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1. Introduction

Despite the huge progress in theory of fundamental inter-

actions based on the concept of local gauge invariance, low-

energy consequences of the theory, in particular, spectral

ones are obscure.

At present there exist several novel approaches to the

problems of quark confinement and vacuum structure, such as,

e.g. the quantum inverse method and the Monte Carlo

numerical calculation.

Several years ago Feynmanri^ has made an attempt to un-

derstand the low-energy behavior of theory using the tradi-

tional Schrodinger representation. He had made some simplify-

ing assumptions, first of all there were no quarks in the mo-

del, SU(2) was the gauge group and, finally, the space had a

dimension 2 + 1.

In the present paper we too shall make use of the Schro-

dinger representation, the gauge group is taken equal to SU(2),

quarks in the model are lacking but instead of the last assump-f



tion we assume that dynamical variables are independent of

space coordinates.

The last assumption apparently corresponds to the "long-

wave" limit of the theory, and to be correct, one should fur-

ther take into account "short-wave" models. In this paper,

however, we shall not take them into account but concentrate

our attention on the solution of this space-homogeneous model.

Its study seems to be a natural stage in the solution of the

complete theory.

The above model in the classical (formal) limit n. —" 0

represents a classical gauge theory where the vector potential

A depends on time only. This discrete mechanical system (Yang-

Mills classical mechanics - УМСМ)["2,3] is nonintegrable f2]

and has strong statistical properties [A-J (see also £"5,6,7] ).

The qualitative investigation of the space-homogeneous

model energy spectrum has shown that there is no degeneracy in

the spectrum and there occurs a "repulsion" of levels [8] that

is expressed in the fact that the probability to find two nei-

ghboring levels at the distance Л smaller than the average

distance ^ 4 ̂  , tenda to zero as A • where jh is the

critical index.

In the present paper we investigate the space-homogeneous

model in the Schrodinger representation. In the second section

which is somewhat introductory, the necessary information from

the quantum theory of gauge fields that we shall use later on

is presented. In the third section basic relations of the

space-homogeneous model are formulated. In the fourth - com-

pact variables are introduced that substantially simplify the
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solution of the Schrodinger equation. In the fifth section we

present the extraction of that part of the wave function that

depends on the compact variables and, besides, effective Ha-

milton! ans for invariant variables at different values of the

total momentum аз well as universal relations between the» are

obtained. In the sixth section we present the classification

of levels and selection rules which they should satisfy. In

conclusion we discuss the results obtained.

2. Hamiltonian formulation of the Yang-Mills field

Consider the Yang-Mills (УИ) field with the group SU(2).

In the gauge .л
0
 = 0 the Hamiltonian has the form

(2.1)

where

(с, ; ,к ; ^,-т • 1,2,3; OL^yC m 1,2,3). As canonical variables

serve the fields A? ^ E"?"

One should add to the classical equations of motion

(2.4)



the coupling equations

Ga(r-) = 9,E% £ а
^Л?Е* = О , (2.5)

that satisfy the following canonical commutation relations:

(2
.
7)

(2
.
8)

Prom these relations follows that couplings G are inde

pendent of the time and are generators of infinitesimal gauge

transformations that have remained after imposing the gauge

condition J\
 o
 = 0. -Д and C. are then transformed as fol-

lows:

S £>)

where

and oi. C?) are the parameters of infinitesimal transforma-

tions.



On quantization dynamical variables, the Hamiltonian and

couplings turn into operators satisfying simultaneous commuta

tion relations

i

(2.14)

4-

= О '(2.16)

The coupling equation (2.5) should be replaced by the condi-

tion on the wave function:

ainoe Q does not conmute with canonical variables (2.13-

14) and the operator equation G • 0 should have brought to

a contradiction. The fact that Q comnutes with hi (2.16)

implies that, as in the classical theory, Q is independent

of tin©, and hence ^> and YLnJ are independent of defini-

7



te sets of dynamical variables Л
к
 .
к

Thus the wave function of stationary states satisfies

the Schrodinger equation

(2.18)

I I I >

and coupling equations (2.17)

When classifying states of the gluon field we should need the

expression for the total angular momentum:

tt\ ~ [ J3F[rv[£ x A7*JJ (2.20)

that is composed of quatization of two summands, orbital and

spin moments.

