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© UeHTp8JlbHYA uyqH<>-llCCJleAOBITe.llbCKHA HHCTinyT HH4>0l>MaUHH 

H TeXHHK0-9KOHOMH'leCKMX NCc.iteAOBaHHA no llTOMHOA HayKe 

H TeXHHKI: (UHHHm>11Hllljlop11I 1985r. 

1. Introduction 

The investigation of non-linear dynamical systems durino the last dec~~es 

has led to the discovery of unexpected appearance of stoch~sticity and re-

gularity. It turns out that both these phenomena are peculiar to almost all 

physical systems. Considered up to now physical problems include a large 

class of features - fran elementary particles to global properties of the 

Universe [1.,2] • Thus, it was shown that stochasticity is peculiar to non­

Abel1an Yang-Mil ls fields [3-fil • The important role of stochasticity is 

becoming evident in the variety of stellar confiourations observed in the 

Universe - from globular clusters to giant qalaxies [6-<il 

The most profound properties of dynamical systems are studied in erqodic 

theory 10-12 , where, in particular the classification of systems by the 

increasing degree of statistical properties is developed. Maximally stronq 

statistical properties possess Anosov U-systems (C- systems) [13] , which 

are characterized by exponential instability of trajectories at ev.ery no1nt. 

of space. A number of necessary and in some cases sufficient conditions are 

obtained defining the degree of stochasticity of the system; e.o. thP crite­

rion the system to be U-system is the ne~ativity of the curvature of thP 
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A 

stronolv 

In thr pn•-;1•p« 

·11~ t or1<1 l directions. 

, In too many cases there are absent any check-un condi­

l tyre the ~iven system belonas to. An imnort~nt class 

th<)~t' for which the mentioned two-dill'E!nsioMl curv~ture 

ran bP the well-known Henon-Heiles two-dil"P.nsion­

n1odel of soiral galaxy: the curvature for 1t is 

J'f·r 11c 1nvestinate the svstems with non-nPflative two-

dimensional curvaturr, 111c,luJ1M their chaotic and reqular properties anci 

the possibility of their r!'cko111nq to distinct class of <lynamical systems. 

It is shown that almost all systems with non-negative curvature are 

"regular-stochastic" systems (RS-systems), i.e. the existence of regions of 

tochastic and regular (ordered) motion of positive measure is their~ 

reqions consistinq of several er~odic comnonents with 

t .. we nn transvers~l fihers anrl thPrefnre see!" 

snlutinn~ of trP 

rriMrnn~r nf th<> 

t I <' l>v numnrlr~ l "'etrnris. 

fc.und rcs1.1lt~ nC'1nt rut th<! rich varirtv of Possible stell~r mnt1o11s in 

spiral salaxies of different classes. It seems that the ratio of mP~sures of 

stochastic and ordered regions has a crucial role in deterl"ininn the cl~ss 

of the spiral galcxy. 

The content of thr napcr ir, •s follv• 11' t< nd 3 "'" ~"""'~ri 7" 

so'"" of the b~ck,,rou rcnt1al neometrv ~nd 

t~e 1•1m1ltonfan systeri is 

rMnifold ~nri the definition nf 

the nrnnert.ies of intenrahlP and 

The existenc<> of strongly st.ahle 
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su1ut1ons of Henon-Heiles system is shown in Section ~. Tn Srr.tion 7 the 

typical prcperties of dynamical systerr:s ~rr shown up. The ort~ine~ results 

are discussed in Section 8. 

2. Geodesical Flow and the Jacobi Eouation 

The detailerl discussion of the conceDtions nf differ<>ntial oeometrv 

collected below one can find in [is-17] 
let M be a smooth (of class Cw ) }I -dimensional comnact rian1foM 

11ith a def1 ned R1emann1an metric denoted by < · ) · / . Denote by T f1 
J.N -dimensional tangent space to the manifold M and its rroject1on -

by 1f: TM~ M. The existence of Riemann1an metric enables one to in­

troduce different objects and structures in J1 . We shall now oive their 

definitions, notations and only some of them discuss at oreater lenqth. 

The 1 ntroduced metric defines a norm JI · J / in each tanoent sn~r.e 

Tx f1 X is a point in M ) , a Riemannian conner ti on (levi-rivit> 

connection) and induces covariant derivative denote~ by ~ ("'lJr'V~ t1JrP 

tensor 

fZ(-u,n}V' ( Vn '11..4 - Vu 'In+ tl[n,u] J tr, l?.11 

twisting tensor 

T ('IA) n) 'In 'U - V 'IA n + L n /U] = 0 ' 

where 

u, '1J') n are smooth vector fields in M or alonri a distinrt. r1_1rvP. 

Geodesics are those curves alono which the tannent vector fie11 is 

~arallel. We shall assume the lencth of the curve S to he th 0 "?r~~atar 

of tne qe_c:idesir: t (s') , so we have 

5 



ll'IA/I= 1 } Vu v = 0 , where u -::.-if rc~ · 
Geodesics are infinitely continuable on a compact manifold, so that 

can take all values from-~ to-t otO. 

For every X from M and two-dimensional subsoace (5 

(given by vectors 'U, 1t on Tx H ) the value 

of TxH 

K u tt ( x.) = < 1< < 'LI, v-) u > "" / 

' /I t1//~//11'//7. - <'I.I, 1J>'l. 
(2.2) 

is defined called two-dimensional curvature of the manifold /"1 in the di­

rection G at the point X (one can show that K 'IA,,,. ( ~) does not 

depend on 'U, V' def1 ni ng the surface 0 ) . For two-di mens iona l mani-

folds the curvature Ku,'V'(x):: K(x):oincides with Gaussian one. The Riemann­

ian metric is said to have neaative (non-neaative\ curvature if the latter 

is negative (non-neqative) at every roint and in every two-dimensional direct­

ion. 

