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Introduction 

The afm of this work is the development of the diaqram technioue for 

the calc~lation of the partition function, effective potential, Green func­

tions in relativistic field theory at finite temperature. The consideration 

of the theory at finite (i.e . nonzero) temperature means that one has to 

replace vacuum averaging by the averaging over all excited states with thr 

Hibbs weight: 

En H 
1 -:r 1 ( -1' <ol ... l9>-2L.<n/ ... ln.>e ="FSP e ... ) 

n 

where ~ = Sp e -H/T , 2: is the partition function. 

The methods for calculating such statistical averaqes were studied in­

tensively in the 50-ies, when the Feynman diagram technique fn quantum 

electrodynamics had just appeared. The qeneralization of the latter for the 

T ~ 0 case was carried out and intensively used in the works of Matsub~­

ra [l] , Abrikosov, Gorkov and Dzyaloshinsky [2] , Fradkin [3] and the 

others, wherein it was usually used in the relativistic situation. 

Relativistic, in oarticular gauge theories at finite temp!rature WelJ! 
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studied in the 70-ies in the ~1orks of Kirzshniz and Linde [4 J , Weinberg 

[5] . Dolan and Jackiw [6], Bernard [7] ~1hc actually appliecl the statis­

tical physics ideas to relativistic field theory. Usually in these works 

tne Matsubara technique was used . but a 1 so the other ones were deve l coed, 

~hich do not use imaginary tirr.e and energy, e.g. those of Mills [s] , Kel­

iysh [9] , Dolan and Jackiw [6] , Takahashi and Umezawa [in] . 

The diagram technique suggested in the present work resef'lhles that of 

Dolan and Jackh1, but differs from it. "arely we show that the di~nrams of 

Dolan and Jackiw contain some parts wh~ch r.ust net hf' taken into ~crnunt 

(a more detailed comparison see in Sec.1). 

In Sec.1 we explain our technioue in detail. In ~ec.2 we, for comolete-

ness . give an account of the Matsubara technioue ancl also exnlain our methf'.'rl 

for proving the equivalence of two considered fornalisms. The method is 

straightforward: we explicitly compute, for an arbitrary diaqram, the Matsu­

bara sum over energies (Sec.3) and integrals over Ko (Sec.4) in our 'forma­

lism. The results will be the same. 

In the Conclusion we discuss.some applications of our formalism. 

1. The Diagram Technique in the Real Time 

We shall describe the diaqram technique suaoested by us for the celcula-

tion of the free ener~y (and effective potential) firstly in the simnlest 

case of the theory of the self-interacting scalar· field. a is well known 

that the value of the free energy at zero temperature is n1ven by the sum of 

all connected vacuuf'l {i.e. without external leqs) d1aarams. The vertices 1n 

those diagran~ are given by the interaction laqranaian, and the propaqators 

are Feynman causal ones: 

4 

l 
(.A)= Ka-m2+ Le 

Our prescription 1s as follows: for the comnutation of the free 
eneray 

one has to consider the same sun: of' 
at nonzero temperature T ( = 1/J3 

T = 0 diagrams, but instead of each diagram to take a sum of diagrams whic~ 

in that the propaaators in the new diagrams are 
differs frQn the initlal one 

equal either to { R ) or to 

(8)=29Tc5(K 2 -m2) 8(EK), g(EK)= eP
1
E,_ 1 ' EK== '1K 2 + m2 

In the course of generatin~ the new dia~ra~s the followina imoortant 

rule must hold: each of the new diagrams has to remain connected after the 

cutting of all its ( B ) type propagators. Diagrams that become disconnecter 

have not to be included. Let's give an example for the y> 3 theory. The 

diagram of Fig.I 

·8 ' -- = (.R) 

Ffg.1 

at T ; 0 has to be replaced by the sum of diagrams fn Fig.2 

8 + e + 8 + e + 8+ +e + e )( - ( B) ' -
Fio.2 
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The possible diagram of Fig.3 is discarded 

after cutting all its ( B ) type propagators. 

e 
Fio.3 

since it becomes disconnected 

(Althouoh in this oarticular· 

case the diagram in Fi g.3 is zero , it is not so in general - for examule 

t he similar diagrafll in the lfli- theory (Fi q. 4) is nonzero ). 