3. Space-homogeneous model

Let dynamical variables be independent of space coordi-

nates, i.e. fields are spatially homogeneous. Then the Schro-

dinger equation (2.18) and the coupling equation (2.19) will

be rewritten as

and the density operator of the spin momentum, which as before

8



л

will be denoted by Jn,; , equalB

Both operators YYl
 (
- and ^ (the second operator has the

meaning of the isotopic spin density} commute with the Hamil-

tonian of the system (3*3) due to its invariance with respect

to S0(3>* S0(3).

The complete set of commutation relations of the system

(3.1) has the form

.п^о
 }
 [У,11=

where £ ie the inrereion operator. Conmutation relations

(3*4) дате the form of common commutation relations for mo-

ments. Coupling equations(3.2) mean in this context that so-

lutions with the isotopic spin density equal to zero •• " S "

states correspond to physical states.

Below we investigate the quantum-mechanical system (3.1-

2) by means of compact variables introduced in [~\0~] with this

valid fay frfrg complete system (2.18-19}



as well.

4« Compact variables

It ia especially convenient to solve the Schrodinger

equation (3.1) by means of compact variables introduced in

•fio3 . Let us represent the field matrix M i in the form

where *У{_ and O^ are the orthogonal, and £ the diagonal

matrices parametrized by means of the Euler angles G-L , <^л

and variables X, U Ъ. > respectively. The wave function

depends now on these nine variables

end the task is to celculate the Laplacian in (2.18) in new

variables.

It is known that in curvilinear coordinates the Laplacian

has the following form:

УК-
 L
 7 <?

(4.3)

where CLL.S i s the metric tensor

(4.4)

The author is indebted to L.D.Padeev for attracting his at-
tention to £"11,12J where similar variables were introduced
in connection with the problem of the Gribov ambiguities.



Q is the determinant of the matrix 9y.,v , and ф Д , de-

notes a matrix inverse to the matrix Я-t^u • The volume ele-

ment is equal to

In old variables the interval reads

^ , (4.6)

where i is the kinetic energy and, hence,

In order to obtain a S and <2i,
v
 in new variables, let us

substitute (4.1) in (4.6). As a result we obtain

where

u # e )

and angular velocities S and U) are expressed via mat-

rices 0± and 0 ^ by relations

The relation (4.7) has been obtained in Г ю З and required no

further transformations when investigating the classical dyna

mics of the space-homogeneous model Г^^ » since using it one

already may obtain equations of motion for Sal and tu . How-

ever, during quantization the angular velocities 2. and 1*)

11



should be expressed via Euler angles (Ул_ and СРл. in order to

obtain a new metric tensor (4>4).

The expression of the angular velocity via Euler angles

is well-known from the course of the solid body mechanics fi3l

(4.10)

where

cos. e
z
 о

Substituting (4.Ю) in (4.7) we obtain:

a

Let us introduce the following notations:

and make (4.12) equal to (4.4), then

*at, • • • •

о

(4.11)

(4.12)

(4.13)

(4.14)

12



etc. Thus, the matrix JK<-v
 n a f 3 tiie

 dimensions }\ 9 x 9 Ц ant-

is composed of a unit matrix J[ .3x3 !'{ ia the upper left

angle, a matrix || 6 x 6 [( in the lower right angle, and ze-

roa in the remaining places. In turn, the matrix \ 6 x 6 \

is composed of four matrices f! 3 x 3 fj

(4.15.»

