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1. In Ref. [1] we nave investiqated the question about the properties of
syminetry of the renormelized field theories the classical actions of which

are symmetric under sore transformations of the field variables

¢" — L+ ERY(P) (n
where E is coordinate-independent infinitesimal rarameter, Ri' (P) is a
local functional of fields P and their derivatives. It was shown thai the
renormalized quantum action SR (¢)of the theory and cenerating functional
of proper vertices (GFPV) rR (¢) also has certain syrmetry oroperties.
In terms of the renormalized quantities the transformations were found,
induced by transformation (1) and leaving Sg(®) and [R(P) invariant
The locality of functional Ri' (‘p) together with ihe assurntion on the
presence of regularization (e.g. dimensional) conserving the theory symmetry
properties ensured equality to unity c¢f jacobian
|6(¢L+ ER"(‘P))/SCP‘ ‘ of chance of variables (1) 1n the
functional integral. The present work is devoted to the study of the same
question in the most general form. when, in particular, the trans€ormation
Jjacotian is not ignored. Here, as in Ref.[l] , being within the framework of
perturbation theory (to be more precise, of loop-wise expansion). we do not

restrict curselves to the index-renormalized thenries,
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It is obvious that the presence of the nonunitary variable transformatiod
jacobian which, generally speaking, does not possess the symmetry pronerties
that the classical action See (4’) of the system possesses, violates the
Ward identity standard form. In this work we shall forrulate a number of
verisimilar hypotheses with respect to the structure of the input aquantum
actions of theories, allowing to obtain the Ward identities in their usual
form. We shall need a relation between the renormalized actions of two theorT

. ies relatec to each other by change of variables {the exact fermulation is
aiven below) in the case when the change of variables jacobian differs
from unity. Tnis question is considered in Sec.2. It 1s shown that if the
quantum theories are constructed by the actions related by the chance of
variable in the sense of (5), then also the renormalized actions are related
to each other by some transformation of variables in the sense of (5), and
GFPV are related to each other by some transformation in the usual sense.

In Sec.3 we have formulated the verisimilar hypotheses on the structure
of the input quantum action of theory: for that. we have obtained the conti-
tion analoyous to the symmetry condition of the classical action (see(20).,
(22)), which naturaliy can be called the quantum action symreiry condition.
Sec.4 shows that if the input quantum action is symmetric in the sense of
5ec.3, then also the renormalized action possesses some syrmmetry in.the
sense of Sec.3, while the renormalized GFPV possesses sore syrmetry alreadv
in the usual sense.

Both boson and fermion fields are assumed present in the theorv; the set
of them we shall denote by CPi- . We shall use condensed notations when
all the particular indices (coordinate, Lcrentz, isotopic, etc.) are com-
bined into thg general index. The derivatives over the fields are richt,
over the sources are left. Note, that here we shall consider theories withou%

gauge symmetries {the case of gauge theories will be considered serarately).
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To conclude this section, let us introduce one definiticn. With that
aim, let us consider the theory which at some choice of the field va-
riables 4>i' is described by the action S(‘P) . Write down the generatina
functional 2 ('J) " of the theory

Z(3)=S'd¢exp {-{— [s(¢)+3¢]} (2

{ Q is the loop expansion parameter) and make in the functional intearal

ctange of variables
P =F'(¢,1), F(0,0)=¢

where {ha} is the set of narareters describing the parametrization
(in the following, they will not be written down exnlicitly). We shall net

t
(omittina the primes in ¢

2(9)- [doexp(R[SF@) @ sF@l}=

- (dvexp {[se)+9F@]]}, S'®)=5(F@)p(®)

where J‘(Q’) is defined by the relation

¢ (8)
p(P)=- qutren( 6¢4( ))

{"str" means supertrace; see the definition, e.q. in [?] ). In what follows

we shall speak atout the transition fron (2) te (3), (4) as about transition
; 1 L . .

from ‘P parametrization tn ¢ rararetrization of functional snace. On

the mass shell, the theory described by (3). {7?) is enufvalent to that with



the generating functional
2(9)= [dberp {[8'®)+9¢)]

in virtue of the equivalence theory [3] . These consideratinons induce the
reasons tc introcuce the followine definition:

Definition.

