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Introduction 

The first oart (Sec .1) of our wcrk dea 1 s with the derivation of the new 

representation for the free eneray (or effective ootentiall of neneral rela-

tivistic field theory at finite temoerature. The derivation is baserl on the 

previously developed new diaqram technioue for the c~lculations at finite 

temperature (1] . The new representation for the free enerov at finite te~-

perature derived here is in some sense an exl"ansion over non-nenative nowers 

of tile distribution function b (EK)= 1/( eJ'"<-1) I c: = RK 2 • rn?""' l- K , 

J3 = 11 T with coefficients which are zero-temoerature amputated causal 

Gre:en functior.s. Since t ( E )- > C at T-C this exoansion illl!T'erliate-

lt ~t!nHates a systematic low-temoeraturP e;;pansion of the frP.e enero_v. this 

ueing absent in the usual Matsubara aoproach. The ilT1n'ediate interestino ron 

seuuence of this expansion is the statement that the first temDerature correct -

ion to the free energy is exactly calculable in arbitrarv theories, while the 

second one reou ires summation of a 11 the orders of the I ool'I ex Pan~ inn. 

In Sec.2 we discuss some implications of the results of Sec.l on the heh~-

viour of the supersvmmetric theories with the weak breakina of ~11nersvmPtrv. 

In particular, the case of thf' small non-zero temcerature T ;, s thP c;11 nPr-

symmetry breaking parameter is considere~ . 
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1. Free Energy at Low Temperatures 

We f1rstly rem1nd the reader the real-t1me d1~qram techn1Que develooerl 

in our prev1ous work [1]. At zero temperature the free eneroy, as is well 

known. 1s given by the su"' of all connected vacuum diaorams (w1th coeff1ci-
1 . " 

ents 1/n n 1s the order of the d1aoram) nlus -25ptnD •• where 

J), is the free propagator. At finite temperature T e~ch zero temnerature 

diagram must be replaced [1) by the sum, each member of which 1s the initial 

diagram with some Feynman propaqators (A) replaced by new ones (B): 

L 
(A) = 

K~ - m 
by 

(o) = 2:rro(KLm')b(EK) 

for bosons, and 

(A') = 
(, _" __ _ by 

K- m 

(ll '). -2~o(K 2 -m2)(K+m)f(EK), f (i!) = e13 z.+ 1 

for ferfl'ions. 

Also. in the course of generatina the new diarrams. the followinq im­

:ortant rule must hold: only those new dfa11raJ11s must be included. which re­

"'" cornected after cuttina of all the1r (R)-tyne prooaaators. The SpCnDo 

d:· TfO isreplacedbythe SpenDr .where Dr isfreepropagator 

H Tr 0 :. the calculation of Sp en.Dr see' e.g. ;~ [2]). 

1< S wt navt alreac1y pointed out. b (EK)-0 (a nd also f ( EK) --0) ~t 

T-C nence. to aet a low-tefllperature expansion, 1t is reasM~hle tc 

~ roup tocether the Jiaqrars witP eaudl nufl'~Pr ~f thP (r)-tvre nror~nators. 

I 

For simplicity, in what follows we consider the case of one self- i nteractinq 

scalar field, the generalization for other theories being obvious. 

Let's consider firstly the sum of all diagrams with one (BJ-insertion. 

It may :~ wr1tten as 

j~- 2Jro(p 2-m2)b(Ep)Ga(p,-p) 
\W)4 

(1) 

G-2 is the sum of d1agrams 11ke those for amputated oropa9ator. It is not 

o1fficult to realize that Gz 1ndeed 1s an amputated causal zero-temoe-

rature two-point function without 1ts first term - inverse free propagator 

T(P < - m 2
) • This is because the variation of the sum of vacuum diagrams 

over the parameters of free propagator gives the exact prooaaator. The formal 

proof in th1s and the followinq cases is based on the path-integral reore­

sentat1on of the free energy F(::I) of the theory considered with external 

two-point source term: yfdxd~ tf(.><) :J(x,y) 'i(Y) 

