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1. Introduction

Despite the huge progress in theory of fundamental inter-
actions based on the concept of local gauge inveriance, low-
energy consequences® of the theory, in perticular, spectral
ones are obscure.

At present there exist several novel approaches to the
problems of quark confinement and vacuum structure, such as,
- the quantum inverse method and the Monte Carlo
numerical calculation.

Several years ago Feynman['1] has made an attempt to un-
derstand the low-energy behavior of theory using the tradi-
tional Schrodinger representation. He had made some aimplify-~
ing assumptions, first of all there were mno quarks in the mo-
del, SU(2) was the gauge group and, finally, the space had a
dimensicn 2 + 1.

In the preseﬁt paper we too shall make use of the Schro-
dinger representation, the gauge group is taken equal to SU(2),

quarks in the model sare lacking but instead of the last assump+
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tion we assume that dynémical variables are independent of
space coordinates.

The last assumption apparently corresponds to the "long-
wave" limit of the theory, and to be correct, one should fur-
ther take into account "short-wave" models. In this paper,
however, we shall not take them into account but concentrate
our attention on the soclution of this space-homogeneous model.
Its study seems to be a natural stage in the solution of the
complete theory.

The above model in the classical (formal) 1imit‘h'—* 0
represents a classical gauge theory where the vector potential
A depends on time only. This discrete mechenical system (Yang-
Mills classical mechenics - YMCM)[2,3] is nonintegrable (2]
and has strong statisticasl properties [4] (see also {5,6,7] Y.

The qualitative investigation of the space-homogeneous
model energy spectrum has shown that there is no degeneracy in
the spectrum and there occurs a "repulsion” of levels [8] that
is expressed in the fact that the probability to find two nei-
ghboring levels at the distance /A smaller than the average
distance ( 4 > , tends to zero as Aﬁ s where B 1is the
critical index.

In the present paper we investigate the space~homogeneous
model in the Schrodinger representation, In the second section
which is somewhat introductory, the necessary information from
the quantum theory of gauge fields that we shall use later on
is presented. In the third section basic relations of the
space-homogeneous model ere formulated. In the fourth -~ com-

pact variables are introduced that substantially simplify the
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solution of the Schrodinger equation. In the fifth section we
present the extraction of that part of the wave function that
depends on the compact variables and, besides, effective Ha-
miltonians for invariant variables at different values of the
totel momentum as well as universal relations between them are
obtained. In the sixth section we present the classification
of levels and selection rules which they should satisfy. In

conclusion we discuss the results obtained.

2. Hamiltonian formulation of the Yang-Mills field

Consider the Yeng-Mills (YM) field with the group SU(2).
a
In the gauge A, = O the Hamiltonian has the form [9]

2 1
He= (e[ E Erer e g mn @
where

Hfz.i'_gkmF"‘ Eo= 0, A AntE

E€m » tm

a e fA'* (2.2)

( LJ,K,l,vn = 1,2,3; CL,g,c. = 1,2,3). As canonical variables
serve the fields ﬂg', E®

! e
{E:‘(F)‘Af(ﬂ} = $78. S(rF) 2.3

One should add to the classical equations of motion

8L EEEL nga {~}{ EE::S

= {H A%}

(2.4)
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the coupling equations

GH(F) = 3, g gabegle =0 (2.5)

that satisfy the following canonical commutation relations:
Q é aé é
‘{G (v‘),ﬂ,‘('r")}:: (8 I\ g2 .H:) 8 (77 ‘ (2.6)
{6t E‘t')}- g2 g Pra
y ERr A< EK (h—r‘) s (2.7
[ ~2 = é -1 Qgc
16,6 (") = £*°%6 = 8w r) 2.8)
a -

aoG' = {H:@‘US = Q . (2.9)

From these relations follows that couplings G-a' are inde-

pendent of the time and are generators of infinitesimel gauge
transformations that have remained after imposing the gauge
a
condition o = O, Jq and £ are then transformed as fol-
lows:
a._. _ —a afe ¢ c _ (2.10)
3 E (# = {Gcon, &y Cr-)} =€ E, (P

)

a _ Q,_ a_ \ be & c
S.AH(r) -{G(d),ﬂ,‘(r)} =- O (7) +£” f)q,‘(r':)o((?‘)’ (2.11)

where
a2 TEY S —
G = SG F) Q% (F)d3F
Q
and ol (¥) are the parameters of infinitesimsl tremnsforma-
tions.