@ 
Fig.4 

For theories with fermions rules remain the same , but t~e correspondino 

( JI ) and ( e ) propagators are 

/\ 

K+ m 
(.A')== L K2-m~+Le 

(B') "'2~ 6 (KL m2)f (Et<), 
f(~)= 1j(ei!fl+1) 

For the arbitrary relativistic .theory (cauoe theories we take in Feynman 

gauge) free prppagators of bosonic field may differ from ( .A ) only by the 

coefficient reflecting the internal symmetry iJnd/or ~JI~ (for vectors). 

The same coefficient must be placed in front of l B ) . Analogously , for 

fermions the l B' ) propagator must be rnultirlied by the coefficient hy 

which· l .A' ) differs from-the free propagator in the given theory. The 

rules for the diagram technique at finite temperature remain the same: each 

§ 

vacuum diagram generates a set of diagrams with all possible ( B ) type 

propagatcrs insertions. with the restriction that diagrams have to remain 

connected after cutting all their ( B ) type propagators. But for this 

last limitation , the whole story would evidPntly have reduced to calculatinn 

the same vacuum diagrams with propagators equa I to (.A) + ( B) , Th1s is 

the prescription of Dolan and Jackiw [6] and it evidently diffPrs from ours 

Let's discuss a technique for the calculation of causal r,reen funct1ons . 

At the moment we have no complete results , but rPmember1n~ that vari~tions 

of the free energy are connected with the Green functions, we formulate a 

hypothesis which is oroved by now only in particular cases: the calculation 

of the causal (time ordered) Green functions must be carried out by the ' 

same rules as above, but the restriction on the inclusion of the ( B l tyne 

propagators is the following. The diagram has to remain connected after 

glueing all external lines into one new vertex and cutting all ( 8 \ type 

propagators. 

The author supposes that the drawback in the consi1erat1ons of [6] is 

in that their boundary conditions on Green functions are set in the complex 

time (t) points, wh~le causal Green functions are not analytical functions 

of t . For example, the two-point function ·~ the (l+O) dimensior.al theor) 

of free massive scalar fiel d is 

1 
2m 

( 1) ( 
- lmltl -m<> · ) 

e-jim_
1 

- e + e r eLm/tl 
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Note also, that infinities which arose in [6] in rliaora~s like those 

in Fig.Sa disarpear in our for~alism: diveraent is the ~i~orar of Fi~.sb, 

which accorcing to the rules of Sec.1 r'IJSt be discarde~. 

CXXJ o::D 
a) b' 

Fi~.5 

~. The l·:atsubara Iraginary-Tir.e Technique 

The Matsubara 

in tne text-books 

technique for finite-te~oerature calculaticns was discusse1 

(see. e.a. [11.12] ). 'lie sha11 now descrire it briPflv. 

in :.•or;entur-space re~resentation. for the free enerav ca1c•;lat1on. 

Again, as in Sec.l, one h3s to consicer a su~ cf all vacuu~ ci~ara~s. 

but there is nc need to construct new diaorars (with ( B ) tyne nrocaaators\. 

Instead. in usual oropagators 

L. 

K 2 - m'- &or bcsons 

" 
i. K + m 

1<2 _ rn2 
for fer~i<Jns 

integration has to be replaced by the su-rati".ln over the fo11owino 

vJre iro.agi nary values of 

Ko= 2nSTi./J' for bosons 

8 

Ko~(2n+1)5TL/J3 for fermions 
1 

n=o, :t1,±2, ... 