О

that may be obtained substituting (4.11) in (4.14)

] 1

I, Ces*

[If 1, )S;

<D

!l

(4.16)

!(4.17)



matrix С. — i3 , and 2) ia obtained from ^ at the re-

placement 6jj.~* 4 ^ .

Let us calculate the metric tensor ,3-vr v determinant

in (4»3) which, ia equal to the determinant of the .Matrices

(4.15). For that purpose let us make the following operations:

multiply the third column by CoS> бд_ and subtract it from the

first column, multiply the sixth column by £c"~.£p and sub-

tract it frcm the fourth column, multiply the third column by

^ / X 3
 a*ad add it to the sixth. The obtained determinant ex-

pand first by the sixth column, then by the third line. We

then obtain:

1 . (4.18)

The first line o.f the matrix ][ 4 x 4 j( determinant is pro-

portionate to Sin &x , the first column - to b/>? &%__ , the

third line - to Siv. iA , the third column - to Oih (fa. , so

The matrix // JC. j[ is presented in Appendix A, and its deter-

minant is equal to (Xr 3, ) * ( Ja ^x )• Finally we obtain

The volume element is written as

(4.22)

H



It is seen from (4.21) that d
 <
cT is proportionate to the

product of invariant dimensions by the group of orthogonal

matrices.

After some simple calculations, one may calculate the in-
-L

verse matrix Я ̂ ^ and thus the kinetic energy operator:

9

L rx*fr ?*b'*f (4.23)

Z+Mi)2+CiZ+Mi) +

where

ar.d operators N'CL are obtained from (4.24) at replacement6-*P

Operators (4*24) satisfy the following commutation relations:

These commutation relations differ from common ones for mo-

ments by the minus sign on the right hand side. This diffe-

rence will be accounted for below.

The expression (4.23) for the kinetic energy operator has

15



an obvious physical interpretation based on the analogy bet-

ween the above system and solid body mechanics. As has been

noted in [10j , the classical equations of YM in the variables

(4.1) describe the rotation of the "gauge" body in internal

and ordinary spaces, the variables X, 4, 5: describe its own

"vibrations", since inertia moments J« ЛА_(4.7) depend on К ,

Ч, 2; and гЧa. and /Ч> are the projections of angular mo-
<J ' А л

menta HYl and П on the "moving" coordinate system. It is

convenient to use this analogy in the quantum case as well,
A

assuming that T^ in (4.23) is composed of two summands des-

cribing the vibrational and rotational energies of the gluon

field.

In Appendix В expressions are obtained for the angular

momentum operator in the "fixed" coordinate system via Euler

angles

tek&^gQ (4.26,

Operators "Пе^ are obtained by the replacement ^a."*^^.

Operators Vn and У\ satisfy the ordinary commutation rela-

tions (3.4).

Now the change in the sign of commutators (4.25) as com-

pared to (3.4) is clear. It is determined, as is first noted

by O.Klein in the molecule theory ["i4*l , by the fact that
А л

components Vn and h (4.26) are defined with respect to

fixed axes, i.e. angular momentum operators IT) and b turn

16



round the "fixed" coordinate system, whereas components Гм

and A' (4«24) defined with respect to the "moving" system,

turn rcund the system with respect to which they are defined

(see for details Appendix B). The total angular momentum ope-

rator expressed via Euler angles has the form:

U
'

21)

Thus, the Schrodinger equation (3.1) of the space-homogeneous

model in the presented compact variables has the form:

The integration measure is given by the formula (4.21), commu-

tation relations - by the formulae (4.25),(3.4) and coupling

equations (3«2) imply that physical states have an isospin

j\ (J/ = О equal to zero.