On quantization dynemicsl variables, the Bamiltonian and

couplings turn into operators satisfying simultaneous commuta-

tion relations

L < 1 i Sﬂ?
Aq_. L . qab -
[ Ei (r>’ﬂJ(r)] = 7 g:l g<r..v-) (2.12)
A 4 { a¥ £ ¢\ '
[ Ao O8 ery
A Wy | abe o ,
[G?ﬁ, EJ (;)] =7 £ Ej S ) (2.14)

re  2d_ 4 A ek ,
[Ga(?‘)‘ G CFI)] - 'Er‘ £ GC(F)XCF-’F') (2.15)

SDGAO“ = [H,Ga‘l = O (2.16)

The coupling equation (2.5) should be replaced by the condi-

tion on the wave function:
° A
c* 'llj‘[ﬁ] = O (2.17)
Aa

since G doea not commute vi.th canonical variables (2.13-
14) and the operator‘ equation Gf = 0 should have brought to
a contradiction. The fact that (3 = commutes with H (2.16)
impliea that, &3 in the classical theory, @a ie independent
of timg. and hence H  ana WAJ are independent of defini-
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Q
te sets of dynamical variables JqK .

Thus the wave function of 8tationary states satisfies

the Schrodinger equation

RS
gcjar[-zm 2} H, H]yf[ﬁ] gHUTA] (2.18)
and coupling equetions (2.17)

y .
(879, - £%%4f) Lgﬁ.yfm o @9

Wher classifying states of the gluon field we should need the

expression for the total angular momentum:

]

m gdsr[n["’ HE (2.20)

that is composed of quatization of two summands, orbital and

spin moments.

3. Space-homogeneous model

Let dynamical variables be independent of space coordi-
nates, i.e. fields are spatially homogeneous. Then the Schro-

dinger equation (2.18) and the coupling equation (2.19) will

be rewritten as

(2“55.7;'* 4?(( MPAEPy cey oo

! c:éi é o -
ne =& Aagpv=0° (3.2)

and the density operator of the spin momentum, which as before
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n
will be denoted by M, , equals

. L 2 d
m, =7 E::/'x qu S,ﬁ: ] (3.3)
A n

Both operators ™M , and n4 (the second operator has the
meaning of the isotopic spin density) commute with the Hamil-
tonian of the systezﬁ (3.3) due to its invariance with respect
to 50(3) x S0(3).

The complete set of commutation relations of the system

(3.1) has the form

[ n%]=[H.0%*] = 0 [H.m]=[Hmm]=0,

[ﬂmlﬂflz ;_£a"cﬂi ’ [y;;‘,”ﬂfl: -;i‘j.n ’ng

o b . " oA
[;‘: Ef]:: e Er [__mt. EK]-': L'g‘.nj. éf (3.4)
[R5 Q=o€ Re o] = ie g e

A > »
[n* mi:=0 , [HTl=0
a
where I is the inversion operator. Commutation relations
(3.4) have the form of common commutation relations for mo-
ments. Coupling equations(3.2) mean in this context that so-
lutions with the isotopic spin density equal to Zero - " S *
states correspond to physical states.
Below we investigate the quantum-mechanical system (3.1-
2) by means of compact variables introduced in [ 10] with this
pari ol rasulie baing valid for ths complete system (2.18-19)
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as well.

4, Compact variables

It is especially convenient to solve the Schrodinger
equetion (3.1) by means of compact variables introduced in

*® a .
[10] » Let us represent the field mastrix A . 1in the form

ab ¢ .
Al = O, (p) Ex O;:m,(e) (4.1

where éji and C&_ are the orthogonal, and E the diagonal
matrices parametrized by means of the Euler angles €9Lﬁ qﬂa”
and variables'x,%§)2; , respectively. The wave function

depends now on these nine variasbles
WAl = Yxy%, 8,¢) (4.2)

and the task is te celculate the Laplacian in (2.73) in new
variables.
It is known that in curvilinear coordinates the Laplacian

nag the following form:

-4 d rl-Lq)
;G 37,.[G 3‘,«7]37v (4.3)
where 97“., is the metric tensor

(4.4)

Jsl.—_ 5}"’{7> J?fJiv

* The author is indebted to L.D.Fadeev for attracting his at-
tention to [11,12] where similar variables were introduced
in connection with the problem of the Gribov ambiguities.
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G is the determinant of the matrix 9o, &0d gf,.f\, de-
notes & matrix inverse to the matrix g,/“, « The volume ele-

ment is equal te

Y2, ¢
dt = |€ {d?:""JfM (4.5)
In old variables the interval reads
2
ds* = T dA%dAl = 2TdE* (4.6
a,:.

