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The statistical accuracy of nuclear interactiom length
estimation from the distribution of interaction pointe inside
a segmented target,composed of alternating layers of absorbers
and d.teétora, is studied, It is shown that for a given num-
ber of target segments the thickness of the absorber layers
can be optimized allowing to achleve almost limiting statisti-

cal accuracy of measurements,
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Introduction

The interaction length of high-energy hadrons in dense medis
can be measured with a segmented target composed of alternating
layers of absorbers and detectors. The parameter that is measu-
red is the segment number of the target in which the first in-

elastic interaction took place. This is facilitated by the
larger amount of* energy released in the adjacent detector la-
yer corresponding to the passage of more than one particles.
The interaction length can be estimated from a maximum likeli-
hood fit to the observed numbers of particles which have in-
teracted in the different gegments [1].

In the present article we rtudy the statistical accuracy
of such measurements. In §1 we consider the idealized case
of an infinite,"continious" target which allows by assumption
to measure exactly the depth of the first interaction inside
the target. This simplification allows‘one to determine the
limiting accuracy of the measurements. In §2 the case of the
segmented target ls studied and it is shown, that for a given
number of segments the thickness of the absorber segments can

be optimized so as to yield approximately the ssme accuracy
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of measurements as that obtained with the "continious"™ target.

8§1. Measurements with an infinite "continious" target

Let us consider first the simple case of an infinite “con-
tinious™ target which can be regarded as the limiting case of
a very long segmented target with very thinl layers, In this
case the depth of the first inelastic interaction inside the
target can be determined exactly. The interaction points are

distributed exponentially ,

.F(x)r_-—;(:exp(*x/]\o), (1)

where X  is the depth of the first interaction and A, is
the nuclear interaction length to be estimated. The maximum
likelihcod (ML) estimate of Ao is
A 1 N
A= N %-;:1 Xi, (2)
where X;(L=1,2,‘..,N) are the measured values of X .

Let FN(]'\\.I}\,) be the probability distribution function of
A for given A, and N :

X Xn
A ea o0 -= . . A 4 X
FR o= (o (dxdxg i ™ "8 T LX) (5)

o -]

Substituting the Fourier transform of the & - function

a 4 N 1. . S I
(ki Ex-d el G ey

A Ay e



—. . LRI

into (3) one can find

Fu(A1ae) =z [exp(ig R)[ 1+iq /N 1, (4)

where the expression in the square brackets is the c¢iaracteris-
tic function of X /N . The integral in (4) can be evaluated

easily yielding
) A Nt A A
Al =g (V) ep(CNT)A(NT) )

The expectation value, the variance and the assymetry and
A

excess parametera of A are:

E(ﬁ)?-giﬁ‘(ilﬁo)di:Ao, (6a)

0

8

B(A)= (R -1 Ry (Rinydh= o/N=1/Ic, b

e

¥ =28/, ¥%=86/N, : (60)

where I is Pisher's information. It follows from eg. (5-6)
that the maximum likelihood estimate (2) is conasistent, unbia-
sed and efficient [2] , and as a consequence of the latter the

relativa error,

6(R) /2 = 1/VW , &P

N A
vhere 5(7l)= Jm(h) denotes the r.m.s deviation, is the maxi-
num achiveable accuracy for N independent measurements. We

3hall see in the sequal that due to the finite size of the tar-



get and the sampling rate the statisyical accuracy deteriora-
tes significantly unlees an optimum choice of segment thick -

ness is made,

§2 Measurements with a segmented target

Let us consider now the case when the target consists of
K layers of absorbers each AX thick, the total thickness
of the target being Xo= K'AX (we neglect the thickness of detec-
tors, which are interleaved betwsen absorber layers)., The pro-
bability, that the particle will interact inelastically in the
i-th segment of the target after passing (i1-1) segments with -
out an interaction, normalized to the total probability of in-
teracting inside the target, is equal to

- -AX/Ao
P, (Ae) = €XP(-Xi/Ao) o 22 (8

where X; =(i~1)aX,L=12,.., K*), The likelihood function has
the form
K m
L) =NITTP(A)/Ny !,
. 31 (9)

where N{ 1is the experimentally measured number of interac -
[

tions in the U -th segment of the target, N=_Z'N;, is the total
=

number of interactions inside the target, For a fixed N ,

{N,, veey Nk } are variates from a polynomial distribution.

¥} In the firat approximation the angular spread of the beam
particles can be accounted for by substituting AX-—-AX/<sec8>
into the subsequent formulas (© is the incidence angle).
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Substituting the expression for P; from (8) into (9) one can
£ind

NI 1-exp(-ax/a) N
L(K)‘F;N,——-QXP( 5/7‘)[ 1-::Pg-Xo/7t) ]

(10)
where the statistics
®
S=23 Ny X; (11}
t=1
is introduced.
The maximum likelihood equation will read
AbnL(A)__ 1 _ _
=3 [s-¢0)]=0, (12)
where
A)=N Xo (13)
(f( emw e"'/"-i

is the expectation value of §

E(S)= 2 E(N)) X =N B.()Xi = (1)

L= i=t (14)
From (10) and (12) it follows [3], that S is a sufficient sta-
tistics for A and an unbiased sufficient estimate of P(A).
Por K=2 and K=°° equation (12) can be solved analytically,
otherwise - only numerically.