In each vertex the three-m01Pentum and the discrete ima9inary eneroy are 

compared. The method to prove that the sum of diagrams for the free enerov 

considered in Sec.1 is equal to the sum of the Matsubara c!i~ora"ls for the 

same quantity is given below. Actually. we shall prove that each imaoinary­

time vacuum diagram is equal to the sum of diaorams which it nenerates in 

real-time formalism of Sec.1. Note also, that in both cases we c!isc~rrl cn,...,.cn 

multipliers of all vacuum diagrams - the srace-time volume (tnev differ in 

that the infinite time interval in cne case is replaced by the finite imaoi­

nary one ( ~J3 ) in the other), and in fact consider the densit.v of the fref' 

energy. We shall explicitly compute, in arbftr~ry vacuum diaoram, all su~s 

over discrete imaginary energies in ima~inary-time form~lism and all eneray 

integrals in the corresponding sum of diagrams of real-time formalism. The 

result will be the same. 

So, we shall not at all consider the integrals over the space comnonents 

of momentum. In all propagators we make the relabelling of the fo11o~linn 

type: K2 
+ m

2 = m~ , so the denominator of each oropa9ator becomes 

like K; - m~ . We shall also omit the subscriot 0 in K
0 

• Strict1.v 

speaking, all the following calculations are completely correct, if masses 

( fT\ 1 ) in all propagators are kept slightly different and take their initial 

values only in the finite answer (to avoid singularities like 

6(K2-m2)/(1<2- m2) 

ones). 
, which actually cahce1 with the other similar 

Energy integrals are convergent even in the vacuum dia0rams - it is so 

in most of the renormalizable theories, - so we do not introduce a reoulari­

zation. 
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3. The Sums 

In this section we shall calculate explicitly the SUl"S over energies 

in the arbitrary vacuum diagram, firstly for the pure bosonic theorv. The 

modifications for accounting of theories with fermions are trivial and are 

considered at the end of this section. 

So let us consider the vacuum diagram. Bearing in mind the conservation 

of the four-momentum in vertices , the m1:mentum c!istribution 1n oropanators 

is the following: some propagators have momenta K,, Kz, . .. KN, N 

is the number of loops 1n the diagram, oti•<?r propaqators carry thP momentuf" 

which is defined by the conservation laws in vertices. It is evirient. th~t 

the cutting of n ones from the propagators with K1 , • •• J K" l"OMenta lea-:! '.. 

to the diagram with N - n. independent loops . nther oronao~tors carry 

momenta which are some line<1r col"binations of K1 , ... , KM • Lat'!r on . 

we shall need the following state!T'ent concerninq these linear cO!"biryations: 

1) each of these combinations contains Kt with the coefficient n , 1, or -1 ; 

2) if we equate one of these combinations to zero. then exprpss one Kt 

tnrcugh tne others, and substitute the result into all rel"ainino rrooaoators , 

then these new combinations of KL will satisfy the same conditions l) an~ 

2). 

We omit the non-difficult proof of this statel"ent. 

Surrrnations over K~ we shall ·carry out in the follow1no succession: 

first over ~ 1 , then over K2 , and so on. ~{e use the well-known forl"Ula 

(see, e.g. [1~] ): 

~ L 'f(z)= + L. "I.es~ (~(c)l:f(e)) 
.; i!!=2n'1L/ft . \, -eK !< 

(1) 

10 

~"'are poles of <f(2.). (We assume that the SUM is convernent.) 

In our case the function l:f is given essentially by 

Index a 

1 
lj'(K1, ... KN)= Id (pJ-M~) 

runs over a 11 propagators. Pa. is the morne.ntum of the 

( 2) 

a -th propagator, it is a linear combination of K~ . "Essentially" means 

that we discard polynomials of momenta possibly existing 1n vertices. They 

are inessential when using (1) and subsequent calculations. 

we are now ready for the calculation of 

X = (- ...L) E (- ..i...) L: 15 J3 ... 
KH KM·! 