- af
where ! is the kinetic energy and, hence, g/,ﬁ, = g 3 .
In order to obtain JSl and 3/“ in new variables, let us
substitute (4.1) 1in (4.6). As a result we obtain
3
e 2 Z 2
=)

where

I:

i

Is: )(1+3,2

¥

32+&2 . I=x+2"

{1

=24z Jp= AxE 0 Jy= Ixg (4.8)

and angular velocities Q and W are expressed via mat-
rices OL and O;L by relations

dw=0d0  do=o/dg

Ja7¢:—21£,,gcofa)gc ) J_QL. 3“215:/&4(%& I
The relation (4.7) has been obtained in [1071 and required no
further transformations when investigating the classical dyna-
mics of the space-~homogeneous model [ 4] » 8ince using it one

already may obtain equations of motion for Q and (£ , How~
ever, during quantization the angular velocities L ane o

1



should be expressed via Euler angles 62, and qﬂa. in order to

obtain & new metric tensor (4.4).

The expression of the angular velocity via Buler angles

is well-known from the course of the so0lid body mechanics [33]

Q.= Yy®d6  dwa= 25,(pdy,

where

i‘~smslt CosB,5mB O

-
19
44

g{@/\’: 754.(97-'9): /S(h &, SinB, CnO, 'S

+

Cos B, ’ O {

Substituting (4.10) in (4.7) we obtain:

. 3 3
d 51: JX2+J32+-J 2+ Z Ia Z(qu Vac JGgJQC +

n 2 2
FaeZe )20 T Voe 7. 4B

Let us introduce the following notations:
?i: X / ?2-= g'/ ?3 =z
9u=86, ?,;:92) 90z Oy
L2=8  18= 6, 9= ¢s

and make {(4.12) equal to (4.4), then

=1, 32254, §22=4, Ju= 0 T 3= 0O

3
gﬂw: 5_14,\/44'%‘,} Ce e

as=t ast

12

3
3#9:‘2 34—%‘1’?423, .

{4.10)

(4.11)

{4.12)

{4.13)

(4.14)




etc. Thus, the matrix\vg;‘v. hes the dimensions J| 9 x 9 [ anc
is composed of & unit matrix /l} 3x3 f,"" in the upper left
angle, a matrix || 6 x 6 H in the lower right angle, and ze-
ros in the remaining places. In turn, the matrix § 6 x 6]

is composed of four matrices [ 3 x 3 ||

4B

{

oD

that may be obtained substituting (4.11) in (4.14)

I‘ SithZCD'SlQ; (IJ- Il }51.)1&@-‘93S(‘)783 . 15&592 ?

P

Il S !‘)‘llg’. 5 (‘7‘)193

i Ig Coszgl f
i :
A= T 10508, Cos8, $in8, TS0, +T,Co0°0, O ! (4.16)
i
|
I,Cos6, 0 oI, [
J
| :;,Se?gCuBIST»ﬁC‘sup, J,Sih%cosga Sin ¢s - :‘]30952”
25178, Sin8, Singg Sindy  -3,%m 6, Siub,Ces ¢, ’ i
B: “1’0039‘ &S ¢z ) :
L (4.17)

3,5 8,30 ¢, Cosey =3, 584 310 Py o |
‘3,_6'95935:'11’{ Sr‘wf.b , —3269593096%_.,

-Ja%yx ) © J j
? 3 i
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matrix C: = 231— , and Eb is obtained from ‘fl at the re-
placement £~ 9%L .

Let us calculate the metric tensor gffv determinant
in (4.3) which is equal to the determinant of the matrices
{4.15). For that purpose let us make the following operationa:
multiply the third column by Cos GE. and ~ubtract it from the
?irst column, multiply the sixth column by Cag.gp and sub-
trect it frem the fourth column, multiply the third column by
:},/QTS and add it to the sixth. The obtained determinant exz-
pand first by the sixth column, then by the third line. ¥e

then obtzin:

(I 3)

o > 3 . . } +

b““—*;-—rf’ Det“"” (a.18)
The first iline of the matrix ” 4 x 4 !{ determinent is pro-

portionate to S{n 6%, , the first column - to Sfb 5&_ , the

third line - to 5(» Vﬁ. , the third column - to S{h ¢l . So

= (I35 95 ) S, Sin'yg Ded JXI| (4.19)