Consider a family of qeodes1cs smoothly dependent of oarameter J (Fiq,l) 

'U ::: 3 $ '').-z. C.011' t n - Lf 
- d '). $ :. ~"" 

J 

then 

[ V> n 1 :::: 0. 

Differentiating the equation of oeodes1cs Vy 'IJ =-0 by n aml 

using the followino expressions 

f<.('U,n)'lt: ([Vn>Vtt] + V[o,u])v--==[Vn,V11]~ 

\/ n 'U - V"' n ~ [ u, n] = o , 
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we have 

o::: Vr. Vv u = V"" '111 u + [ '7n) V'lA] 'U 

or 

V1J\J1,1n + R(u,n)-:::0. 12 .3' 

The equation (2 . 3) ciefining the devi;ition of closeby neo<lesic' i; c ?1 1~~ 

Jacobi equation. The vector fiel d '1 (S) Sntisfyino the .Jacohi e<'uat.ion is 

called Jacobi field. ThP Jacobi field is orthooonal tr the velncitv vector 

(shortly, simply orthogonal) . if( n (s)) V(~) >:::. D for every s . ThPn 

( '\/ '1.A n J 1.A) :: 0 for every S . 

Denote 

A(s) = ( U(s),n(5:)), 

then we have 

~) == 1l
1
(s); 

"'s 

A'(~)= i <. 'U, n) =-Vu<u,n> -= < u) V1, 0 > / 
"'<; 

A11 
( s) -::: < 'U, Vu llu n > :::: - < u, R ( u, n) u) = 0, 

and 1f 

A(o) == /1
1
(0) =O, 

then 

for every S 

I.e., if 

,ti(>) =.0 

< v, n '> / s~o - r - ' 
one has the orthogonality condition 

<u)n> :=D 

for every £ 

u1 V1.An>f -=.. 0 1 
S'!!O 
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or 

Below we shall assume that the Jacobi field is orthogonal . 

One can derive an equation for II nil z from the ,Jacobi eouatfon l?.1). 

Multiplying Eq.(2.3) by 2n .. we have 

~« Vu Vu n ) n > + J. · < R ( u, n) u 1 n > -= o, 
d t /{nil 7.-= Vv Vu II n/17. -:::: J. Vu(< n > v" n > )::J;//Vunf(tJ<n.V.~n) 
dsi. 

J1 HnU 1 ~ 
-- :: - 2 < K ( 1.1, n~ u, \'\. '> -+ 2. \\vii\'\. II . 
d sz 

So far as Jacobi field is orthoaonal, fr('!!' (2.2) >1e CC1rl'e to 

K'IA,n { d'(>)) = Kiu,n (s) = < R (U1 n) u, n > 
/{ 11 flt 

( /f 'U//-=. J. , < 'U, n ) ....: O 
for ev!'ry S 

' 
(?.4ll. 

(?.~) 

Then Eq.(2.5) turns to 

fl II nil' = -J.. Ku n ( s) ·// nf/1· +). -// r/'IA n// 7. 
d s?. ; 

or 

dz l/n//z ·~ - J.· Kun (s). /fn//z. 
,J('Z ;'?' I 

12.fi) 

uo ~ 

The i ncqua 1 ity (?. f) re1·!ri ttPn in ' form 

d'l./fn/1 1 

J. ~ i ;;-,, -1 · k II r.f It 

i\S il snl11ticri 

//n(s)//;>,,f//n(o)//~p(..r-Ik's) at 5"?0
1 

(?. 7) 
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where 

k = max ( J<.!.\," ( x)) .::. o . 
(X,1A,n) 

The express i en ( 2. 7) shows the di vergerce r·f cl cisP~v qeorles i cs with ~ 

rate not slower than the exponential one. As it was oroved by Anosov [11] 
these systems with negative curvature are U-systems (for details, see 1:-Pl r1·1l. 

Further we shall study two-dimensional manifolds. 

Let us show that in this case the Jacobi equation has a form 

i?
1
/(S) + K(s) ~(S)::::: 0, l?.R) 

" " ~ where n(s) = 2(s)· n(s), /Jn//=~, K(s) is the Gauss1~n curv~-
ture of on the point S on geodesic t (s) . So far as Jace>b1 f1eltl 

is orthogona 1, then 

so far as 

Frorr: 

ana 

( n J u ) ~ < vu n' u > == 0 for every s ( 2. 4) or 

<, n,u> = < VtinJ u> =O, 

\Jurv = i!."·n + 2· Vun.. 

II n It = i 

" ,.. < Vu n, n > = 0 
J 

we have that 

"' " 17 " "J. v'U n J. n ) vu n l '1.1 ) 11 u . 

" v I\ So far as in two-sn~ce three non-zero vectors u I n , 1A n r:~nnnt 

be w.utually orthogonal . we have 
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\j 'I) n = o , ( II u// ~II n//-= 1). 

Using the relations 

\/ic'U ==- Vu(zn) =z.'n, 
"o u" 
Vt.1 v,.. n -:::. r. n ' 

R(u,n ) u-== 2 · /<.(u , R)u , 

from the Jacobi equation (2 . 3) we come to 

~11 n + r< ( u, n) u . 2 == o 
or 

z.// + < 1< ( u, a ) u , ri >- 2 = o J 

from which the equation (2 .8) jus t follows . 