Two quantum actions S(‘P) and S'(q") are related by the
change of variables ‘P"‘ F(‘P) if the relation

S'(¢)= S(F($)-instrin (—————‘5&;&(4’) (e

holds.

2. In tnis section. we deduce the relationshin ketwoen the rencrmalizec
acticns and GFPV of theory whose input auantur actions are connected bv the
cnénge of variatle in the sense of {5). We shall censicer the infipitesiral

transtforiations
4>'L——FL(4>)=¢"+EA¢L(¢) (€)

where € s the coordinate-indenendent infinitesimal Rrassmann-even ouanti-
ty, A¢(¢) is some functicnal of fields an- their <erivatives. which has

tnc Grassmann parity of the field ¢

Let 5(43) and

S'(¢)=S(¢+€A¢)"qu’crfn O(¢5$&EA¢L) ~

Sadt _ = | Sadt
Yo S'(#)-inestr Fhi

(7)

RS(PreaP)-ine str



ve two actions in P  and ¢' pararetrizatiens, and Z(ﬂ) and Z'(U/‘
are the corresponding generatinc functionals (everywhere “elow. the func-
tionals written in one or another parametrization will be supnliel with *he
inuex to aistinguish this parametrizaticn between the others; 1{ndices of
functionals' arguments will as a rule be omitted). Siern & is use? to
uencte equality to the accuracy up to terms of the order of 52 . Let us

make in the expression
Z'(Y)= jdcbexp{ ﬁ [s(® read)-inestr g‘.—g,?;— + 34»]}
the change of variables CP - CP-EAtP(CP) . Then

2/(4)=[dbexp {#[50)+ 99 -edad(9)]} =

ey

= [4oerp {1 5.0) 16}~ 32000)-209)- 9000120

| s
In the last expression the substitution ¢ "’“—QS/SdL is assumer.

From (&) we obtain

AZ(H)=2/(¥)- 2(9)= - Iab () Z(Y) (@)
Next, introduce in a usual way the GFPV F(‘P)
[(®)=-intnZ(¥)-9¢, d'=-iqgytaz(9)

In terus of r(‘P) ., eq.(9) will he written in the forr

Al'(¢)=l"(¢)-r(¢)ze %%‘?)<A¢L(¢)>, (1n)



aere [ (P)and /(D) are 6FPV of theories with the actions S(@)

S'@)) , respectively, and <A¢ (¢') 7 s the vacuum exrectation value or
operator A¢(¢) considered as a function cf ¢

wvhich is obtained
fron AP (43) Dy a substituticn

, , B (R*1) 9k S
g o MM (GO R =~

S
where SL/SCP is tne left der’nat'lve P,-_
of field (PL and tnrcugh [(r”) J J
P} N 4
(r)y =8%[ /50" 5?

We represent the quantities enterinn into {10) in the form of the Yoon
expansions:

is the Grassmann narity

the ratrix inverse to the

cne 1s denoted,

(1) )
r S+ ( fa.n)+o(q.)
(11}
l(") N ’
dl.v :n +O("l )

<Ad>=nd+ q(<a¢>;'jv +<ad )+ 0(7)

With account of the written ocut expansions in the tree annroximatian frem

(i} we arrive at tne relation

AS=5'(d)-S(@®)=S(Pread)-8(d)~ € %%M’;

wiile in tne one-loop approximation for the diveraent and finite narts of

Al we obtain

(1)

58 ) &l
[W=rO-r0 ~e g <z.\d>>“ & 55 ok -
o .



Cuecse now as a new acticrn [in tne Cb rara~etrization)
(4) -
S«(P)=8(¢®)-nlyy = Swr(®)

Taen witn account of (7) arn” [12) for the one-lgop renorrmalized action

/ '
Sf (¢) cf the tneory in the ¢ nararetrizatinn {with the initial
/
action S (‘P) ) we nrave

/(1)

Si(®)=8'(®)-nlyy (9) =

5 i”
dv(_}d)

d)i' u)
= Sm (¢) + € SCP A¢ LQE Strsq)& Gf'[5¢, < ¢ div
!
One can readily see tnat 51 (‘P) coincices with the cne-loor araroximatinn

of the action
5Ad>
S () = Sip (P rea®)- wzestr 5ot

A¢ Aq’ Q<A¢ div

; ]
Applying the above consideration to the actions S4p (P) and S(®)

we obtain the eguation

/ . (P o
Al (@) =@ R@)re L caes,

[
wiere (P) ama [ (¢) are GFPY constructed by Sm(‘P) and S;R(¢).
respectively, being finite in the one-loop approximation.