The matrix ” Jﬁl( is presented in Appendix A, and its deter-

minant is equal to (I:: :I," ) . (I;- Tl,-:’ ). Pinally we obtain:
6= (TR NIFGNTFR) Sl Sy, | (4.20)
The volume element is written as
dT= 56, M85 e Dosya)dndydz | 42D
D= IEy 1yx 2125
(4.22)
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It 13 seen from (4.21) that clra is proportionute to the
product of invariant dimensions by the group of orthogonal
matrices,
After some simple calculations, one may calculate the in-
-4
verse matrix 3_’,',,/ and thus the kinetic energy operator:
3
2.2 L EE lf* J l);i_
T =-2 9. Y3g, ~
8 < A= 97’( ?V
! i )
A . . L9
- S5nB, S =5 SinB, S LA
2 9 Itk ﬁ 2 ()7?1 . =
e 037, (4.23)

¥~

(3F+ a;+gj)-;24mw, 4409 1349,

A A ” A
. _Li 14,(M:+N:) + 1 Ja MaNa
2 I- 92

I Cot83 3 Lo D L 2
M=7Tl 355,98 5% 8, Ctuless, a%%
2

(4.24)

- Lfsmes @ | e o 2
MJ' r 51‘»91,55;+C%9‘5991—C‘(?925'h93‘9‘36

My= T’{E’%; g,.

and operators /NMa are obtained from (4.24) at replacementg‘f

Operatqors (4.24) satisfy the following commutation relations:

[ﬁ"}a_.b;le]=—l:£agc ﬁ;lc )[/Qq”;/alz-‘-iqge/vc (4.25)

A A

[ M@ N g] =0
These commutation relations differ from common ones for mo-
ments by the minus sign on the right hand side. This diffe-

rence will be accounted for below.

The expression (4.23) for the kinetic energy operator has

15




an obvious physical interpretation based on the enalogy bet-~
ween the above system and sclid body mechanics. As has been
noted in [10], the classical equations of YM in the variables
(4.1) describe the rotation of the "geuge" body in internal
and ordinary spaces, the variables X,g,'z describe its own
"vibrations",hsince ineftia moments I}w Ja_ (4.7) depend on X ,
%) z zind Ma_ ’a‘.nd Na_ aere the projections of angular mo-
menta M and N on the "moving" coordinate system. It is
convenient to use this analogy in the quantum case as well,
assuming that 7~ in (4.23) is composed of two summands des-
cribing the vibrational and rotational energies of the gluon
field.

In Appendix B expressions are obtained for the angular

momentum operator in the "fixed" coordinate system via Euler

ang%ss .
. 2 e A0 CAE J_
= L.{casg,c{;%aﬁ s,»a;;z,L sy %g
"2 { ' ’f? "99;. SinBa 919:3

Operators ha. are obtalned by the replacement 8 - lfq_ .
fal
Operators M and 'h setisfy the ordinary commutation rela-

ticns (3.4).

Now the change in the sign of commutators (4.25) as com-
pared to (3.4) is clear. It is determined, as is first noted
by O.Klein iﬁ the molecule theory [14] , by the fact that

n
components ™M and h  (4.26) are defined with respect to
M

e
fixed axes, i.e. angular momentum operators n end h turn
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Nal

round the "fixed" coordinate system, whereas components M

and A (4.24) defined with respect to the "moving" system,
turn rcund the system with respect to which they are defined
(see for details Appendix B). The total angular momentum ope-~

rator expressed via Buler angles has the form:

391 ¢ 07 992 Sz'h"B_z (’5’9_"1"'5—9:!-)
Siko, 32 (4.27)

"
L o578, 3698, 3

Thus, the Schrodinger equation (3.1) of the space-homogeneous

model in the presented compact variables has the form:

2
2[S9k akod-9h03-0,005

(4.28°
Z Ig(Man) +2\7¢W\/

A ](7;/ X3+Ja+ex}§p S?J

Q=i

The integration measure is given by the formula (4;21), commu~
tation relations -~ by the formulae (4.25),(3.4) and coupling
equatibns (3.2) imply that physical states have an isospin

A2

h‘t(f/—- O equal to zero.