•F(:1) (' {' f s } e = J£~ exp i,5(\f) + T If J <f 

cS f . 
0 J(X,ij) I = ( lf (X) ':f (y) >connected 

'::1=0 

(2a) 

(2b) 

The procedure of the (B)-propagator insertion differs from the variatior 

in two respects. First, in the former case, free oropagators don't aopear 

on lines, becoming external (if d1scardin9 (B)-oropagator). Second, in the 
1 

latter case, the first term of F(:J) , -ySpen.D(::J) ( D(:J) is the 

propagator from the quadratic oart of the action in (2a): S(Cf)+ ~ S'f~':f l 

is varied and gives at J = 0 the freP. propaqator L/(p2-m2
) which is 
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the ffrst term f n the perturbation theory expans1on of the exact two-point 
1 ( 2 2. function. Thfs term, ff amputated, becomes Y p - m ) . So WP conclude, 

that G2 differs from the exact amputated causal two-ooint function 
1 2 2.) only l>y the absence of i:" ( p - m . But since fn (1) Ge fs fn oro-

r r22) .1.22) duct with the on-shell o -function o(p -rn , the term i.,(P -m 

is inessential and may be included fn G-2 • the latter becomf no an exact 

amputated two-point Green function. 

In the same way one may understand, that the sum of all dfaqrams wfth 

two (B)-1nsertions may be represented as 

1 ( dp1 dp, (., )z s: t 2 z • 
2!22 j (W)"- (W)4 c.ST o(p, -m) 5(pe -m2

) g ( Ep,) g ( Ep 2 ) • 

• G4- ( P1 , - P1 , Pz. , - P2) 

It is easy to understand that G-4- only by the combinatorial factor (and 

amputation of the external lines) may differ from the second variation of 

Fp) at :J= o , which coincides with the causal four-point function. 
2 1/c! 2 is chosen so that Git is exactly the Actually, the factor 

amputated four-point function (the explanation see below). In the qeneral 

case the sum of all diagrams with K (B)-insertfons may be represented 

as 

..:!..... r dp1 drl< nK s: 2 
K! 21< J (W)4- · · (ZST)"° ,,

1 
C,gr 0 

( P, - rn
2

) b ( EpL) 

(3) 

• G2K (p, J -p1J P2, -p2 ... PK) -pt<) 

where G-2K fs amputated 2 K -point function. 

The factor 1/K! fs due to the fact that at variation the same set 

of propagators may be chosen by K! ways. Besides, due to the s,Y11111etry of 

6 

::J (x,y) , each variation gives factor 2. Combfnfng (3) with the known 

result for Sp en DT ( DT is the free propagator at T~ 0 ) [2], 

~e get finally the desired representation of the free energy at finite tem­

perature T 

~ 1 ~K E v
4 

F (T) = v;; F(O) + T ~ (251")3 En ( 1- e-13 ") + 

+ ~ _1_ ( dp, ", d.pK nK re 2 2) , ::i· K!i~K j (csr)"" (W)4 i.=1 c1ro PL -rn G( Ep) 

(4) 

• Gel< ( p,, - P1 , Pz, - Pz > • • • 1 Pt<> - Pt<) · V4 - 4- voeume 

Remeirbering that the effective potential for the scalar fields actua lly 

coincides wfth the free energy, taken with shifted masses (taken from the 

quadratic part of the action with the shifted fields: S(lf+'f'o), 'fo 

constant), one understands, that (4) gives also a representation of the ef­

fective potential for scalar field at T 1- 0 . 

The low-temperature expansion follows from (4) immediately, ff one ex­

pands all g(Ep): 

g(Ep)=e-J3Ep(1+e-pEp-e-2j3Ep+ ... ) 

e -J3Ep -pEp -2j3Ep 1 e-3pEp 
n(1-e )==-e +e -2 + .•. 