Por a given N the statistics S has a discrete set of

possible values:

s=sj=ijr j-’-O,'!,---,N(K“)- (15)

For some values of S from (15) the likelihood function

has no extremum and achieves its maximum at A= « Indeed.
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1
P(A) increases momotonically from O for A=0 to 5 Smax™
=-12.—N(K-1)AX at cho

1 1
(and if so-a single one), only for S< 7 Smax. When S 27 Smax,
e 2

, hence, equation (12) has a solution

which, as it is easy to see, corresponds to the sequence

N, < Nz2€ ++«{ Nk, equation (12) has no finite solution, but
the probability of such an outcome is neglegibly small for
N»1 . fThe estimated value of A is a monotonically increa-

sing function of § (see eq. (12-13)), and henc?‘ it also has a

discrete distribution. For given N and K, A can take on
- 1
92[?(”("‘0”)] discrete values:

A A - . .
A=A=97(s); si=jax; J=0,1,2, ..., V-1, (16)

where ‘:P-1 is the inverse functiom with respect to ¢ .

The sampling distribution of i‘ {sample size-105) for
N=20, ax= 805crrt'2 » K=7 and Ao= 1303cm'2 obtained
by Monte-Carlo simulation is given in fig. 1a. The intervals

A
between the adjacent values of A decrease with increasing N .

“he values of .7: obtained by Monte-Carlo simulation for N =500“
~re histogramed in fig.1b where some traces of the discreteness
of the true distribution still be seen.

The power series expansion in 1/N of the Ml -~estimate va-
riasnce ﬁ()ﬂ\) and bias 5(£)= E(ﬁ‘lo) for the general case when
she likelihood function has the form (9) has been obtained in

ref, [4]

NA,
(17)

A B -
B (A)=- 2N;1$ +O(N™%) .
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,H1—ZT,E' *—-——aAo) , B1=_Z -F;--al '—__87\‘ . (19)

Substituting the expression for P, from (8) imto (17-19) and
neglecting the terms O( N-a) one can find

a - ¥
\]—_6(7\)/)\., [(shAz ShZo)] : (20)

Cthao) (21)

Ng(l)/J\o ShAZ)

[ shaz (ShZo)}

where the dimensionless parsmeters AZ =AX/3L, Zo=Xa/2ﬂo
are introduced.

The dependence of JN_G(i)/A. and NS(i)/ﬂa on AZ
(i.e. on AX measured in 2 A, units) for different values of K
are presented on fig.s 2 and 3. One can see that:
1)m6(;\)/11,,>1 for all K and Az , and B(A)#0 in contrast

with the "continious" case (see §1). The ML-estimate in unbia-

ged and efficient only asymptotically,
2) for a given K,WN6(A)/A, and N|B(A)|/A, have rather wide

minima, i.e, an optimum choice of segment thickness AX =Ax'(K)

is possible for which the varience and the bias of the estimate

*7 NA,= E[(aenL/aA..)‘] is Pisher's information.
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are minimal, The values of AX™(K)(in A, units) for which
A
mﬁ'(/\)/)\, achieves its minimum are presented in the table
*
below, along with the corresponding values of Xo=WK AX (K),

Table
K aX*(K) | Xoa*(K) | INB(A)/Ae | NIB(AN/Ae
2 2.40 4.80 1.51 1,1°1072
3 1.88 5.64 1.253 6.6°10™4
4 1.56 6.24 1,160 4.8°10°3
5 1.34 6.70 1.113 8.0°10™3
6 1.20 7.20 1.085 4.3*1073
7 1.08 7.56 1,067 4.7°1072
8 0.38 7.84 1.054 2.4°10°3
9 0.90 8.10 1.045 1.7°1073
10 0.82 8.20 1.038 5,7°1073
100 0.14 14.00 1.001 6.5°1074
~ 0 oo 1.000 0

\ma(x)//\a and NIB(X)I/]\O; From the values given there
one can see, that the statistical accuracy of measurements
with an optimal choice of AX is almost the same as that for
the ideal case (the last row in the table)., For an optimum
choice of AX the value of A, must be known. If there is
no apriori information on the magnitude of l, (theoretical

and/or experimental) then preliminary measurements with,an ar-

10
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bitrarily chosen AX must be performed first.

The relationships (20~21) are correct only asymptotically
for N»1 . Monte-Carlo simulations show that the asymptotical:
values are achieved for N&(‘liiO)/PK. This is illustrated
in fig.4 where the simulation results for K=7, AX =805¢:ﬂ't°a
and A= 1303cm'a are presented.

The expressions for D()and B(i) (20-21) can be used in
practice for calculating the variance and the bias of the ML~
estimate, For that end, n:-.turally, it is necessary to substi-

tute the estimated value A instead of A, into (20-21),
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Fig,1,

Fig.2.

Fig.3.

Fig.4.

Figure Captions

The sampling distribution of the ML-estimate obtained
by Mionte-Carlo simulation for K=7,AX =80 gt:m"2

and A°= 1305cm-a (denoted by an arrow), The sample
size is 10” for fixed N; a) N=20, b) N=500.

The dependence of the reduced relative error JNS(X)/A,

on AZ = AX/Z/\o « The numbers near .the curves

denote the number of target segments.

The dependence of the reduced relative bias Ns(i)/Ap

on AZ=AX/2 Ao . The numbers near the curves denote

the number of target segments,

The dependence of the reduced relative error N5(X)/Ao

on the total number N of interactions inside the tar-

get obtained by Monte-Carlo simulation for K=7,
AX-‘—BOgcm'e and A°=1303cm'2. The dotted line

is the asymptotical value (see formula (20) of §2).
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