Every point ~ on TH is defined by a pa ir ( x, u ) of a rio int 

from fvt and ta naent vector U from T'j. H . The no1n t ~ is from 

s)( M if 11 ull= i. 
Let t be a 9eodes i cs h<1v i nq on a oo1nt X ( 0) ~ t11nnPnt vector 

U(o) from s'K(o)M. Letthenoint X(S) move1noositivei:tirect1on 

with unit velocity (/V(<>)//,,. 1. At every moment .$ ~velocity vector 

ti (s) in Sx(s) M · is defined. ThP transfor:ration j s: SH_, SH 

is a ::eodcsical fl01·1 in .SM if 

$ f ( )(.(o)> 'U (o)) = ( X(S), 7.J{S)) 

3. Classification of Dynamical Systems 

The smooth ergodic theory (see [10,121 ) inquires into the Prqnd1c pro­

perties of smooth dynamical systems on smooth comnact Riem~nnian manifolds 
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preserving given norNlhed 111eu.ure } C°""'8tib1e with SlllOOt'1ness (i.e. 

equivalent to Riemannhn volume). Under dyna1111cal systl!I' of class C" on 

1111n1fold M we undersund differentiable by t (frOll' FZ ) one-oarainet-
t 

r1c group f of diffeo1110rph1s11S of H (dynal!!1cal systein with continuous 

tiine or flow), defined by vector field X of class Cr on ff so that 

t 

J. J (x) = X { 'f- ) 

dt <XonHl. 

An i°"or tant achi evement cf ergodic theory is the clas s ification of f1~ 

oy statistical prooerties: those are eraodic systl!"'s, systE""S with mi~ino. 

K- systeil's. Bernoulli systef"S. 

The dynamic3l syste~ is C3lled ergodic one if for anv invariant sutset 

A its reasure µ(A) is 0 or!, i.e. if 
v r 
t A= A=f-A 

so tnat 

J( A ) -::.C -:: 1. '~.:) or ,v. {A,' 
</ 

Fer ersodic systel"s fer alrost every ooir.t X •,.c.,. H t~e ~ve,.~·e 
by tir.e equals tne avera0e bv rhase soace. 1-'erce. ai··cs • ,11 ':"•'~c:M•~~ ·' 

ersoc:ic syster :-ass close ercu,r fro.- al ... ost ary roi .. ts ·f H 
Tne systel"S with rixin~ cossess the followina orooerty: ~nv surse: ~· 

varies in accord to eauations of l"Otien in such a wav oreserviro its "'E~Su"e 

and connection. that the l"@ as ure of its part ~ein~ in everv s,rset asrires 

.. itr. time to be pr eporticnal to the r:-ea sure of the rrutuallv •ixer' s11"s"t. 

i.e. tends to an eauilibriul" state. ThereforP •0 .. syste-,s wit~ 1"1~ino rre car 

speak en relaxation process. Eraodic syste~s de not oossess t~is oronertv: 

for ther as}'ll'ototic values a"e reache:l or the aver~"e ~v ti ... e cnl, 

ufficient'¥ stron~er ste•istic~l rrooerti~ 

' .. 
e l'OSS~S hy 



K-systems (1a] , which are characterized by tenclfrn to eoufl1brfuin state by 

exponential rate (systems wit~ mixing tend to eouflfbrfum by the oower l~w}. 

For K-systems one can introduce relaxation tfme defined by the exnnnentfal 

fndex. ~t fs easy to show that a system fs a K-system fff ft does not ~dmft 
any determined measuring besides havino probability 0 or l (Kolmogorov's 

-1 law). K-systems possess t~e properties of mixing, ergodicity and have 

positive KS-entropy (after Krylov [19] , Kolmogorov [ta] and Sinaf [20] ). 

KS-entropy can be defined as follows .(see [1] ): divide at moment t•O the 

space into {Ai (0) J cells of finite measure and consider their evolution 

back in time within unft time interval. The result will be a new [ tl1 (-!)}. 
Every element of intersection of these two sets B(-i) ::.{Aj(O)flAd-f)j 
as a rule has a smaller measure than the element A ,i (q . Cortfnufnq 

this process so that the measure of element /3 (-{) decreasPs exponentially 

wheri i....., +oo , one can show that the followfno cnnrlftfon w111 be ~atisfied 

hA(tll~(o>}) =trn J..4.j'[Bi(-t)].b.[Bjf-t)] >0, 
-4:-ci-. .... t ~ (1.?1 

the K ~ -entropy h is the upper limit hA for every inftfal r;irtftfons 

of the phase space. Well-known examples of K-systems arP systems of the 

billiard type [211 . 

Bernoulli systems are characterized by property of oassfng the tr~jecto. 

ry through different cells of phase space to be a statistically independent 

process, i.e. ft does not admit any deterministic measurfngs. 

Strong statistical properties possess the above-mentioned U-systems. 

introduced and studied by Anosov (13] . These systems wfll be discussed in 

detail in Section 8. Here we only note that geodesfcal flow on a closed 

compact Rfemannfan manifold of negative curvature fs an U-system. Thf~ flow 

is isomorphic to Bernoulli flow [12,22J ; fn nartfcular ft is eroodfc, 
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possesses the property of mixing of all dearees and the K-orooerty. 

It is not always possible to obtain the class the given system belonos 

to. But there exists a property which is oossible to check. First, we ofve 

some more definitions. 

