.T.,I'yTeHuaxep B.~. rouOTOilH'l8CKaH 

TonoJiornH - M.: 111s.n;-Bo MrY, I969. 

The n~nuscript was received 22 February 198<1 

10 

H. C • .ARAIDWlH, H. lll. ll3MIDIBH 

TOITOJIO~IDIB ACIIEKTH KAJilffiPOB01IBHX 

. vI CilllHOB!iX MO,UE.JIE}i ITOTTCA 

(Ha 8.HI'JIKl.iCROM H3W:<e, rrepeBO.ZJ; 3.H.ACJia.HlilI) 

EpeBD.Hcrorti @13R'lec:KID1 RHCTHTYT 

3a.Ras 700 BJ?..06046 TlipaJK 299 

IlpenpIDIT EIJlll 

ITo,n:rmcaHo R ne-qani: 6/Yll-84 

<llopM<U H3,na.HHJ! 60xb4/ I6. 

0,5y'l.-H3-I( .Jl. U. 8 R.YfH)J,eKC 362' 

H3.n;a.HO 0T.ZJ;eJIOM uay'lHO-Te:iam:tieCKOH .lilI@O.PM3.IJ;IiIB 
. EpeBa.HCruill <f>H3ITT:ec:ia:nt HHCTHTYT ,Epe:sa.H 36·, 

Map:impmra. 2 


