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The symmetry properties of the renormalized field theories the classical

actions of which have sytrmetry properties are studied in the general form,

when the jacobian of change of variables in the functional Integral is not

ignored. It is shown that to any symmetry of classical action corresponds

a certain syMnetry of renormalized quantum action and renorrcalized ner?rat-

ing functional of proper vertices.
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1. In Kef. [l] we have investigated the question about the properties of

symmetry of the renormalized field theories the classical actions of which

are symmetric under some transformations of the field variables

where fc is coordinate-independent infinitesimal parameter, RL ( Ф ) is a

local functional of f ields ф and their derivatives. I t was shown that the

renormalized quantum action S^C^'Jof the theory and Generating functional

of proper vertices (GFPV) |"R (_Ф) also has certain symmetry properties.

In ternis of the renormalized quantities the transformations were found,

induced by transformation (1) and leaving 5 ц ( Ф ) and TR ( Ф ) Invariant

The local i ty of functional R ( Ф / together with the assumption on the

presence of regularization (e.g. dimensional) conserving the theory svnretrv

properties ensured equality to unity of jacobian

|6(Ф1+ iRl{fy)/S<pl | of chance of variables (1) 1n the

functional integral. The present work is devoted to the study of the same

question in the most general form, when, in particular, the transformation

jacobian is not ignored. Here, as in R e f . [ l ] , being within the framework o*

perturbation theory (to be more precise, of loop-wise expansion), vie do not

•"estrirt ourselves to the indexHrenomwH^ed theories.
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It is obvious» that the presence of the nonunitary variable transformation

jacobian which, generally speakinrj, does not possess the symmetry properties

that the classical action See ( Ф ) of the system possesses, violates the

Ward identity standard form. In this work we shall fonrulate a number of

verisimilar hypotheses with respect to the structure of the incut quantum

actions of theories, allowing to obtain the Ward Identities 1n their usual

form. We shall need a relation between the renonralized actions of two theor-

ies related to each other by change of variables (the exact formulation 1s

given below) in the case when the change of variables .iacobian differs

from unity. Tnis question Is considered In Sec.2. It 1s shown that 1f the

quantum theories are constructed by the actions related by the chance of

variable in the sense of (5), then also the renonnalized actions are related

to each other by some transformation of variables in the sense of (5), and

GFPV are related to each other by some transformation in the usual sense.

In Sec.3 we have formulated the verisimilar hypotheses on the structure

of the input quantum action of theory; for that, we have obtained the condi-

tion analoyous to the symmetry condition of the classical action (see(20),

(22)), which naturally can be called the quantum action symmetry condition.

Sec.4 sho»vs that If the input quantum action 1s symmetric in the sense of

Sec.3, then also the renornalized action possesses some symmetry in the

sense of Sec.3, while the renormalized GFPV possesses sofe syrmetry alres^v

in the usual sense.

Both boson and fermion fields are assumed present 1n the theorv; the set

of them we shall denote by Ф
1
 . We shall use condensed notations when

all the particular indices (coordinate, Lorentz, Isotopic, etc.) are com-

bined Into the general index. The derivatives over the fields зге riant,

over the sources are left. Note, that here we shall consider theories without

gauge symmetries (the case of gauge theories will be considered senarately).



To conclude this section, let us introduce one definition. With that

aim, let us consider the theory which at some choice of the field va-

riables ф is described by the action S(4>). Write down the qeneratino

functional 2? (3^) of the theory

{ П
 is tl1e

 ^°°P expansion parameter) and make 1n the functional Intearal

change of variables

where { Л j is the set of parameters describinq the pa rasterization

(in the following, they will not be written down explicitly). Me shall net

(omittino the primes in ф )

where ^ ( Ф ) is defined by the relation

("str" means supertrace; see the definition, е л . 1n [?] ). In w»»at follows

we shall speak about the transition fron (2) to (3), (4) as about transition

froin *r parametrization to ф nararretrination of functional sp*ce. "n

the mass shell, the theory described by ("5). (") 1s enutvalent to that with



the generating functional

in virtue of the equivalence theory [3^ . These considerations induce the

reasons to introduce the following definition:

Definition.

Two quantum actions S\fr) and S (Ф J are related by the

change of variables ф ~ - F ( Ф ) if t^e relation

holds.

2. In tins section, we deduce the relationship hetv.'oen the

octicns and GFPV of theory whose input ciuantun actions are connected by the

сПспде of variable in the sense cf (5). We sh?11 consider the infipites1r?l

transfon;.ations

where £ is the coordinate-indenendent infinitesimal nrassn^nn-even ouanti-

ty» ДфСФ) is sonie functional of fields anA their 'iprivntives. which has

toe Grassnann parity of the f i e l d ф .