5. Diagonalization of the Hamiltonian by rotational degrees
of freedom

Let us take as basic functions the normalized eigenfunc-

tions of the operators
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A2 Ao A~ “

m = M ) m-b b4 M3 )

Al Al A s (501)
h = N h"b N3 ’

) ?

and denote them via |§ Sbs'a j and ,.}JBJ; > » respectively

¥

M 18835,5 = S(s+) 55,5543

A )

™M 155585> = Sz 155353 (5.2)
)

A

f
My 1585935 = S31553%3%

A2 »
end similarly for N , N, /\/ . Por the given representation

S is fixed and takes the value
/
0,72, 4,34, .... (5.3)

and for each S  there exist (28+/)% states with |

Sg= S,s8-1,. .. —S#,-s |
(5.4)
1
S3= 5,8-/, - - =5¥,=5,
il.e. we have a (,,?5 +/) dimension represantatlon of opera-

V.
torsh’) 7’?73 and M_; . The seme is for h, 77-5, N?, . Matrix

elements of the operators m., M: , 7'7'11 and Ma in this basis
are presented in Appendix B.

Eigenfunctions of moments [s,S, S.__," S are expressed via
complex conjugation of D-function [‘l 5}:

s “"5391 s —i%;s
D (s88)-= O/ss'(%7€ 3 (5.5)

SZ S3 373

satisfying equation

18



il o o
{' 8911*61%9&‘; 5in 8, (891“ Js‘) ¥
CDSQ.?_ g N
1 l 5’7’191 JPJE .DS;$ (9993)"' SCSH)—D 51(999)

where the function C] (©,) is presented in Appendix B,
555,

*S 3-513 S
{ - 3
[8S58,5> = D_gsé =(=1) 'D‘Ss-S; (5.6)

and is normalized by equation

81/ sl
&D 5,8, %@’Jz“ 25+ c&z gsa'eb’ (5.73

where cI /L( 1s the invariant measure on the orthogonal matrix
group.

We have already noted that coupling constants (3.2) are
equivalent to the reguirement j:_)'-_,, =j-;:: O , therefore, the
wave function is independent of the varimbles ¢7, , which is
congistent with the general statement of the second section

(see (2.17) and below).
{
Y 2.2 0) = g Yxy,2,8) (5.8)

In (4.28) the dependence of the Hamiltonian on compact varia-

bles is now determined only by the swmnmand:

A 3
2~ _ 1 Ta 2
T = 7 2= T9E Ma. (5.9)

that coincides with the Hamiltonian of the asymmetrical top
{
[15]. In states with definite $,S;, S; the Hamiltonien

is not diagonal, therefore. one should choose a wave function

19




in the form of & superposition:

593 SS3
y/(x(y)z 9) Z 95 lxo‘/,a) $8353) (5.10)
[a]
t
Since only matrix elements [ with A4S3= 2,22 are diffe-
rent from zero, the secular equation of the degree (25 + 1)
decays into two independent equations of degree S and S+

(see Appendix B) whose solution for lower spins reads:

S= 0 Tod= O (5.11a)
Y H
{ 2 T
_ dy L a
S= /=2 , "TAél) 2 Zﬁ ’ {5.11b)
{ ) I
S= .( = o= + =2
‘-];'(’.) 2[-1',3:_ Jll 1-21_3:-1 ‘ i
I, Ia (5.11¢) -
Ty (’) 2 1232 1‘;-.?:]
]

Al Iz Ia
7;30)‘ LI ’ I;‘:’;l

A

etc. Since matrix elements T depend on different sets

T./12 3% . there exist between them universal relations,e.g.

7—'5'(')+Ta,_(') +T53(’) = 3T, (%) (5.12)

Indices A ' B N denote the irreducible representations of the

discrete group DJ_ (see section 6),.
Let us write out equations satisfied by "vibrational" de-

grees of freedom X, g, 2 for various values of spins. Let us

20




denote via F{p the operator
2 - ~7 1
H,=- _93:. [A'l‘V!MDV]‘*I?l[)(}I"gzZ?; x| o G

then we obtain for S =0

Ho qba = 2 4,9 (5.14)

for S =%

2,y 2, 51
H +_f(x1+y PR O L™ SR Y IR RTINS
o " B \(xxy*)2 T (xtg2?) (=2 P :24; (5.15)
* *4
‘R
etc. The system (5.14) is the quantum anslog of the classical
fundamental subsystem introcuced in [47) and it essentially
differs from the latter by an additional summand that conteins
first derivatives by the variables X, Y, 2 . This additional
potential may be simplified by introducing another normaliza-
tion of wave function., Indeed, the volume element has been so

far equal to (4.21), and now let us introduce the wave func-

~ 7
'f = D % (5.16)

that is normelized by the simple volume element

dT = Jx%i’& Si»B&EJQL S.‘»%ZJ(@V (5.17)

tion

One then should properly transform differential operators. In

perticular, ﬁ{a is equal to
Ho = = £ 8 +(740* YD) (/20)4 D]
b lfagt (g )

(5.18)
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and contains the additional potential

{ [ /=
33(J4ﬂ¢== 4D AD- 2[55,(‘713)2’

where 2) is equal to (4.22).

