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The statistical accuracy of nuclear interaction length

estimation from the distribution of interaction points inside

a segmented target,composed of alternating layers of absorbers

and detectors, is studied. It is shown that for a given num-

ber of target segments the thickness of the absorber layers

can be optimized allowing to achieve almost limiting statisti-

cal accuracy of measurements.
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Introduction

The interaction length of high-energy hadrons in dense media

can be measured with a segmented target composed of alternating

layers of absorbers and detectors. The parameter that is measu-

red is the segment number of the target in which the first in-

elastic interaction took place. This is facilitated by the

larger amount of energy released in the adjacent detector la-

yer corresponding to the passage of more than one particles.

The interaction length can be estimated from a maximum likeli-

hood fit to the observed numbers of particles which have in-

teracted in the different segments [1]•

In the present article we r tudy the statistical accuracy

of such measurements. In §1 we consider the idealized case

of an infinite."continious" target which allows by assumption

to measure exactly the depth of the first interaction inside

the target. This simplification allows one to determine the

limiting accuracy of the measurements. In §2 the case of the

segmented target is studied and it is shown, that for a given

number of segments the thickness of the absorber segments can

be optimized so as to yield approximately the.same accuracy
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of measurements as that obtained with the "continious" target.

§1. Measurements with an infinite "continious" target

Let us consider first the simple case of an infinite "con-

tinious" target which can be regarded as the limiting case of

a very long segmented target with very thin layers. In this

case the depth of the first inelastic interaction inside the

target can be determined exactly. The interaction points are

distributed exponentially

where X is the depth of the first interaction and A
o
 is

the nuclear interaction length to be estimated. The maximum

likelihood (ML) estimate of Л
о
 is

A j N

Л
 =
 "N~ T—, **• } (2)

where X{̂  (1 = 1,2,•••,Ы) are the measured values of X .

Let F
N
(AJA

0
)
 b e t n e

 probability distribution function of

X for given Ао and N :

Substituting the Fourier transform of the S - function



into (3) one can find

(4)

where the expression in the square brackets is the с laracteris-t
i

tic function of X / N . The integral in (4) can be evaluated

easily yielding
А

(5)

The expectation value, the variance and the assymetry and
л

excess parameters of Л are:

( 6 a )

(6b)

• 6/N ,

where Ic i« Fiaher*s information. It follows from eg. (5-6)

that the maximum likelihood estimate (2) is consistent, unbia-

sed and efficient [2] , and as a consequence of the latter the

relative error,

»here 6 ( X )
 s
 v!D(jC) denotes tfee r.m.s deviation, is the maxi-

Aum achiveable accuracy for N independent measurements. We

ihall see in the sequel that due to the finite size of the tar-



get and the sampling rate the statisyical accuracy deteriora-

tes significantly unless an optimum choice of segment thick -

ness is made.

§2 Measurements with a segmented target

Let us consider now the case when the target consists of

К layers of absorbers each ДХ thick, the total thickness

of the target being Х
в

=
К Д Х (we neglect the thickness of detec

tors, which are interleaved between absorber layers). The pro-

bability, that the particle will interact inelastically in the

i-th segment of the target after passing (i-1) segments with -

out an interaction, normalized to the total probability of in-

teracting inside the target, is equal to

where Xi
s
(l~1)6X;i>

e
f,2,..., K * ) . The likelihood function has

the form

Г
1

where Nl is the experimentally measured number of interac -

к

tions in the t-th segment of the target, N
=
 21 N: is the total

number of interactions inside the target. For a fixed N ,

N-,, ... , N
K
 j are variates from a polynomial distribution.

*) In the first approximation the angular spread of the beam

particles can be accounted for by substituting ДХ-*"ДХ/<sec8>

into the subsequent formulae (Э is the incidence angle).



Substituting the expression for P; from (8) into (9) one can

find

[£^& „о,
where the statistics

1=1

is introduced.

The maximum likelihood equation will read

where

is the expectation value of S

£{*) = £- ЕШX< - N Z P£(A)Xi y(A) .
1*1 1 = 1 V • Ч- У

From (10) and (12) it follows [3], that S is a sufficient sta-

tistics for Л and an unbiased sufficient estimate of у(X) .

For K
S
2 and K "

0 0
 equation (12) can be solved analytically,

otherwise - only numerically.