Lyapunov characteristic number for flow f S is called a function 

X :TM-'> R defined by equality (see [23J ) 

x (><, 1') = tu;. ...L k/!rlf: (11')// l (3.~) 
S-H"d S 

( X in M , 1t fn T.'1. H ) . where the existence of unique lfmft is q•H-

ranteed by Oseledec's theorem [24] . 
The flow f S is called havfna non-zera Lyanunov numbers ff the set 

A =l X in H: X (x, 11)-:P 0for some 'It from Tx ,'1} 
is positive measured: / (A) ;> 0 . 

One can show that for every X the supremum of functions ::J: on sub­

space Ty, H takes no more than N values different from -oo . Denote ft 

by increasing order: 

X1 (x) < Xi Cx) < · · · < Xa(.,.> C1(1<)~/V. 

Then from Pesin formula [231 

h(f)-= ~ L Xj(x)J,f(x.)
1 M ~1~0 (3.4) 

it follws that a flow with non-zero Lyapunov characteristic numbers has po­
sitive KS-entropy. 

Trajectory of a system is called regular (ordered) if all Ji ...: 0 , 

and it is called stochastic ff xj :F 0 exist on that trajectory, '" svstem 

is called s tocha s tfc if h '> 0 , or, the same, J" (I\) > 0 . The s vs tem 

having regular and stochastic trajectories of positive measure ~e shall call 

13 



RS-syste~s. Below we show that in sor.>e sense al~ost every systl!l'I with 

is an P.S-system. 

4. Reduction of Hamiltonian Systeni to a Geodesical Flow 

ana tne Property of Strong Stability 

Let Till M te a 2N-:ir.er.sional cctanoent &iber to the ?'l<lnifold ""· i.e. 

a space of differential 1-forr.-s in ""· Let U be a coordinate subset with 
! )I 

coordinates denoted by i ) ... , i . Then every 1-fort' on U is defined 

oy l; cc:upcnents P,, ··, PN . Non-degenerate differential 2-form 

:o>:cipAciq fixes a symplex structure on T" M • Por every smoot~ 

function H (P1 Cj.) on T"M one can construct a system of diffe­

rential equations which for variables p,~ has a form 

h~:: 2H. ' 
J t 'J Pi 

i!i 
ol t. 

= - i.Ji d ,.l , i=i; ... ,N. I A .1' 

Function H is called a Hamiltonian, the systl'I" of eouations (A.l) -

namfltonian system. Choose H in a fonn 

)I pt ' /I' 
H ( P, i) -:::: ~ -[ -1- VI i , ... , i J, 

so far as H does not deoend on ti!"e. then 

~ H ( P, 9-) _ r. 
- v cl t ) 

i.e. H(P, ,,; =-£ is an integral cf :ration. 

;he soluticr. cf ~c.(4.1) 
. t 
I p ( +), i ( +)) =- f ( p ( G) ; tj-( o)) 

ceti nes a now } t in phase soace T* H . 
Tc investigate the stochastic orooerties of the flow j t in nl'lase 

s~a~e ""f~71 , besides Eo.(4.1) one should oroceed frQ11' enuations 1n vari· 

ations: 

14 

.dJ.89-
5
) _ 'd' H Ji.,,. + 'Ci"H J'p,.. 

cit - 'J'f'"d'fl ?PindP; 1 

J(SPi) 
cH 

'~lH S '" -. j-
?i"' 'J~' 

·}1.H Jp,... 
'dP,)~. 

~-:: [, ... ,Y (4.:>l 

Denote [ 
. l tJ J./l J: i:(J'Jl) +(JP;) ; then 

J 
the Lyanunov characteristic 

nurrber wi 11 be 

X ( P, q,, J p, Ji) == ,&.. J,. I J/ 
t,-.._, f; • 

It is easy to see that for Hamiltonian systems at least two Lvaounov 

numbers a re equa 1 to zero (one of them corresponds to thP vector al""" t~e 

trajectory, the other is zero due to the fact that on eneroetic ''-1-difl'Pn­

sional hypersurface a shift perpendicular to it is absent). Therefor!' it is 

worth to proceed from equations, where these "inconveniences" are absent. 

Later on it will become clear that the derived new equations are more con­

venient and effective. 

By means of Maupertuis princinle the rhase flO\>I of H~mfltonian syst"m 

nldy be represented as a geodesical flCJI<. in • confinur~tirn~l sn~ce M with 

a Riemannian metric [21] )I . 

1~i ·.:fE-V(i', ... ,iP)]L.fJlf'J', 14.<J 
r.J ' .i:tl. 

where the confi n,ura tiuna l SfHCe is 

}1 -:::: l i, E - V{ t) > o} 

The equations of the syst2m would be pnu•tions ~f npn~P•ic• n~ ~ ~i·~ 

a rietric (C.:l): 

15 



\Juu -=O ( 'U fr001 SM), (4.4) 

The affine paraMeter on the geodesic is related with true (physical) time 

by equation Js :: v<2: ( E -V(i)) d( 
{ 4. <;) 

Then Eq.(4.4) coincides with Eq.(4.1). and the condition flu//-::! 
{ U from S H ) - with that of H { P, ~) ::::. E • 

According to Liouville theorem the invariant measure for qeodes1cal flow 

can be defined as follows: 

d }' '.:: drJ d~, 

where J -\l is the measure on M. d6 is an element of unit {N-1)-d1men-

sional sphere. 