We shall prove now for the free energy that 

f d p o ( p 
2 

- m 2 
) b ( E p) G ~ ( p

1 
- p) = 0 

(5) 
Hence the first temperature correction of order exp (-pEp) comes 
entirely from the Sp en])T (one-loop term) and is given by 
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~ F(T)= v1 F(O)-TSd3K e-J3EK+Q(e-2J3Ep) 
4 4 (231')3 

(6) 

The statement claimed above is obvious: due to the normalization condi-

tion G-2 -(p
2 -rn.2) at p2 -m 2 , so the oroduct 

6 (pz-m2) Gz(p,-p) ls equal to zero. 

The generalization of (4) and (6) for the other theories is straiQht­

for~ard and will be used in the next Section. 

2. Weakly Broken Supersymmetry 

In general, we want to study the speed of supers.Y1l1'1etrv restoration in 

N-extended supersymmetric theories with external (i.e. deoendino on extPrnal 

parameter) supersymmetry breakinq, when this parameter tends to zero. To be 

more concrete, we study the density of the free en~roy in the N-extended 

supersymmetric theories. The relevant history exolainino our interest to 

this situation is the following. 

In 1975. Zumino [3 J had pointed out that free enerqy (at T f'- 0 ) of 

supersyrrinetric theories with unbroken supersyfTl!letrv is zero. This fol lows 

directly from the characteristic relation of the supersymmetry aloehra: 

H={Q>Q} 

H is the Hamiltonian, Q , Q are sypersymmetry aenerators. Indeed, 

F:-Tfoc 
-fa En 

= -TL e -- Eo 
n T-0 

E 0 = <0 IHl 0 > = (oJ{G.,Q}lo>=O 

Actually. exact consideration shows [3] that if we introduce a suner-

symmetry breaking by the X -deoendent coupling constant (such th~t it 
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stm10thly goes to zero outside the region with size of order R ), then the 

<lensity of the free energy qoe~ to zero when R - 00 (and supersymmetry 

is restored) as 1/ R2. . More recently, in 1983, Bengtsson and L indoren [ 4] 

considered the same quantity in the N-extended (N = 1, 2, 4) suoersymmetric 

theories and found that the density of the free ener9y in those theories 
2.N 

goes to zero as 1/ R at R - 00
• 

The aim of this Section is to call attention to the quoted results. 

~elieve that they possess some generality. If so, this effect - the unex­

pectedly high speed of supersymmetry restoration in theories with initial 

high supersynmetry (N) - must be of great importance in the realistic super­

syrrmetric GUTs with extende<I supersymmetry. In the latters this effect Ill.I st 

manifest itself as abnormally small value of observed deviations from suoer­

symmetry compared with the value of the initial suoersynmetry-breaking para-

meters. 

Unfortunately, at present, I have no precise formulation of the effect 

discussed. We hope to return to this subject in future studies. Now I only 

wish to show the necessity of a more precise formulation. namely I shall 

give a counterexample. 

The latter follows from the consideration of the suoersyrrrnetrv hrPakina 

by the introduction of small temperature T . The breakino of supersymmet­

ry in this case is well-known [s-7] , hence F (T) -:f: 0 in such a theory. 

At T- 0 thP. first (i.e. the main) temperature correction is qiven 

according to Sec.I, by (6), generalized to include fermions. The answer is 

(note that ..!... F(O) = 0 ) 
V4 

1 ' ( T)(d
3

K -,f3EK y F ( T) = t- - ) (,, ,...13 e + 
4 &asone ~JI; 

+ L.. (-T) S d\ e-pe-.. + o (e_zpep) 
teirnlons (2ST) 

~ 



There is not any fermi-bose cancellation, and F(T) is of the same 

order ( e- fa E P) for a 11 N . 

The author is indebted to his colleagues from the Yerevan Physics In­

stitute for the useful discussions. 
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