Let 5 ( Ф ) and



ue two actions in ф and ф' paranetrizatims, arc4 £(%) ?nH 2 (C/J

are the corresponding generating functionais (everywhere selon. tbp ^unc-

tionais written in one or another paranetrization v/i 11 be suprOie:4 with the

inuex to distinguish this paranetrization between the others; Indices of

functionals' arguments will as a rule be onitted). Sim w is use< to

uenote equality to the accuracy up to terns of the or^er of £ . Let us

make in the expression

the change of variables Ф ~ * - ф " 6 Д ф ( Ф ) . Then

In the last expression the substitution Ф " * " ~ t ^ O / O J i , is assumed.

From (8) we obtain

Mext, introduce in a usual way the GFPV Г\Ф) :

In terms of Г ( Ф ) , eq.(9) will be written in the



nere l'($>) and Г ' ( Ф ) чге GFPV of theories with thr actions S(jp) and

S (Ф) , respectively, and < Д ф ( Ф ) )" is the vacuum expectation value от*

operator Л ф ^ Ф , ) considered as a function c^ ф vMch is ohtainpH

from Д ф (фу Dy a substitution

where 6/. / б ' ф is trie l e f t derivative, P- is the Grassmann narity

of f i e l d ф and tnrougli (_(Г / J the ratr ix inverse to the

( Г Ч . = 5 2 Г / 5 " Ф 1 5ф^ one is denoted,
о

vJe represent the quantities entcrinn into (10) in the forn of the loon

expansions:

<дФ> =

With account of the written out expansions in the tree annroximatirm

( U j we arrive at tne relation

while in tne one-loop approximation for the divergent and f i r . i te narts of

Д1 wo obtain

„«



uncase now as a new action (in tns ф can~etrization)

Tnen witn account of (7) a P."! (12) for the one-looc renorralize-^ action

S< (f) of the tneory in the Ф' oara^etrizatinn fyyfth the i n i t i a l

action S (Ф/ ) we nave

One can readily see that S^ \Ф) coincides with the one-ioor

of the action
1

Applying the above consideration to the actions SJR (Фу ?ncf S^R

we obtain the equation

v#here П ( Ф ) and П'(Ф.) are GFPV constrycted by S , R ( < ^ агк?

respectively, being finite In the one-loop anDroximation.

With account of the relation



fror for- j la (13) i t follows that

i.e. fj (Ф) cores frcr П ( Ф ) by the variable replacement

ф -*• ф + £дф + eq < дф >£*

.Applying further the -atnenatical induction nethod we finally obtain

".ere

dno < Д Ф / ^ l v is the divercent Dart of the П -Icor aDDroximation

c; zn.e vacjui. exrsctat ion value with subtracted subdiveroences. Fon«u1ae

,1-j \li) express tne relationship between the renormalized actions and

IFi'i cf t-.ecries.tne i n c j t actions of which are related by relation ( 7 ) .

'.etc i.az tr.e re lat ionship between tne гепог-гИгес) auantur- actions In «iif-

*=ren: : а г г - c t r i z a t i e n s ireinc inhororeneous, the one between ihe renor^-aliz^

jF?v is "cc-e recsjS.

i. cw t^rn tc tne consideration of t^e ouantu' theories whose classical

actions --..?ve s;rT:etry rrocerties. Namely. f emulate scr^ natural hypotheses

concernirc tne structure of the inrut cuartur actions e* ' l e l d tbet'ries ZTK*



consider the consequences following fror ther.

So,

1) the effective quantur actions of one and the safe classical t^

in d i f ferent г-raretrizaticns are related by the variable trans fcmv(ticr

in tne sense cf re lat ior (5);

i.) there exists a Daracetrizaticm of t! e functional srace ' ф
JO) , ,

pare".etrizaticn), sue1": that the effective " j a n t j " action of theory 5 s (Ф/

in tnis parar-etrizatior, has the form:

«nere See С Ф )
 1S

 classical acticr, of tneory, ?.r£ functional Л ( Ф ) "3s

the san.e syn«try oroperties as See

3) in tne chosen ф ' cara^etrizatirn the generators R^ (.Фу

of quentjit, action So (Ф/ symaetry have the orcDerty

str

Present sor« ar^j^ents in favour of t'-R: v; l id1tv c f these hypotheses.