One can see that if C ( · ) is the phaSP trajectory of the system with 

C. ( O) :? ( p( o) 
1 

ff ( o)) then the geodesic wil 1 he thE' curve 

~(·) :;:, Ti C(•) • 
(~.6) 

The trajectories on M could be rerresented as f0llows: material noint 

moves on M with a velocity /{ v.// -:::: i (i.e. hy geodesic ) . Its ll'Otion 

is defined by the Metric until the noi nt reaches the boundary d H of mani­

fold M. Although the metric has sinCJularitv ;it 'dN : ds/t;1;= 0 , frnm 

(4.6) one can see that the trajectory of the ooint is completely defined. 

Let us show that one can approach the given point on & H bv unioue tra­

jectory only. Indeed, so far as on CJM > E ::V(tiand P-=-0 ( s: l, ... ,/11), 
. l 

1.e. one can pass by the point, say, </.: l or 'JI'! , 1f passing through 
. 0 

the point ( 0 > i
0 

) in the phase space; l'owever only one trajector.v 

passes through any given point of the ohase space. 

Therefore, although the metric has a singularity on ()11 • the oPodes1cs 
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~re uniquely defined. Later on we shall consider M to be smooth, cOMnact 

manifold, without soecial mention. The manifolds are assumed to be homeo­

morphic to a sphere, otherwise the metric with K ~ 0 does not exist. At 

the same time a part of the results will remain true in the case of c0111pact 

manifolds with boundary. Moreover, so far as the systems under consideration 

are geodesical flows reduced from smooth Hamiltonian systems apoear1ng in 

physical problems (where the cond1t1ons of smoothness are usually fulfilled) 

one can freely suppose that the results are true for this qeneral c;ise. 

In Section 2 we have seen that the geodesics satisfy the JacC1M eot•~tiM 

(2.3) having in two-dimensional case a forM of {?.8): 

2 11
(s) -t- Kc~) l(s) -= 0. 

This equation substitutes Eqs (4.2). The Lyaounov number for function 

is 

X ( ((o» v) = t_, 
s~·-

t. ( ~t+ l't) 

J. S' ( "- .7\ 

where !( s) is a geodesic with 'U -= 1s j ct"{o) with the Jacobi fiel<i 

n = i!.· n JI n/I = 1 defined on it. Here the trivfal (zero) numhrr~ ~re , 
absent, and what is more imr.ortant, this equation is easier to study. 

Consider a closed geodesic on M t{o)-=({T); then /((s)zK(s+T) 

and one has Jacobi eouation with periodical coefficients 

c.''cs) .+ Kl~)2.(s);;.0, ~he.re /(.(s)=K(s+r). 

It is known [26J that this equation has solutions of the followino tyoes 

'f, "I' are periodical functions with a period T ) : 
Hyperbolic: 

~ (S) 
l.S' -t.s-

= e . y>( s) + e · <.fl Cs) , 

11here X ::. ;>. • i.e. hyperbolic closed rieodes1cs are stochastir.: 
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Linear: 

l($) = <p(s) + s 'o/CS! J 

I.e. geodesics are ordered; X == 0. 

Elliptic: 

2(S) 
~) -:.<'> 

:::. e · <f(<;) + e . 'l'(s), 0~0'.<fi i X =:.O. 

Consider a two-dimensional area transversal to the closed oeodesic, 

i..ieginn1nq and returning on this area. The resultino trnnsforrnation rJ of t he 

~ re .:i c.n itself is called after Poincnre . and the obtainPd oicture - Poin-

c11re section. Evidently , the Jacobi field around the cieodesic defines thP. 

l lriecir part of cy - P . One can show [2s1 that if thf' oeodesic is of 

hJpert.olic type, then )T,. Pf > J.. ; if linear , then /Tr P/ -:::. J ; if 

elliptic . then I Tr P{ < J. . A closed oeodesic is called twistinq. if 

it is elliptical. ex =/:- ~, ry; . and satisfies a rlistinct conrlit.ion on 

f l1s ,27l . 
foe null solution of Hamiltonian linear system is stronoly stable, if 

it 1s stable and every null solution of close enough linear system is stable 

too [2s1 . 
It is proved (see [2s1) that 1f \TrP/ <. ~ , then the null solution 

is strongly stable. 

This result can be applied to an equation with nearly constant coeffici-

en ts 

~(+) + w,}· (J.-T [ · SU'l(Wd)J 't{~)=-0 1 l<C.'-1. 
(4.~) 

Let us represent the system (4.8) as a point on a surface of rarameters 

i; Ll = ~ . For this system it is known [2F,?51 that all (lOints of the 
CJ t 

axis W , besides points CJ .=.El. ( m: i, d., ... \ Cflrre~oond to stronnlv 
.l ' 

stable solutions of Eq.(4.8) (Fig.2). 
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5. Integrable and Near-Integrable Systems 

An N-dimensional system (N = dim M) is c~lled inteorable if N indenendent 

first integrals in involution are known (their Poisson brackPts ~rP zero: 

here and below for details, see [2sJ ). flenote I1,·-Jlh' inteorals of mo­

tion. consider the set of levels of functions 1 i : 

1-f.r = { Y-; Ij (><.)-=I/, i-= L, .. ')Nj. (s.r 

From Liouville theorem it follows that if '11 is compact ~nd connected , 

then it is diffeomorphic to N-dimensional torus 

TN= l ( ~~, ... , V,v) modd JJi.} (5.2) 

and the phase flow for Hamiltonian function H defines a conditional-oeriodical 

motion on Mr , i.e. in angular coordinates V:::: ( ~J.,. ·· 1 P..,) 

where 

oll ::. 0 
J. i 

Ll(J) -

ol~::. CJ(l) l 

oH 

'dH 
dl 

Variables (1
1 
~) are the so-called action-anale cnorrlinates. 