(--}) L '-f(K, ... K,.). 
Kt 

Summing over K1 by means of (1) we get 

x =(-fa r-1 
L. L 

Ki . .. K,. ci 1 
Xci1= :!:Ma., 

n.('2 2 
a 'Fa, Pa) -Ma 

cl., 
2xci, g (cl1 ><1) . 

a.1 runs over all propagators for which Pa
1 

depends on K1 

R = ol, K, + ... 'o(., = ± 1 a, 

(3) 

(") 

p~ is Pa in which K1 is expressed by the K2 ... KM from Pa,"' X
01 

In (4).it ts taken into consideration that K2 ... K,.. still have their 

discrete imaginary values, so the value of g ( K1) at the point 

Pa, =_Xa, • which is equal to g(d1X1 + '8• Ki), ~· = o,:t 1,L >1 

. 11 



1s equal to g (ot 1 X1) Each term in the sum over a 1 in (4) looks lih 

(3) with N- N-1 Using (1) again, for the summation over K 2 we oet 

-( 1 )N-2" X- -- L 
fo '<3···KH 

L ..:!:..!_ 8 (d.1 K,) . 
a. 1 2Xa1 

Xa1 = 1Ma1 

(5) 

_:!:.!_ g ( Kz = .. .) . n 
2Xa2 a.ta,,a2 

·2= 
Oz 

Xa1 = :!:Ma2 

(p~')2-M~ 

Notations are s1m1lar to those in (4): a 2 runs over all orooaoators for 

I I 
wh1ch P, depends on K2 : Ra = ol2 K 2 + ... , dz= ± 1 

Cz Z 
n ' ~ Pa. is the Pa. in which K1 and K2 are expressed by Kt , ~ >c:., frof'I 

the equations Pa, = Xa, , Paz= Xa, · 

The argument of the g -function 1n g(K 2 = ... ) 1s the value of Kz 

found from the equation 
I 

Pa.t = Xa.2 . For example, if Pa,= K,-+ K2 

p =K
1 

, then P.' =Xa -K
2 

and g(K2 = ... )=S(xa,-xCl,)· 
a 2 c:t2 t 

In the same way we carry ?ut summation over K3 . . . KN • The final 

'orm of the formula is 

<:I, fa 
X = L 2Xa. b (K1 = · . .) ~ 2X& g( Kz = .. .) · 

a 1 Xa. g,Xt 
(6) 

··'° !_ b(K 11 = ... )· n (R\N>)2·_M;1 ~~ 2.Xc d..pa,S, .. .,_c Cl 

(N) 
Here the number of a.,~' ... , c is N . Pa' is the Pa.• in whi ell 

instead of K1 , ... Kt-1 Pa= Xa. • PG= Xg 

, Pc =Xe 

their values from the equations 

are substituted. Index ct. runs over all nro-

ii 

pagators in which Pa depends on K 1 ; b runs over all propaqators in 

which p~ depends on K2 ; .. · 1 C runs over all prooaqators for wh1ch 
(N-f) 

depends on KN • cX.=±1 is the siqn of' K 1 1n Pa. Pc 
' .J3=:!:1 i s the sign of K 

2 in ~ = ± 1 is the si~n of Pg, ... 
(N) 

KN in Pc . Arguments of g -functions are the followino: K, 
is from the equation Pa= Xa. (and, as we have noted previously. in the 

argument of b ( K 1 = .. . ) all Ki. , L > 1 may and have to be omitted) : 

K2 is from the equation I 
Pg = Xg (and Kt , L > 2 have to be omitt-

ed) and so on. Evidently, the arguments of g -functions are linear combi­

nations of Xa,Xg, .. . Xe . It may be easily oroved, that these linear 

combinations satisfy the same conditions 1) and 2) as p, do. It is also 

evident, that after cutting al a, b, . .. , c propaoators WEe shall aet a 

connected tree (i.e . without loops) diaqraf'I. 