Por a given N the statistics 5 has a discrete set of

possible valuest

j * J O 1 N ( I ) . (15)

For some values of S from (15) the likelihood function

has no extremum and achieves its maximum at Л-°° . Indeed.



increases monotonieslly from 0 for Л=0 to ~^

=-£-Ы(К-1)дХ
 a
t Л=

1 О < 9

;
 hence, equation (12) has a solution

(and if so-a single one), only for S<a"S
mox
, When S ̂ ^Smax,

which, aa it is easy to see, corresponds to the sequence ;

N ^ N g - ^ • " • ^ N K > equation (12) has no finite solution, but

the probability of such an outcome is neglegibly small for

N ^ 1 . The estimated value of Л is a monotonically increa-*

sing function of S (see eq. (12-13)), and hence it also has a
A

discrete distribution. For given }sj and К, Л can take on

^ = L"jr(N(K-1)+f)J discrete values:

A~
1
 ,{«0,1,2,..., 9-1,

./here у is the inverse function with respect to *£ .
л

The sampling distribution of A (sample size-1Cr) for

N=20, Д Х = eOgcnrf
2
,
 K

= 7 and A* = i30gcm'
2
 obtained

by Monte-Carlo simulation is given in fig. 1a. The intervals
л

oetween the adjacent values of Л decrease with increasing N .
A |

"he values of Л obtained by Monte-Carlo simulation for N =500'

•re histoeramed in fig.1b where some traces of the discreteness

of the true distribution still be seen.

The power series expansion in 1/N of the ML-estimate va-

riance #(Л) and bias ё(Л)=Е(Л-Л
0
) for the general case when

ihe likelihood function has the form (9) has been obtained in

ref. [4]

(17)



where

ал»

Substituting the expression for f̂  from (8) into (17-19) and

neglecting the terms 0 ( N ) one can find

:j J ; (20)

r
I I

N6

where the dimenaionleee parameters Л2=Л>уе?Ло
7
 2в=

are introduced.

The dependence of >/М*6"(Л)/Л
в
 and N6(X)/^o on A c

(i.e. on AX measured in 2 Л
О
 units) for different values of К

are presented on fig.a 2 and 3. One can see that:

1)^/FT6(A)/A
0
>1 for all К and4Z , and B(k)fO in contrast

with the "continious" case (see §1). The ML-estimate in unbia-

sed and efficient only asymptotically,

2) for a given К
}
Щ6(А)/л

0
 and N|§(A)(/A

O
 have rather wide

minima, i.e. an optimum choice of segment thickness ДХ=Ах (К)

is possible for which the variance and the bias of the estimate

Nfl,* Е[(Э&»1./ЭА
в
)
г
] ia Fisher's information.



are minimal. The values of AX (K)(in Ao units) for which

Ш6(A)/XO achieves i t s minimum are presented in the table

below, along with the corresponding values of Х в =КДХ

Table

К

2

3

4

5

б

7

8

9

10

100

>•>«.

дх*(к)

2.40

1.88

1.56

1.34

1.20

1.08

0.Э8

0.90

0.82

0.14

0

Хо*(К)

4.80

5.64

6.24

6.70

7.20

7.56

7.84

8.10

8.20

14.00

СК5

>ПТб(АА)/Ло

1.51

1.253

1.160

1.113

1.085

1.067

1.054

1.045

1.038

1.001

1.000

N|6(A)|/Ao

1.П0~2

6.6'Ю"4

4.8*10~3

8.0*10"3

4.3'Ю"3

4.7'Ю"3

2.4*10" 3

1.7'1О"3

5.7'Ю" 3

6.5*10"4

0

\fN6(X)/A
o
 and N|6(A)|

/
A

0
. Prom the values given there

one can see, that the statistical accuracy of measurements

with an optimal choice of AX is almost the same as that for

the ideal case (the last row in the table). For an optimum

choice of ЛХ. the value of X
o
 must be known. If there is

no apriori information on the magnitude of До (theoretical

and/or experimental) then preliminary measurements with,an ar-

10
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г

bitrarily chosen AX must be performed first.

The relationships (20-21) are correct only asymptotically

for N>>1 . Monte-Carlo simulations show that the asymptotical

values are achieved for N & (1 т 10)/P
K
. This is illustrated

in fig.4 where the simulation results for fc
s
7
7
 AX =80ост

and A
o

=
 13Oocm are presented.

The expressions for J0(\) and 6(A) (20-21) can be used in

practice for calculating the variance and the bias of the

estimate. For that end, naturally» it is necessary to substi-
A

tute the estimated value Л instead of A
o
 into (20-21).
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Figure Captions

Fig.1. The sampling distribution of the ML-estimate obtained

by Monte-Carlo simulation for K e 7 , AX = 80 ocm" 2

' a

and Ao
=
f30qcm~

e
 (denoted by an arrow). The sample

size is 10
5
 for fixed N; a) N=20, b) N=500.

Fig.2. The dependence of the reduced relative error Шб(Х)/Хо

on Д Е = AX/ZXo • The numbers near the curves

denote the number of target segments.

Fig.3. The dependence of the reduced relative bias NS(A)/Ao

on ДЕ=.ДХ
/
/2Хо • The numbers near the curves denote

the number of target segments.

Fig.4. The dependence of the reduced relative error vN6(A)/Ae

on the total number N of interactions inside the tar-

get obtained by Monte-Carlo simulation for K=7»
Зет

 ь
 and A

0

=
'a0gcm

c
. The dotted line

is the asymptotical value (see formula (20) of §2).
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