(5.19)

6. Classification of states and selection rules

The Hamiltonian (4.28) and commutation rules (4.25) have

a peculiar symmetry, e.g. they ars invariant with respect to

transformations

M—=-M  M-N  I-I, ¢--3,
M= Mo Npm My I,=I, g,- 3,
Msr~My M~Ny I,~T,. Iy =Ty

-M'_,_M, N,=-N I,—oI) :I'-—o 3,
Ml_' MZ A{l.’ NZ Iz,qI'J_ 32__’:]7_
Ms-s~M3 /V3-0-/V3 1'3—’1} : 73_" T,

X = -X

Jd= 4

2—- 2

(6.1a)

X X

g —5; (6.1b)
2 2

etc. This discrete symmetry arises due to ambiguities in the

transformation (4.1). If we introduce unit matrices on the

right and left of the matrix & in (4.1) and then represent

them as the production of orthogonal matrices, we shall obtain

A=0,60, = ORREPPO’= O/g'0)T (62

where

2?2




0=087 0=0P" E=REPT (6.3)

The only requirement which orthogonal matrices Q and J_j
should satisfy is the diagonality of E / y Jince O,‘ and Ol'
are orthogonal. It 1s easy to see that this ia connected with
the choice of axes of a three~dimensional coordinate system.
There exist 24 methods for the choice of right cocrdinate 3ys-
tem and as much for the left one. One may choose three indepen-

dent orthogonal matrices Q, Rl «1'23 equal, respectively, fc

-4 o} ﬂo&o,f/ ;Oioi,’
R = o { QJ: ,i—i o0 V "?a: } o o 4 }$ (6.4)
R ;,/Ofill !1‘;’30!‘{
and satisfying the condition:
2 >4 >
Q‘:ﬁ , R1~& ) Rs*i ) (6.5)

30 that the arbitrary matrix Q of axis permutation is ob-

tained by a subsequent multiplication of K, R, and Ry

R, Ry Ry (6.6)
where ( = 1,2; % = 1,2,3,4; )' = 1,2,3. One may obtain the
matrix of left permutations by means of the matrix l?, :

-L
Ro=1l o %° Ded Ro=-4 (6.7)

..i y

Thus, there exist 48 x 48 possible matrices J{? and -E

!
but the requirement of E being diagonal is satisfied only

*The author 1s indebted to H.M.Asatryan for attrecting his at-
tention to the relation (6.2-3).
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|
1
]! (6.8)

The following matrices P are the solution of comndi-

o N s s T
tions (6.8} for three independent matrices X

P o 'IOiLO‘ oz oy
!1 thv i‘) !::; 00 s o3 } (6:9)
“ ii i! ) }Q ’.\i\I‘ )/4} © O”

Let us expand these matrices (6.9) by the basic ones R . (6.4)
and we shall ottain for R (W

- -ptp*. Z R .
P=Rr,; Riy Ry RiRy RRey RIR,, R2R, RRER, (610
for R,J ‘

- p - . p3 i
Pw 21,2121,;?12.) RIJRJ-RD)R,RzQD)QZRlRD, R;RD (6.11)
and, finally, for .Q;

o . . .- . , 6.12
P= 3R Ry, RaR\; Ry Ry, RaRo; BiRyRo) RyR,R. RS R (6-12)
At permutations of R, R, end R3 the Euler angles are

transformed as follows:

RL 91"' 91+J7, 9.1—’ "'7_92., 93-—! }7‘_93 (6.13&)’
R & -8 £, = 6, , B Eyt J?/;g, (6.13b)
QB 9/—"9, 5 Qz-' 9,2+ J—;/‘QJ 93-9 931-% (6.130)

Consider separately the admissible pairs of transforma-

tions R X r (6.4) and (6.10-12). Let R= K, . then engles

24,




Pa transform by (6.13n) and angles ‘fc\, , in accord with
(6.10), by meana of eight combinations of (6.13a,b,c), with

variables X, Y, 2 transforming as

. ( _ I
E“"E! ; R,xP x=t’<,0‘t—ig>1~i;—‘. (6.148)

At Q“:Rg,} Rg, angles ﬁa, transform by €6.13b), (6.13t), and
‘/a, by combinations (6.11), (6.12), and X,g,% as follows:

EvE' [ RxP 1 xsty y=ax  2l=22 (54

E ~ E",,s Q'sxf : Xl.:iké(/g"{!:rzzzrix : (6.14¢c)
a4

and in {6,1b)

1
N
g
it
ey

Por example, in (6.1a) R
R=R, ,P= R, ete.