With account of the relation
1}
<ard>=ad-n<ady, +n<ad>Pro(nf)=
=Ad +n<ad %‘i‘: +0(n?)



fror for~ula (13) it follows that
[(#)= (4 eapren<ady)
ie. [(®) cores fron  T1(P) ty the variable renlacement
d—dreapren<adyy

Applying furiner the ~atnematical incuction nethod we finallv obtain

e rei.tiuns

/ . EAYCEC))
Sai®) ~ Sp (@ +eAap @) -inestr(~gar ) .
ral(‘p) [ (P+ E<Op(P)?)
— (n r15)
JAYS (43) = LSdD" 2;;.'1n<313‘P ;aiv 1
ene < A¢ >;-:,) is the divercent part of the [1 -lcor approximation

Ci tne vasuui: exnectation value with subtracted subdivercences. Formulae

(1=) .2, exoress tne relationship between the renormalized actions and
SFFy of teecries.tne incut actions of which are related by relaticn (7).

WOTe .2t tne relaticnshin Setween tne renorralized cuantur acticns in 4if-
“zrentg carz-etrizations Seing inhorozenecus. the cne between he renorralizéd

irey is r¢rc-erequs.

3.  icw turn tc tne consideration of the ocuantur theories whose classice)
acticns ~2ve syTetry ~rorerties. “arely, formulate some natural hypotheses

concernir: tne structure of the incu* cuartur acticns ¢f “ield thesries and



consider tne ccnsenquences following fror ther.

So,

1) the effective guantur actions of ore and the sare classical theory
in different r:raretrizaticns are relzted 4y the variable trensformation
in tne sense ¢f relatior (5);

e . . . . . ; (9)

¢} trnere exists a pararetrizetion of tie functicnal srace Cp

. . , {0)

gareretrizaticn), suck tha*t the 2ffective ~uantu~ action of theory S (47/

in tnis pararetrizaticrn has tre form:

S(S) = Sgp (@) + ()

wIETE Sce (4’) is classical acticn of traorv, and functional ]1(43)

tne sane sgivetry croperties as ch (CP)

Ay
N 1

: (e oy o}t
3) in tne chosen ¢ " ara-etrizaticn the generators Rt (¢/
¢f auentum acticn So (¢) symmetry have the nrooerty

( ey
str 2 ‘*m“q’) =0 e

r‘\"cpa
Fresent sore arcuments in faveour o5f the v2lidity of thece hypotheses,
From the censideration at tne end of Tec.l an* fro~ the results of %ec.?,
it follows that if tae actions are relates ty relatton {5}, then thev 111
uescriue one ara the same quantum thecry. [t s evident that thefr classica?
parts are relatec siTply by renararetrization. It seers nuite ratural that

tne oppesite nypctnesis, i.e. 1) alsc hol#s. In favour of hyrotresis 3)

‘see, e.1, {l} i1 by megns of variable

sreaxs tne following jeneral result
transfor:aticn anc tne transiticn tc the linear comtinations of trarsforra-
tica -encraters, tne latters can te reduces to the shift qenerators. 0F

course, such transforrmation o7 variables is, cenerally speating, nonlecal.



However tnis fact as well as many other srecific exa—nlas srear nfounteilv
in tavgur of nyroconesis 3). The raturalness cf hynethesis 2} alsp seers
intuitively evicent.