Let's choose a set of propagators a, s, ' ' ' ) c , which ·satisfy this 

last condition, and choose also a set Xa: ,Xg-, ... , Xe; , ( Xa = ±Ma 

Xg = ! Me 1 Xe = ± Mc ) . Let's consirler in the su"' (F) all 

terms for wh1ch sets (a,g, .. . ,c) and (Xa,X~ 1 ... ,X 0
) coincide, maybe 

after transpositions wfth the sets (Ci, g, ... , c) and (Xa, Xg, .. . , Xe.) 
respectively. 

Let's denote the sum of all such terms by the x(a, ... , · xa, ... ) . 
Clearly 

X= ~ X(a. , g, ... ,Cj Xa., Xg, . .. ,Xe.) 
ta,&, ... , c) 

(Xa, Xg1" 0iXc) 

(7) 

The sum here is over all choices of a set ( Ci ,i, ... C ) from all propaoators , 

and over all choices of signs fn equations XCi =-!Ma: , ... 
1 

Xe:=:!: M;: 

cons1J:fer X(a,g, .. .,c; xa,Xc, .. . xc)=x(a, ... ; xa. . .. ) 

1:3 



In different tenns entering into X(a, ... ; Xa .. .) , K1,Ka, .. .,KN 

always have to be found from the same system of equations; denote 1t 6 : 

Pei =- Xa, 

P, = x, (8) 

Pc: =Xe 

D1fferent terms d1ffer only in the succession of usinq Eqs.(8) for f1nd-

1ng K1 , Ke, ... , KH 

It is easy to understand that X (Ci, .. . ; Xa. ... ) my be represented 1n 

the following form: 

1 1 FA - , )- _1 _ _ 1_ • ' ' - . n (N))2 ul • (X) 
X (a ,· ··, Xa, · ·' - 2xa, 2Xg 2Xr, a,.,.a, ... e (Pa. -1•1a. · 

(9) 

FA(X)=L ~g(1< 1 =.' .. )pb(K2 = .. .)· ... ·~G(KN"" .. . ) 
(a,r;, .. .,c) 

(10 ~ 

.L means the sum over all penrutations of 1ndfces a,'S, ... ,C. 
(a,g,. .. c;) . - - - - - - • 

For example, if penrutat1on is (o. 1b, ... ,c)-(8,c, .. . a.) then K1 

in !'.i(K 1= -::·) have to be def1ned frcm the equation . Pg=- Xg , then 

Ka - from the P.~ = Xe, , and KH -- from the p~N-I) = xa. . If 
. . c a 

For some permutation one of these equations doesn't contain the corresponding 

K~ , we suppose that tenn zero. The key point of our calculations is the 

l4 

following 

Statement 

FAcx> = n ALgc.i\~xL) 
~=a,&, ... ,c 

Here A.~=±1 being def1ned as follows. 

Le~'s consider the solution of system (8): 

Ki= 

Ke.= 

KN"' .•. 

(11) 

(12) 

We nave ment1oned earl1er that in r . h .s . of {12) XL enter with coeffi­

cients 0 or ±1. The sign At is the one w1th whfch XL initially appears 

in r .h.s. of Eqs . {12) if considering them from the bottom to the top. 

He now give an example with N = 2 . Let we have equations 

Pei = K, = ><1 (13) 

Ps = K, + K2 ,. x2 {13') 

The sum over permutations in F 

F=.Lolg(K1 = .. -)pS(Ke"'···) (14) 
(a,s) 

consists of two terms. 

The first one is the identical permutation (Ci g) -(a g) , hence we 

find K, and ol from (13): K1 = X 1 , ol = 1 then suhs ti tute K 1 

in (13') and find K2 and .J3 : K2 = Xz - X1 . J3 = 1 . A.ccordingl.v, 

the first term in (1) is S (X1) g (Xe. -X1) . Analogously, for the trans-

positioh (O,g)-(SCi.) the corresoond1ng term in (14) is 

Ui 



-(; (X 2 ) g (X 2 -X1) . It can directly be checked that 

F = g (X1) g (x2 -X1)- g (x2) g (X2- X,) = - b(-x,) 6(X2) ( 15) 

On the other hand, system (13) . (13') has the solution 

K1:: X1 (16) 

K2 =X2 -X1 (16'' 

According to the rule for finding At. we get (already frol'l (16')), 

that A. 1=-1 and .i\a=1 , ·and accordin<; to the statement (11) 

F = (-1) S (- X1) g (Xe) 

which is in agreement with (15). 