Due to the above ambiguity (6.2-3) there arise selection
rules for equalities of the system (4.28) owing to the follow-
ing: the wave function ASV' ig en unambiguous function of
the variables ﬁ and it should remain so after transition
to new variebles X.St,%, &, ‘/ too, i.e. it should be inva-
riant with respect to the above transformations. However, if
the Schrodinger equation is solved in new variables, one gene-~
rally obtains solutions W(X, ¥, 2, B, ¢ } noninvariant with
respect to the transformations r'?xf » Therefore, to provide
the unambiguity of the wave function, one should symmetrize
the function W (x, y,%,g,l(’) with respect to the transforma-
tions KX P .

Bigenfunctions of the moment |S Sz Si >  transform at

the permutations R as follows:
. (I (s+53) ,
{5555 = £ - ‘
-qu 353 ) 155238, D ; (6158




/o
¢ 55
R,z’“a%? - & 27 15553‘> (6.15b)

a (TS .
Q,Qz/sggsb = e R (6.15¢)

and act on [J)sb' > like ’JP\L' . Relations (6.15) are easy to
obtain using the fact that Euler angles at the permutations RL
transform by (6.13) end that [$S3 S3 Y is equal to :D:js_;
(5.6).

The wave function with J‘ = C (5.8) is invariant with
respect to the action of operators \(FL on the angles fq, ,
therefore, one should symmetrize the wave function over the

remaeining variables. Under the action of R x .P it trans-

forms es follows:
.
{ :-[53

@538 S, SSs -
Ryx PWixy,z 8= 2. 9553. (FgtDe  [55553)  (6.168)
Sg=-S

S8 S 553 (T (3453)
RxPYtoyap)=2 By (regrdre  ssyn)  (eae
' Si==g ° ' ’
n

2 S33 S SS3 )
R R X ?W(x,g,zp) i%j% (txAyta)e

S
|$s3-83Y  (6.16c)
>

where ? is for transformations satiafying (6.8), i.e.

(6.10), (6,13a), (6.14a) and (6.11), (6.13b).‘ {6.14b). In or-
ss

der to find out tramsformation properties of d)s ' 3(1‘;3, %)
3

one should solve equations of the type of (5.14-15). In the

final analysis just their behavior will determine the selec~

tion rules.
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7. Conclusion

Note in conclusion that by means of compact variables
(4.1) one may explicitly solve the coupling equations also in
the general case, and as a result summandsnf{/g, emerge in the
Hamiltonian [11,12]. Thia occurs due to the fact that at such
a quantization the group of gauge transformations is ireated
exactly. On the other hand, the space-homogeneous model ia the
long~wave limit of the theory, therefore, one mey assume that
it is & zero approximation in the expansion by inverse powers
%.n In turn, the Schrodinger equation (2.18) describes the sta-
tionary levels of the gauge field, gluonium, therefore, the
space-homogeneous model describes the gluonium spectrum in the
zero approximetion of the ‘/5. expansion,

Note alsc that the model considered, in principle, arises
also in the gauge theories with the group SU(N) at N-—= o0
[16,17,18] =as well as at stochastic quantization [19,22] .
Finally, there recently appeared a2 new paper by Luscher [23]
on the gluonium spectrum calculation on a torus, where the
space-homogeneous model arose quite naturally. Therefore, the
complete solution of this model may shed light on the under-
standing of the low-energy behavior of gauge theories.

The author is indebted to H.A.Asatryan, I.A.Batalin, L.D.
Fadeev, V.A.Fateev, H.M.Khudaverdyan, S.G.Metinyan, A.S.Sedrak-
yan, N.G.Ter-Arutunian-Savvidy and K.A.Ter-Martirosyen as well
as to participants of'the EPI theoretical seminar for their

helpful remarks. Thanks are also due to L.N.Bagdasarian.
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Appendix A

the matrix | X | 1in (4.19) bas the form

LG Tie s (Te1)CS, 36,6055, 9055 %58,

19(

kS
(Il'I, )Cbss ,I:SB+IZC J' SOCP 32%5’0;:1,595’, :]C c( (4.1)