consider now the seneratinc functicnal
L
z(4) = [ddexp {7 [5(¢)* y8]}
ans akg in it tre charce o voriatles
'+ ERT(P)

wnere g is cocriinate-ir. ereniert irfinitesi-al parameter, an- R (¢/
arec e _erer:ters ¢7 tee classical acticn s mretry trarsFermarior e haye

arrive. ot

RO ——r

, ‘(&)
zfdcbexp {_'% [5(¢)+ §%R(¢)-LQ§str 66}:)}@ + ‘J¢'+:1§R(<P)]} )

wnence follews t-e relation

[derp [£[s(9)+3]}(36) + 3R () =0, B
where D(dh) is ~iven iy t~e axrressicn
fig)

v (P)= 5¢» R'($) - ?jpiq;)

frc relation [17) that i€ 9(4’) w~ere zerc, then '17) would be

tne darc izentit. in its stanfar. form.
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Let us investigate how v (¢) changes when passing to another paramet-
rization (in a new ' parametrization denote 1t V' (') ). wote that
generators RL(¢) and R'L(‘D') of the classical action symmetry trans-
formations in a CP and (‘-P' parametrizations ( P = F (¢') ) are re-
lated by the expression

SF“(®') _,p. .,
R ()= ¢'(e ) E<¢)

(103

Expressing V@) in (18) through CP/ and taking into account (19), we obtain

. SFX(D) 1o, oy SRE®) _
V(P)= E%W. {S(F(CP'))-qutrEn—g?)%——)—JR (q))'”lStr—gW =

§51(¢) SR(®) _ 51
= ¢/¢, R ((P) LQSTA" 643'} 9(¢)

Thence it follows that functional V (CP) is a scalar in the variable
transformation, and therefore, 1f in any one parametrization v (d?) is
zerp, it will be zero in all the other parametrtzations, too.

(0) : (0) s
tensiver functicnal v (¢) {in the ¢ pararetrizatien):

o2 857 o R(o)b@)
37(¢) = Y R (¢)- instr i

Tne tirst ter. is zero oy nynctnesis 2). and the secon. cre is zere hv hvpe-

@) s
tnesis 3). Tius D (¢)=O ; twnce in any nararetrization ve have

V($)=0 (20

Let nuw the action 5(43) be riven. Consider the actmr\ S(CP) cen-

structed of 5(4)) by the variable transforwation ¢ "’CP gR (‘P)



in the sense of (5):

~ SR (d) {21)
S(b) = S(P+ER(P)-ingstr ETYH

Taking into account (18) and (25) we have

S(4)~5($)

(22}

Thus, condition {20) generalizes the syrmetry condition of classical action
and it s natural to call it the symmetry condition of auvantur artion. It
follows from (17) that for the symmetric (in the sense of (27)) quantum actidn

tne Ward identity for nonrenormalized theory has a standard form

J.RY(P)2(Y)=0 (23)

(the substitution 4)" —""i—QS/SjL is assumed).

4. Turn now to the discussion of the symmetry properties of renormalized
theory, the {nput quantum action of which has symmetry (20), (22). For
that, we use the results of Sec.2. Since g(fb) is obtained ?ra". 5(¢’)
by the change of variables ¢*¢"'§R (¢) (see (21)), then accordina
to (14) for the renormalized quantum actions §R () and Sg(P) we have

the relation

~ , SRk (D)
SR(¢)zsR(¢+§R8(¢))—..q§str-7;-§,—§——’

‘ere
i i ~— n_ ot )
Ra(®) = RY(9) = 2" <R'(D) %,
n=
ee the explanation to formula (15)).

12



On the other hand, in virtue cf (22), the equality SR(CP) =Sg (P)
alsu nolds. Hence tne renormalized quantui: action SR(¢) satisfies the

condition

(24)
Sp(¥+ERR(P)-ingstr 5§¢§ )"'SR(¢) ?

or, what is the same,

5S5:(@) ; SRL®)_
64)\. R (¢) tr—=3 5¢& =0

Vo (®)

Thus, also the renorsalized auantur action has some svemetry,
By analocy with the Ward identity {23) for the renormalize” neneratinc

functional of Green functions ZR(fj) we ohtain the icentity
L
9, R ($) 2x(9) =0,

wihence for tne renormalized GFPV we have

§Tr (%)

6q>L RL(CP):O ’

{7%)

R (@)=< R () = <R'“(¢>>',,§;'L”< NOPAE

=RH(@) * 20" <R(®)% .

In the equivalent form the relation {25) can tc rewritten as

15



R (P)= Tk (¢+§ﬁ(¢)).

Thus we can see that if the input quanturm action of theory has symmetry
in the sense of (20), then the renormalized quantum action and the GFPY

also have certain symetry.
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