The general proof will be carried out by the induction over N !It 

N:: 1 , the statement is evident. Let's sunoose it true at N-1 ~n'1 

consider the system of N equations (8). 

Let I be a subset of a set N = {Ci, g, ... , c} 
depend on K~ iff LeJ : P. = oli. K1 + ... 

, such that Pt 

oli = :t 1 . 
The sum over permutations in (10) we shall rewrite now as a clouble sum: 

a sum over all possible choices of a first element, and at each of such 

choices a sum over all permutations of the remaining elements. In other 

words, we choose in all possible ways from (8) the equation for findino K
1 

and note that at each of such choices the system of the remainino N -1 

equations has to be worked up by the same procedure as in (10). The result 

of the latter is known by the induction. So, we shall write now a recurrence 

relation for F • Note only the following. If we define K
1 

froni the L -th 

equation and substitute it in all the others , then the remainino svstem 

16 
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1

i of N-1 equations will have the followin9 r.h.sides (after 

transporting Xi. from 1.h.s. to r.h.s.). 

XK = 
{ 

XK-oll<o<'.tXi., Ke:l 1 K:f:L 

XK K€N-I 

Here is the recurrence relation: 

F
A ~ p A~ ~ 
(x) = ~ oli. o (ol~Xi.) F • (x) 

Le I 

A' F L is given (by induction) by the statement (11): 

I 

FA"cx)=n JtKt:>(J\KxK)=.n. _Ji.j b(Aj(xra.jlitx•v· 
KEN,K'l"L JEI,J".P• 

0 n )\K€,(-1KXK) 
1<e.N-I 

(17) 

(18) 

(19) 

I 
Signs At. here should have been defined by the solution of the system 6i. 

but it 1s evident that they may equally well be defined from A 

Combining (18) and (19) we get 

F\x):. L. oc:'.t, g (oCi. Xj.) n Aj b ( ltj (Xj - olj o(l x t))" 
Le.I jEIJjt"L 

. n ~Kg (Ji.KXK) 
1<€.N-1 

(20) 

We use now the identity (Al) (see Appendix) at ce =olt .ht , ~i. = oli.X( , 

and alS-O the fact that all X•cl~ cannot be equal to (-1) simultaneously, 

. 17, 



and get the desired answer 

F\x) = n ][Kg (AKXK) 
KEN 

Substitute it in (9) and use (at real X ) 

1 1 ( 2x g(x)= 2/xl . g(lxl) +e(-x)) 

to get the answer for X (Ci, ... J Xa, .. .) : 

x(a, ... ; xa,· · ->=r] _ (pcNJ)2-Mf 
C2~C2, ... Jc a 

· fJ _ 2
1
MJ g ( M .. ) + 6 (-llaXa)) 

a.=a., ... ,c 

4. Calculation of the Corresponding Sum of Diagrams in the 

Real-Time Formalism 

(21) 

let's consider now a sum of diagrams which are generated by the di~ar~rn 

of preceding section in the real-time formalism according to the rules of 

Sec.1. In each of these real-time formalism d~agrams (which are topoloqically 

identical to the diagram considered in Sec.3 and differ only fn proraqators) 

the momentum flowing through 'the a -th prooaga tor is pa. as in 'iec. ~. 