5. Diagonalization of the Hamiltonian by rotational degrees

of freedom

Let us take as basic functions the normalized eigenfunc-

tions of the operators

X7



A 5 Л 2

= /V

and denote them via / S S . s '
d
^ and J J J э j 4 У » respectively

( 5 e 2 )

and similarly for Y)
 }
 In

 ъ
 Ы-$ • Рог the given representation

S is fixed and takes the value

o.'/^L^A, .... (5.3)

and for each S there exist <̂2S-f / ) states with

S
3
-= s,s-i

t
 • •• -s+/,-s ,

(5,4)

rtj, . Matrix

in this basis

i.e. we have a ($S+I ) dimension representation of opera-

tors M , ?^з and П3 . The same is for Ь, Ь
Ъ)

elements of the operators tr\,^ M|
 (
 m ^ and M%

are presented in Appendix B.

Eigenfunctions of moments /S^S^Sg ^ are expressed via

complex conjugation of D-function [15^
:

satisfying equation

18



where the function <1*СРъ )
 i s

 P
r e S e n t e d i n

 Appendix B,

'3

and is normalized by equation

— .. si
 6
s'e'

 (5
*
7)
 i

where а Ц is the invariant measure on the orthogonal matrix ]

group.

We have already noted that coupling constants (3.2) are

equivalent to the requirement J = j
3
& w ; = O , therefore, the j

wave function is independent of the variables tf^ , which is

consistent with the general statement of the second section

(see (2.17) and below).

In (4.28) the dependence of the Hamiltonian on compact varia-

bles is now determined only by the summand:

that coincides with the Hamiltonian of the asymmetrical top

Г15*}. In states with definite S , S
a /
S 3 the Hamiltonian

ia not diagonal, therefore, one should choose a wave function

19



in the form of a superposition:

Since only matrix elements / with Д 0 3 : ̂,±-4. are diffe-

rent from zero, the secular equation of the degree (2S+ 1)

decays into two independent equations of degree S and S+ /

(see Appendix B) whose solution for lower spins reads:

S = £> T^r: О (5.11a)

3

с- у, -г /±\ - ±T —iE-t__
^~

 IJ
- , 'A^J ~ S *- T*-.Y* (5.11b)

ILL-*—^5-1 (5.11c)
21Х^У J*J?J

л

etc. Since matrix elements / depend on different sets

,-3^ » there exist between them universal relations,e.g.

Indices А, В.• denote the irreducible representations of the

discrete group J)^. (see section 6).

Let us write out equations satisfied by "vibrational" de-

grees of freedom X, У, t for various values of spins. Let us

20



denote via f-j P the operator

then we obtain for S = 0
, ОС

for S = Уг

[•
etc. The system (5.14) is the quantum analog of the classical

fundamental subsystem introduced in £"4 ̂> and it esftntially

differs from the latter by an additional summand that contains

first derivatives by the variables X, Ч Ъ . This additional

potential may be simplified by introducing another normaliza-

tion of wave function. Indeed, the volume element has been so

far equal to (4.21), and now let us introduce the wave func-

tion //,

that is normalized by the simple volume element

d 7: = J

One then ehould properly transform differential operators. In

particular, r\& is equal to

21



and contains the additional potential

4 *J
where J) is equal to (4.22).

6. Classification of states and selection rules

The Hamiltonian (4.28) and commutation rules (4.25) have

a peculiar symmetry, e.g. they агз invariant with respect to

transformations

.

( 6
.

1 b )

etc. This discrete symmetry arises due to ambiguities in the

transformation (4*1)• If we introduce unit matrices on the

right and left of the matrix E in (4.1) and then represent

them as the production of orthogonal matrices, we shall obtain

= 0, ( 6
'

2 )

where

2?



O
l
'=O,R

T

t
 q - 0

2
P
r

 j
 P

1
^ RE B

T
 (б.з>

The only requirement which orthogonal matrices К and x

should satisfy is the diagonality of с , since L>, and L>^

are orthogonal. It is easy to see that this is connected with

the choice of axes of a three-dimensional coordinate system.