From the consideration at the snei of ret:.I »n-- f r n - tho results o f 'ec.?,

i t follows that i f tne actions are relate': ty relatton <5). tuf-T5 they d l l

uescriue one aw the sane quantur theory. I t Is evident that their c^ssic^

parts are relatec si-rply by rer.araretrization. ! t set^s nuite rat'jra1 th»t

tue opposite n^pctnesis, i.e. i) alsc holds. In favour of hypothesis 'i)

speans tne following general result 'see., s.q, [ ^ J ): by "-ears of variable

tronsfor.^tion anc t ie transition tc the linear conciliations o f trar^^crra-

t icn en*-ratcrs, the latters can be reduced to the sh i f t generators. 0*

course, sucn transformation of variables i s , generally soeaHm, nonlcca!.
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however tin's f a c t as ./el 1 ss ri?.ny otr.er s r e c i f i c c x a ^ i ^ s sre?.l/ ;rv.'ou'r>te'"h

i n t a v o j r of nyroc-es is 3 ) . The r .at j ra iness c f ».ynct'".°sis 2) a lso s?e-s

i i i tuit ivuly evident.

Consider nov- the .;ericratirr fjncticnai

an_ -ако i n i t t r e c h a r " e c*" v r i a l ~ l e s

w n e r e ^ i s c c : r : i r : a t . e - i r ' . . ' e T e n i e r . t i r ' i r i t e s i ••?! o a r a r ^ t e r . = r " R

a r c i n e _ e r . r r . - ; t c r s c f t-'.e c U s s i c ^ l ' c t i c r , S..-J f - t r v • . » < ' r s " ? r > - ~ » t i - ' - . ' I "

a r r i v e ^ a t

w n e n c t f o l l o w s t - e r e l a t i o n

Г

>.here v \Ф) is -iven ly t"e exrressicn

j;-.c едг, see f r c r e U t i o r . (17) that i f 5 ( Ф ) -ere zero, t^en (17) woul'1 be

tnp «jarc i ^ e r t i t . . in i t s standard form.
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Let us Investigate how ^ ( Ф ) changes when passing to another paramet-

rlzation (1n a new ф' parametHzation denote 1t \>'(Ф') ) . Note that

generators RL (Ф) and Я'ЧФ') of the classical action symmetry trans-

formations in а ф and ф' parametHzations ( ф =• F (Ф') ) are re-

lated by the expression

Expressing \>(4>Jin (18) through Ф' and takino into account (19), we obtain

Thence 1t follows that functional $ ( Ф ) is a scalar 1n the variable

transformation, and therefore, 1f in any one parametrization "? ( Ф / is

zero, 1t will be zero 1n all the other parametHzatlons, too.

Cu.siuer functional ^ (.Ф/ (in the ф paravetrization):

Tne f i r s t teri. is zero oy r.yictrifsis 2). «mi the s^ccix crie is zero iiv hv

tnesis 3) . Titus V ( Ф / = О ; Mrncp in any nari irrtr iz." 1 t ion ve h.ive

Let now the action 3(Ф,) 1-е rivon. fonsicier the actinr S (Ф) crr-

structeJ of 5 ( Ф ) by the variable transformtinn ф ~*"ф



in the sense of (5):

S (Ф) * S (Ф +fc R(«>))- tyf str

Taking into account (IS) and (20) we have

S(4>)*S(4>)

Thus, condition (20) generalizes the symmetry condition of classical action

and 1t is natural to call it the symmetry condition of ouanturr action. It

follows from (17) that for the symmetric (In the sense of (20)) quantum action

toe Ward Identity for nonrenormaiized theory has a standard form

0 (23)

(the substitution ф1—*--ir\o/5'3i is assumed).

4. Turn now to the discussion of the symmetry properties of renormalizedl

theory, the Input quantum action of which has symetry (20), (22). For

that, we use the results of Sec.2. Since S(/p) 1s obtained *rorc 5 ( Ф )

by the change of variables ф""""$ + I ^ ( Ф (spe (21)), then occordino

to (14) for the renormalized quantum actions SR (<p) and 5 р ( Ф ) we have

the relation

iere

ее the explanation to formula (15)).



On the other hand, 1n virtue cf (22), the equality 3
К

also nolds. Hence the renor^aHzed quantui; action 5 ^ ( Ф ) satisfies the

contiitior.

u
 t?u)

or, what is the same,

= О

Thus, also the renorr;a1ized ciuantu»- act ion has somo svmmetry

By analogy wit!t the Ward i d e n t i t y (23) f o r the г^пог^яТтге'-

funct ional of Green functions ZZR\J) we obtain the i d e n t i t y

whence f o r tne ronornidlized GFPV we have

л=1

n=1

In the equivalent form the relation (25) can te rewritten as

15



Thus we can see that if the input quantum action of theory has symmetry

in the sense of (20), then the renormalized quantum action and the HFPV

also have certain symmetry.
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