We also integrate over momenta in the same order: firstly over K
1 

, then 

over Kz and so on. Integration over K~ is carried out either hy the 

8 -function from ( B ) type propagator or we continue integration contour 

(real axis) by the upper semicircle and the integration is reduced to the 

calculation of the residues of the function under integration. In both cases 

the system defining Kt, is the same, because O -function 0(K~-m2 ) 

18 

gives the same equat1ons for KL 

the propagator 1/(K~ -r-fa) 
KL= .! M as those frol" the poles of 

From the consielered set of diagrams we now pick out the one whic'i has 

its ( B ) type propagators with indices from the subset I of the set 

N={a}»···,c} (notations are taken from the rrecedinq section). Many 

different terms ar1se in the process of integration. He consider those in 

which t~e system def1ning K1, .. ., KN coincidP.s with (8). Evidently, all 

those tenns have a multip11er as in (21): 

1 1 
rJ - ( (N))2 M 2 , IJ - 2 Ma 

ct '/:a, ... ,c Pct - ci a=a, .. .,c 
(22) 

Besides, there is a multiplier 

n g ( M,) (23 
Le.I 

The rema1ning multiplier is , as we shall prove now, 

(24) 

Yca,. .. ;xa, ... )= n 8(-.i\nXn) 
ne.N-1 

It coincides with the coefficient at the same ({23)) oroduct of b 
functions in (21). 

Analogously, all the other products of b -functions 1n (21) exactly 

arise from the other diagrams of real-time formal,sm - namely from diagrams 

w1th the other distributions of ( B ) type propagators over Ci, i, .. ., C 
propagators. 

Thus, we see that the sum of real-t1me diagrams with all posiihle dis-

tributions of ( B ) type propagators over propagators Ci, g, ... 
1 

C 

exactly the sum of X (a, ... ; Xa. ... ) over all sets X(i, ... Xe 

J.2_ 

is 

Due 



to relation (7) we see that the Matsubara diagram of Sec.3 is equal to the 

sum of real-tfme diagrams, which it generates accordin~ to the rules of SPc.l . 

It remains to prove the statement concerning (24). 

We consider a diagram having ( B ) type prooagators with indices frol'l I 

and pick out tenns in wUch integration yields for K,, .. . , KN the systel'l (8) . 

Evidently they all have the same nrultfpliers (22) and (21) . Besides, the sum 

of all such tenns must be equal to (24). Thfs ~.·e shall prove by fnriuctfon 

over N 

Suppose 1t true for N -1 and consider a system of N eou~tions (8\. 

Integration over K1 may be carried out either by O -function (ff one of 

P;. LEI , depends on K1 ) or , as described earlier, is reduced to 

the calculation of residues in upper serniplane. First, considPr the second 

case. Taking into account that imaginary parts of masses are neoatfve 

( M - ~e ) and using the induction , ft fs easy to understand that 

Y(Ci,. .. ; Xa.,. .. )= .L {e(-oleXe)·ole · s~9nXe. 
• e 

(25) 

·n 
neN-1 

e (-.A.n CXn-olnole Xe))} 

n+e 

e runs over a 11 indices from N such that Pt depends on K1 

Pe ~ ole K 1 + ... ' ci.e = :t 1 

Different sign factors in (25) have simple explanation: S (-cie Xe) 

means that poles have to lie in upper semfplane; cie is the sign of the 

residue, s1gn Xe arises due to the fact that fn (22) 1/21 Xel is carried 

aw~y. while in the res1due (of 1/( p: - X~) J 1/2Xe arises. The 
A' 

last factor which is equal to y e ( ... ; ... ) is written through e -function 

20 

by induction. (25) yields 

y (ci,. .. ; Xa., ... )= - Le (-o::'.e Xe)· n e (-An (Xn-olnG'le Xe))= 
e ne N-I 

n'fe 

=n 8(-AnXn) 
neN-I 

The last equality is the /i-°"' , a:L =It, ex'.< 

(Al) and coincides with the promised one (24). 

. Ht =ci.t XL limit of 

In the other case , when c5 -function exists with arounent Pe , ~enend~ 

ent on K 1 , we use ft for the integraticn over K1 an~ get at once hy 

induction. 