The motion on invariant torus I= const is conditional-neriodical. 

Note that the frequencies (,)(I) depend on that which torus is under con­

sideration. i.e. what values of first inte~rals are fixed . The case when 

the frequencies (,J ( 1) are functionally independent of N variables I is 

called non-degenerate case . i . e. when 

cl eA I 'du I -=F o . VI 
( 5 .1) 
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Thus 1n non-degenerate case on d1fferent tor1 1n phase space of unper­

turbed problem cond1t1onal-per1od1cal mot1on w1th d1fferent number of fre­

quenc1es 1s real1zed. 

Let us see now what happens w1th non-resonant 1nvar1ant tor1 at small 

perturbat1on of Ham1lton1an funct1on. Accord1ng to Kolmogorov-~rnold-~oser 

(KAM) theorem, 1f unperturbed Hamiltonian system is non-degenerated, then 

at small enough conservative Hamiltonian perturbation the most of non-resonant 

invariant tori do not d1sappear, but become slightly distorted only. There­

fore in phase space of perturbed system invariant tori ex1st, everywhere 

densely covered up by phase conditional-periodical trajectories, with fre­

quencies equal to the number of degrees of freedom. These 1nvar1ant tori 

form a majority 1n the sense that the measure of the suoplement to their 

unif1cat1on is small together with the perturbat1c .. 1. 

6. The Regularity of Systems with K '.:',. 0: the Henon-Heiles C11se 

In th1s Sect1on we shall study the stab111ty of Henon-He1.les system; 

however the whole analysis can be repeated for arbitr~ry Hamiltoni~n system 

with non-negative curvature K, e.g. Contopoulos system, etc. 

The Hamilton1an of Henon-Heiles has a well-known form (141 
n1. p,t t t t 

11 ( P/I) = ~ v + x ; l!' + x'l. ~ - ~ I 3 , (6 .1) 

where the cubic terms are srraller than the quadratic ones (the small E). 

Us1ng the express1on (2.2) we calculate the R1emann1an curvature 
2. K-= (VW) - W·AW. 

w 

J. w1 .) 

-= E - x'1.+~ 
..t 

'l. ~ - x ~ + 0 !3. 
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16.?) 

on 

F1rst, note that AW-= -J. and hence 

M, 

K::::.. (VW)2.-+ J. IX/> 0 
J. ~3 

where H-= i(x,'d); W>O} 
K _, + "'° ( W = 0) {VIP') t .:I: O) So far as on the boundary of M 

and M 1s compact, then KIW\in ,o ex1sts, so that 

K ~ Klr\tYI . 

The curvature 1s equal to 

11 _ E + J ( xt~ - •//3) 
r'\ - ( E - y...t.+ 'tt - Y..t1 +- 't~d 

J 

(6.3) 

Consider first (6.1) neglecting the cubic terms (a system of free oscflla-

tors) : 

Hi r) i) 
2 t 

p)I. -t & + 
J. 

For this system 

E 
Ko-::::~( ~t+~i)3 

E- ~ 
It is easy to see that 

'f...o = rc . eod: 

~. -:: .,/€ · Suot 

K - .L - ~~ } 
o - G~ -

1s a solution of this system. 

'f.1.+'d'l. 

~ 

(6.4) 

(6 .5) 

(6.6) 

The transfonnation of solut1on (6.6) for Henon-Hefles system (6.1) one 

can represent in a form ( fE fs a small parameter) . 
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X = X 0 + Ex + o (E) 1 

it ::. ~ 0 + E ~ + o ( E) 
1 

ihere Y..J ~ anci X 1 ~ are thP solutions of systems of e11uat1ons 

:;._-= -Y.. - J..y..<t 
" 2. t 
d-=--~-X+~ j 

.. 
X-=-X SU'\U 

~ -= - ~ - UJ<JU 

The second system has a solution 

v - _J_ s I.NI .u 
" - 3 

~ ~ f l()!;Jt . 

Thus we c011e to the partial solution of the system (6.1): 

X-= R cod 

~ -=. /E S1A1t 

+ £ su-.U + o(E), 
1 

+ JiCD~ ,).,f + o (E) 
1 . 

Usina the expression 

1+ t t 1 
W -= E - ~ - 'f. ~ + '31~ -

J.. 

:q. ( 6. 3) can be re11ritten in a form 

K -= E + J.( E - ~z) 
( )< t + ~t) l 
' .,1.. 
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• ?. . l 
'/.. +'if 
-J..-J 

(6.7) 

(I' .ll' 

lf.O) 

Substituting (6.7) into (E.9) we have 

.K =1. fi1"J.v'Es(..l'l.H+otc)J. 
If;. }nl 

E 
t \ l ' 

So far as the argument fn Jacobi eouation is affine narameter 

Eq.(6.10) one should transfonn the t1r:-e acccrdinq to Eq.(d.5): 

~ , in 

-t t . !. ·t 
~ = (Vi wtndz = II 1

1~ )th 
J J \ J 

0 0 

and with account of (6.8) 

or 

S = ~ -t + Q ( Elltj 

L - fi s -t O(v'E). 
T - $. 

Finally for K we have 

K CS) == 8'i [ i + .J. VE s (A\ ( s Vi~;}. 
E e 

Using the condition of strong stability of null solution of Jacobi 

equation given in Section 4, frDI!> (6.11) we have 

~ 0 
-= If ; ~fl -= + * ~ , m -=- i. °'· ... 

Thus, the obtained solution (6.7) of Henon-Heiles systl!"' (6.1) is 

strongly stable one. 