There exist 24 methods for the choice of right coordinate sys-

tem and as much for the left one. One may choose three indepen-

dent orthogonal matrices R, Rj. ^i equal, respectively, to

If О i 0
? = j-i OOf, P_

 =
 I о О 1 (6.4)

/ о о i
К, ~

-1

о
с

and satisfying the condition:

о

i

L
a
о

о
i
о

EM '- L (6.5)

so that the arbitrary matrix R. of axis permutation is ob-

tained by a subsequent multiplication of £?, R^ and R 3, J

%l R£ R-J (6-6)
where t = 1,2; K. = 1,2,3,4; J = 1,2,3. One may obtain the

matrix of left permutations by means of the matrix )<? „ :

-1
(6.7)

Thus, there exist 48 x 48 possible matrices к and i-

but the requirement of £ being diagonal is satisfied only

The author is indebted to H.M.Asatryan for attracting his at-

tention to the relation (6.2-3).
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by tho^e рялге of '< ana У for whii

К Г - (6.8)

The following matrices X are the solution of condi-

tions (6.8) for three independent matrices *.
 t
 :

(6.9)

Let us expand these matrices (6.9) by the basic ones £J . (6.4)

and we shall obtain for К ± :

H

О

|
I
1

1

! °
\-'

о

± L
О

О

О

О

±1 1 ,
lie

jo
•С /

"™" J

О

О

О (

— /

for

and, finally, for

At permutations of

transformed as follows:

«-
1
e

5
i?.-

1
R»i?,?.;R

a

s
«.

 (6
*

12)

and £3 the Euler tingles are

«з 9,-9, , Q^9^%
J
 9^0^/n (6.13c)

Consider separately the admissible pairs of transforma-

tions R* P (6.4) and (6.10-12). Let Д = %
 x
 . then angles

2.4.



(9A, transform by (6.13a) and angles if^_. » ̂
п
 accord with

(6.10), Ъу means of eight combinations of (6.13a,b,c), with

variables X, ̂, 2- transforming as

£-,E' • R,*P : x'a±x^'=±^i'a±&> ( 6 И 4 а )

At £ - #2, R 5 angles /5^ transform by (6.13b), (6.13b), and

if^ by combinations (6.11), (6.12), and X,4?£: as follows:

E- e-, RbxF •" x=f^^^ ;?>ix (6.

For example, in (6.1a) R^ R, , f s R(
Z and in (6.1b)

R=«, ,Г= R, etc.
Due to the above ambiguity (6.2-3) there arise selection

rules for equalities of the system (4.28) owing to the follow-

ing; the wave function r̂ is an unambiguous function of

the variables J-j and it should remain so after transition

to new variables *, <4,2:, ̂> 'if too, i.e. it should be inva-

riant with respect to the above transformations. However, if

the Schrodinger equation is solved in new variables, one gene-

rally obtains solutions Ц^ {*!%} i > &> *f ) noninvariant with

reepect to the transformations Rx j? . Therefore, to provide

the unambiguity of the wave function, one should symmetrize

the function ^ Ы, Ч-, i, ty if) with respect to the transforma-

tions К x if

Kigenfunctions of the moment JS S
5
 Sj ̂ > transform at

the permutations К as follows:

Ц fss
3
s

3
) = €

' ; (6.15a;

A
25



^ , ^ / S ^ S 3 > = fi !SS 3-s;> (6.15c)

and act on / j ), j ' ~y like IV c' . Relations (6.15) are easy to

obtain using the fact that Euler angles at the permutations £?(

transform by (6.13) and that i e S a S 3 "> is equal to I > ^ s '

(5.6).

The wave function with I = 0 (5.8) is invariant with

respect to the action of operators J ̂  on the angles U> ,

therefore, one should symmetrize the wave function over the

remaining variables. Under the action of К * X it trans-

forms as follows:

/SSjS]) (6.16a)

(6.16b)

where J"̂  is for transformations satisfying (6.8), i.e.