-:l,cecr—:ggspj, chl S, IC+IS , (Lm1)C,S,

[ 36,358,595y Iy, (TT )08, , L. Sr*lch

‘where -
Cp=C0%6;,Sg= Sim&, >cl(’ c"’ps, S,o.- S.y,f:, .
Expand.ing the determinant of the matrix (A.1) in the second

order minor determinants, we obtain after some simple calcula-

tions

Detxl =(Tf 1)z ~‘fz:2> . (4.2)

Appendix B

Let us denote the unit vectors of the "fixed" coord:l.na.te
aystem in ordinary and isotopic spa.cea by la_ and Ka_ , and in
the "moving" coordinate system by lai and K a o Let us also
introduce unit vectors é. (::‘f) that indicate the direction
of axes of rotations to the Euler angles sq. and Ya . Then

the above rota.tions may be defined with reapect both to "fix-

ed" system la and E:._ and "moving® system l a and Kq_
“'(9 = ()
= Lhe g ALY PR
=*6)_ . =) _
e, = Ve K‘ , €. = %a '!l (B.1b)
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where 0 -Sin§, , C2 B, SnB,

. 0 Cos6,, Sinb,Sin By (8.2)
()=, fp=6) =

i’ o Cos &,
and matrices Vag s 'Paé € are given by the formulae (4.11).

Prom (B.1-2) we have

- -l == () - ~! > ()
Ka=lhely ) la= %ot (8.3)
Kl =Voe 8, U 279
Ko™ Vab €y 5 la = ¥,e €y \
where
Cos6Cos8, Sin 06, ~5in6
-t -1 9
U, (02 Uy glp=8) =~ Six & 1[S0.85m8 ~Cs8Sng, O
_ (B.4)
-Cpgg’ , —SmQ, , O
>
Cos g, ,S08y, D
-f o
' 9 = d - e N -l
al) Zf‘(p 8)==5 Yo - ~5.'u§5-'n93;5b§&99,> Q
(B.5)
~(sQ (8 (o530 6, ;Sing,

Let us expand rotation vectors over both coordinate systems:
3 3
- Qa a = K c(d
& 3| &=t ﬁ“' az‘l & @ (B.6)

;i_é:q),!%= i{:JSa =§_Z‘:S'fa_
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and define components of operators of the angular momentum

with respect to axes of "moving" and "fixed" systems as fol-

lows:

’ 3 a0z I AL
M= 3,7~ £ 50,35 =" Vea Se,
4

_‘L'_i_.z__.3¢-¢_£__ ____.vz_‘_i.,.

2=""9da  ‘YTpaoc8, “Yé23f2 (B.7)

A L8 L dBe P 2

maz_b‘?ﬁa,-—" 7};?—55— [ U!a_ 95@ ,
X J Ve 9 -(

S = A& o
nq L’aga’ & é,a’afpg— L%Q af

Here we have made use of (B.3) and (B.6). Substituting the ex-
plicit form of the matrices (B.4) and (B.5) in (B.7) we obtain
the formulae (4.24) and (4.26).

Appendix C s

A is known matrices JS S'<9-1) have been calculated
3~3
by Wigner [241 and are equal to

s {
Js;s;(e,_) =[(s+s0)! (55l (s#s83(s-53) 1%

(-1 )’ ( By 254555527 . \5,-5_,(+,z,-: (C.1)
L, e B
2:(5‘55"}5(5*5'5\‘)!(%5;5;)! ! Z ) - (~Sin%E )

The Bubscript ¥ takes all the integral values for which the
arguments under the sign of factorial are = o.

A

» ry »
Matrix elements of the operators mA.,hq, Mq_, Na tor
a.:f,l_in the basis (5.2) are:
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(55218[m,|s o555) = 2 WEH)-53(s20)

1 A . »:
(sstisImlss, o) = Tify Volsrn-5, (%00
(c.2)

<SS_;S;‘£'[ M,]SSSS;> = 'VS(S-H)- 5‘15 (Sla:".l),

<5831 M) 58,84 = + g Vs(om)-Sy(sath) |

A [,

similarly for IL, and Nga . By means of these matrix elements
A
one can easgily calculate matrix elements of the operator T
(5.9):
533 { [ 1[ 1 Tysy
= - S(sH)-s! ] + ==y
ss,s, T4 Lyt I" :11' 3 233 55)
(c.3)

T = T ! =

$%» 53 S %353+

._{_. I, - I;_ -’ f N
3 [I,"— 3 Jf-:lj'_l. V{S-S_.,)(_S—S_,f-i)[&s\,’u)[s*s_,' +2)

3.
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