(6.11) 

This result explains the st3bility islands seen on Poincar~ sections 

obtained originally ty Henon anc Heiles by nu"'l!rical f"'.!thods [1d] . !~ 

Fig.3 (frDI' 14 ) two points cf stronn stability calculate1 usino •o.(6 .7) 

are snown. 
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7. Typical Properties of Dynamical SvstP.ms 

Consider the space rr(Tflf,j') of all dynaf111cnl svstPl"S of class Cr 
preserving the given measurP. f . A subsnace of this sr;ice is massive if 

1t cont~.ins everywhere a ctense subset of CJ tyrie - countilblP. intersection 

of open sets; one can ima~ine it as a set of measurP. 1 fn a soace of 111Pa­

sure 1 [2a1. 

A property of dynamical systP.mS is called tyoical if it is P.xec11ted 

for the elements of massive subset in rr(Tf'l>~0ur aim is to shfl~' that 

RS-syste11,s are typical ones. 

As it is shown in [11] , if 11 is corroact differenti•hle m.anifolrl and 

f4 .>;.. /..r , then the followin9 prooerty of Riemannian metric ~ is tvn1cnl 

in r r (TN) j') : 
Poincare transformation 0 of every closerl qeorlesics on a milnifC'ld 

M with metric ! is hyperbo 1 ic or twi s ti nq. 

In [ 17] it is suppcsed that in the qeneral case of a manlfolt1 with 

finite fundamental grouo (e.C'. connected manifold) 1t is ootional all thP 

closed geodesics to be of hyoerbolic tyre. In other words, non-hvperbolic 

c 1 osea geodesics can exist; then the atrve-l"entioned theorem ouara ntees 

those geodesics tc be of twisting type. 

Let us prove the following statement: 

If fi: H-) M J dc.rri H ::: ~ oeodesic flow has a closed twi<>t1n~ oeo­

desics, then this flow is non-ergodic, and ordered motion is realized in 

a region of positive measure. 

Denote this geodesics by aft), ~{O) =a(T) = 0 . Local symplex 

Poincare transformation is defined on P: (f<l,0)-, (R 2,o), 
which is twisting. According to KAM theory [25,271 , then a large set of in­

t 
variant circles close to 0 from R exist, on each of them this transform-
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ation acts as quasi-periodic one. Denote one of these circles by Si, and 

2A ~ { .tcs'); .o ~t €.T}. (7 . J) 

Evidently, d fJ. is a tube around a . Let A be the 1ntP.r1or SP.t 

of this tube, then 

and 
f 11 ~A -== f-1A 

0<j(4)<1, 
i.e . ft is non-ergodic (see (3 . 1)) and the reqular trajectories have po-

sitive measure on M . Thus the existence o" ic;l;irrls r" orrlerec' "'C't1on is 

a typical property of dynamical systems on connected C()!!lnact l"anffol~s. 

Consider now the properties of systems in ~tcchastic reoion. From[23] 

it follo~:s that the condition h :> 0 is their tynical nrflnertv. l>ence 

non-zero Lyapunov numbers exist, and the re~ion cnnsists of eroodic comoo­

nents of positive measure. Our aim is to show that H X ~ 0 , then 

cannot be Anosov U-system on these erood1c comoonents. Note that there was 

an idea (see [3o] ), foundeci on numerical analysis, about the similarity of 

stochastic components and U-systems. 

Before proceeding to the oroof. it is useful to oivP. some more rlefini­

tions (see [n .17} ) . 
pt r 

Let t : H-> N be a flaw on a manifold M of class c J r ~ i 
l<. ftom Ml. with a given vector field X (x) 

+ 
The flow f is called U-flow, 1f there exist two continuous distribut-

- t 
ions E and E , such that 

- .+ 
1) T'/. M -= Ex, ~ f::x ~ Zx for every X frnm M, whPre ix is 

induced by X ('!<) ; 
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ot - - -t + + 
2) d + Ex. = E J*('1') J di E'1- -= E fC"') for every X. frC111 M. 

and t from R ; 

3) two constants C > 0 , ). > 0 exist. such that for everv 

•rem M and t > 0 
i -!.! II cJ f 1J'ff ~ c: · e II vii 

If d f If// ;;;;- t-' e >.+ // 1.1// , 

1f '1t 1s on E;: 

if tt 
r 

is on f x . 

- '!-
The subspaces Ex. and £.~ are called stable (c01TEress1n9) anc 

(7.2) 

j 2(s)/ =F o 

From Jacobi equat1on 

2'' ::: - K. ~ 
i!:" ~ 0 o.-1: 

v 
2- ;;:;- 0 cd: 

Z/0, 

'i! <.. 0' 

/ii!('>)/ ~ I ~'Oo)f· ~ ; 

at S;,,So. 

unstable (expand1ng), resoect1vely. we have 

Let us g1ve some orooerties of U-flows that w111 be useful below. 

1. Every cec~esic~l flow ~t 0n M :1aviro ir.variant statle anc •J~stat1c 
fibers 1/1-anJ Wt so that cJ,,.,.l;(;- ... J,,.,Wt=J·JL·mH -J. 

is an U-flo1; (is 1 . 
2. If tne geocesical flow ft on" 1s ar c-+lo.,;. then tliere exist sue~ 

to> 0 , /, > 0 ( J. - from the ~efir1tlcn of U-flows). that for 

every orthogonal Jacob1 field with fl(O) ~0[17] 

Jf nl+)I/ :?-/( vun 11 shO+), f.:? +:, 
·~ -,.o 

(7.3' 

Now~ prove the following statement for the flow f S: H -> l1 
dim M = 2. 