(6.10), (6.13a), (6.14a) and (6.11), (6.13b), (б.НЪ). In or-

one should solve equations of the type of (5.14-15). In the

final analysis just their behavior will determine the selec-

tion rules.

26



7 о Conclusion

Mote in conclusion that by means of compact variables

(4.1) one may explicitly solve the coupling equations also in

the general case, and as a result summands"*• ̂/Q, emerge in the

Hamiltonian £i1»12J. This occurs due to the fact that at such

a quantization the group of gauge transformations is treated

exactly. On the other hand, the space-homogeneous model is the

long-wave limit of the theory, therefore, one may assume that

it is a zero approximation in the expansion by inverse powers

tt. . In turn, the Schrodinger equation (2.18) describes the sta-

tionary levels of the gauge field, gluonium, therefore, the

space-homogeneous model describes the gluonium spectrum in the

zero approximation of the ^/fr- expansion.

>Tote also that the model considered, in principle, arises

also in the gauge theories with the group SD(H) at /i~* °°

^16,17,18^] as well as at stochastic quantization fi9,22] .

Finally, there recently appeared a new paper by Luscher ̂ 23J

on the gluonium spectrum calculation on a torus, where the

space-homogeneous model arose quite naturally. Therefore, the

complete solution of this model may shed light on the under-

standing of the low-energy behavior of gauge theories.

The author is indebted to H.A.Asatryan, I.A.Batalin, L.D.

gadeev, V.A.Fateev, H.M.Khudaverdyan, S.G.Matinyan, A.S.Sedrak-

yan, N.G.Ter-Arutunian-Sawidy and K.A.Ter-ltartirosyan as well

as to participants of the EPI theoretical seminar for their

helpful remarks. Thanks are also due to L.N.Bagdasarian.
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Appendix A

The matrix |l У И in (4.19) has the form

(A.1)

where
 ^ « c c s ^ S ^ ^ ,

 f
 ^

3

Expanding the determinant of the matrix (A.1) in the second

order minor determinants, we obtain after some simple calcula-

tions

>l \W\ = (I,- tf

Appendix В

Let us denote the unit vectors of the "fixed" coordinate

system in ordinary and isotopic spaces by tn and AC
 л
 , and in

T
1
 -'

the "moving" coordinate system by la, and К
л
 . Let us also

introduce unit vectors 6 ^ that indicate the direction

of axes of rotations to the Euler angles &et and ft.. Then

the above rotations may be defined with respect both to "fix-

T z* 7' -'
ed" system i

a
 and ^л. and "moving" system <-л and К a.

к -
2£L



where
 "O,-S;>,f?,

 ?

0 /Y>cft C.vOC-. о i! (B.2)

and matrices Vag
 }
 r% £ are given by the formulae (4.11).

Prom (B.1-2) we have

1 - • - / - • («О

(B.3)

where

, , -Si>,^ , О
(B.4)

(B.5)

Let us expand rotation vectors over both coordinate systems:

(B.6)

29 .



and define components of operators of the angular momentum

with respect to axes of "moving" and "fixed" systems as fol-

lows:

л

B
T& » (в.?)

Here we have made use of (B.3) and (B.6). Substituting the ex-

plicit form of the matrices (B.4) and (B.5) in (B.7) we obtain

the formulae (4.24) and (4.26).

Appendix С
 s

As is known matrices о _ < \@£ / have been calculated

Г ~\
 s

 *
by Wigner L 24 л and are equal to

The subscript V takes all the integral values for which the

arguments under the sign of factorial are =^ 0.
л
 л

 л л

Matrix elements of the operators tfla.lbtif M^ ( Лл. for

a-l,X in the basis (5.2) are:
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(C2)

с ±

similarly for 1Ъ
Л
 and ^ec . By means of these matrix element^

one can easily calculate matrix elements of the operator T~

(5.9):

(с.зз

T V !(
3
 = т"

3
"

3 3
?

3
 =

Z
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