Y(O.,. .. ;xa, .. .)= n 8(-AnXn) 
nu1-1 

It is evident, since in the 0 -function mass Xe has no imaginary nart. 

after eApressing K1 by Ki ... KN , substituting in Pt ' ~ + e and 

carryin~ fro.-:i the left to the right (in (8)). all ooles rel'lain in their , 
seuiiplane. This CO!!lJletes the proof of (24) and , in general, of th~ whole 

staterent about equivalence of the Matsubara and real-tirre fonralism af Sec.1. 

We shall now discuss briefly the proof of th1s statement for theories 

with fer:cii ans. 

The oroof reduces to the one for pure bosonic theories, if one notes that 

femionic distribution function f (l.) 1n ( B' ) rray be received frOI" bosonic 

one g(~) by translation of l. on Sh/ J3 

gfi. 
f(l)=-g(r.+T) 
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(The minus sign is also in agreement with ( 8 ) and ( 8' )). Therefore. 

at a suitable moment (when considerins (8)) we may consider all KL hoso­

nic , and shift XL for ferMion1c proragators by STL/ j3 . In all other 

respects, the proof is coopletely analogous and l'le don't write ft herP. 

Conclusion 

Thus , the formalism of Sec.I allows one to calculate the free ener~v 

of arbitrary relat1vistic theory at finite temrerature. It is e~sy to under­

stand , that one n2y use it also for the calculat1on of the effective ooten­

tial for scalar field . This follows from the fact , that calculation of the 

latter in the Matsubara formalis m reduces to the one of the same vacuuM 

dia !) rams with propagators ~11th new masses (dependent on the values of scalar 

fields). The proof of Secs .3, 4 shows that we may calculate the saMe qu~n ­

tity by the rules of Sec. I, putting new masses in ( .A ) anrl ( B ) nron11-

~a tors. 

Let's discuss 1n what cases this formalism has soll'e advantaqes coll'narerl 

with the Matsubara one. Firstly 1~e note that this technique is convenient 

for the low-temperature expansion. Indeed, at low temr>eratures ( j3-= 

g(E)- exp(-m/T) and ( B ) tyre pr.opaqators are small, so in 

some sense, the nurrber of ( B ) tyne orooagators in the -:!iaorams meam an 

order of zero-temperature expansion . It may be oroved that combinina to­

gether the diagrams 1vith one crossed (( B ) type) propa!Jator we get the am­

putated two-point zero- ·temperature causal Green function; the sum of diag­

rams with two crossed (( B ) type) propagators gives an amnutated four­

point zero-temperature casual function, and so on. Consequentlv, free eneroy 

has the following representation 

22 

F(T) = F (T== O) +Sp en Dr/Do+ s dp 29T6 (p2-ma)G 2 (p) g (Ep) 

+ i r 22 ~ d p clq (asrl g ( E p) g ( E9) o(p2-m2
) o (q 2

- ma) G4(p,-p.q,,-q)+ .. 

DT is free propagator at T ~ O (calculation of 5penDr see, e.o. 

in [6] ).. Expanding g (Ep) at j3-oo we oet finally the desired low-tempe­

rature expansion. The above expansion , \'le believe, is interesting anc! will 

be useful. 

One of the 

fact, that the 

It will be 

immediate consequences of that is the cnnfinnation of the 

zero-temperature countertenns renormalize theorv also at T ~ 0. 

interesting and important to generalize this forMalism for 

tile calculation of the effective action at finite ternoerature. 
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also to G.Eliashberg, L.Gorkov, O.Kalashnikov, 

A.A.Migdal for the discussion of the work. 
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APPENDIX 

Here we prove the equation used fn the proof of (11): 

n n 

2:::g(XL)~L n 8(tej(XrXt>)-n g(GetXi.):oO 
i.=f jf'i i.=f 

(Al) 

(fi. = ~ 1 , but not all of them are equal to (-1). 

The poles of g (c) Jfe fn the points "l. = 2n!ih/J3 

left-hand sfde they all cancel and, consequently, thfs analytical funct1on 

. In the 

fs constant. At X-= ft tends to zero thus befn~ zero everywhere . 
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