If~ , then f s cannot be an LI-flow. 

Assume that ~ ~ ls an ~ -syster, tlier suc'1 s. ;::> 0 , ~ > D 

n~st exist tr.at 2 {o) "'"0 anc 

I 2 Cs> 1 :? { 21 (fJ~ I s A (). s) S~ So , 

w~ 
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/ l'(s.)/·~ ~/i3(s)/:?/~'(o)/sh(l.s) 

/ ~'(So){ · S ~ s/1 (). s) 
a'(o) 

i.e. we come to a contrad1ct1on. 

at $~So / 

Thus the cons1dered systems in their stochastic reo1ons c~nnot he 

(7.4\ 

u-systems. 

Let us now show that geodesical flow f S: H - H . dim M = 2 at 

K~O cannot have transversal fibers*) 

Assume that transversal fibers do exist. Then stable dnrl unstable fihPr~ 

*) A fiber is called transversal if it is invnriant wit~ resnPct to the 

dynamical system and is either sti\ble or unstable, i.e. under the ~rtinn 

of f S every tangential to the fiber vector either decrPases e>r in­

creases in length with exnonential rate assumed to be uniform. 

Dynamical system with transversal fiber is that having even one trans­

versa 1 fiber [311 . 
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If/- and WT for syrrmetrical 1n tfme (cieodesical flow) exfst , so that 

Ji:wi w- + d.:m w+ = J.. (7 . 5) 

From the property 1 of U-systems formulated above ft follows that our 

system wfth dim M • 2 111.1st be an U-system, 1.e. we come to a contradiction. 

According to Sinai [211 the way to determine when a ofven dynamical sys. 

tern is a K-system lies through the construction and investigation of trans­

versal fibers, 

Hence one can conclude that due to the absence of transversal fibers 

the considered systems seem not to be K-systems. 

11 ith 

An example of a billiard tyoe system (reoresentabl e as a neodesfc11l flnw 

Ji\ 7,- 0 ) is knOlm (311 , whcis e stoc~~stic regions are of m1x1no tyne. 

and tnis can be Milxfmal rrooerty of those systems . 

Thus almost all two-dfMensional aeodE>sfcal flows on a connected manffolrl 

have ordered regions. At stochastic reaions consistino of several eroodic 

components with K >.:. 0 , the systems cannot be U-systems, have no trans­

versal fibers and seem not to be K-systems . 

8. Conclusion 

In t his oa per 1·1e have studied some regular anci stoch11stic oro0Prtfe5 of 

... ynan ical s y~ter·s with r.nn -neg11 tiv e curvature. The inv!'stfC'ntion nf t«n­

rl i 1<1e nsi onal systems is reduced to the study of Jacobi eauatfcn with K ~ 0. 

It is shown that t he ex i s t enc e of rinsitivP-measurPd isl11nds cf rP011li!r 

and stochastic moti on is the !,ypical nrooertv of these svs te~s , i . P. almr~ t 

all of them are RS -systems . In s tochastic reofons consistina of eroodic co'T'­

ponents with nos i t ive entropy _the sys t ems ha ve no transv,,rsnl fi t-ers. 

At rrcsent we arP not a\'lare of a orciof 1.het:1er there exi st K-systems 

?P 

without transversal fibers . so we formulate our conclusion as a hvoothesf5 : 

in stochastic regions the considered two-dimensional systems wfth K4- 0 

cannot be K-systems. 

A two-dfmensfonal system wfth .K. 4- 0 fs the system of equations of 

Yang-Mflls classical mechanics, mentioned fn Introduction. In 32 are pre­

sented arguments that th1s system fs K-system. Our analysis seems not to 

confirm thfs conclusion. 

In vfew of the importance for the study of dynamics of s·pfral qalaxfes 

we have considered as an example the Henon-Hefles system. We have shown the 

existence of strongly stable solutions for ft. This fact explains the 

existence of stability islands obtained earlier by means of numerical methods. 

The rich diversity of motions of stars in spiral galaxies becomes evident. 

These results are in agreement with those of napers (~,7J , where by means 

of investigation of N-body gravitating system it is shown that d1sk-11ke 

systems (spiral galaxies) are significantly more regular than soherfcal ones 

(elliptical galaxies). The regularity of spiral oalaxfes at the present epoch 

of the evolutior. of the Universe is conditioned also by the sunoressfon of 

Arnold diffusion for them (s .91 

Numerical study of stellar systems (N-body system) usfno the concentfons 

of ergodic t heory i s performed in [34} (see also [9} ). 

The authors express their sinc!'r 0 orntiturle t o D.V. Annsnv. r, . ~. 7as1av-

s~y. R.L. Mkrtchyan. G.~. •avvi~v an~ csnPci•llv t~ Y~.R. Pesin for fruitful 

discussions. We are indebted to S.G. Matinyan for numer0us discussions anrl 

support. 
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Figure Captions 

Fig.l. Geodesics smoothly depending on parameter ~ 

velocity vector is U: ol/ds and "-= ..t/cif1'. 

Fig.2. Regions of strong stability (Tr "P <: 2 

and instability (dashed) of solutions of Jacobi 

equations with nearly constant coefficients (4.8) 

(from [ 261 ) . 

Fig.3. Poincare sections for the Henon-Heiles model 

for E ~ 0.125 [14) with marked points of strong 

stability 0( 1 • (+0.39, O), o('l. • (-0.31, O) 

calculated using Eq.(6.7). 
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