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1. I ntroduct1 on 

Many probl~ 1n gauge field theory are left unsolved, in particular 

the confinement phenomenon is not so far explained satisfactorily. why 

certain physical quantities are unobserv~ble (being in the confinement 

phase), whereas the others constructed from those initial ones are observ­

able? Thus, e.g. the Hamiltonian HvM , being an observable ohysicnl 

quantity, 1s a funct1on of canonically conjugated variables 

wh1ch are unobservable. 

E~ • and .Af 

This work proposes sJch a viewpoint for separat;v;1 of ohysical quantities 

into observable and unobservable ones, when the latters are connected with 

the Hermitian operator for which the eigenvalue oroblem is unsolvable. 

Indeed, the only possible measurement results of physical ouantities are 

eigenvalues of appropr1ate Herm1tian operators. Therefore, if the quoted 

problem is unsolvable for them, then their measurement 1s imnossible in anv 

experiment. 

Such fnterpretatfon is grounded on the fact, established by von ~eurnann 

and Stone fn their study of un11mited Hermitian ooerators 1n Hilbert soacPs, 

that there exist Hermf t1an operators for wh1ch the eioenvalue oroblem 1s 
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unsolvable (1 -3), f. e. they hive neither eigenvalues nor asY1111>totfc ~tates. 

So we shall suppose thlt the Hennftfan operators wfth solvable efoenvalu~ 

problem correspond to observable physfcal quantities, while those with un­

so1vable one* correspond to unobservable physical quantftfes, f.e. to those 

fn the confineinent phase. A success of such a proora~ would consfst fn the 

proof that, say, the gluon f1e1d operators er and .R~ were ooerators wfth 

olvable eigenvalue problem, whereas the ooerator Hv.., wft~ solvable one. 

L. Conformal ~antum Mechanics 

Let us show that already 1n a suff1c1ently sfmole ffeld-thecretfcal 

model there emerge physical quant1tf es bef no in the confire111ent ohase 1n the 

above-mentioned sense . 

Consider the massless scalar t heory with sel f- interaction [6] 

2 ci 

d:. = ~ af'l <fa"'! - s <f cr:z (? .n 

where d fs total space- t ime dimension . If d.· 1, then (2 .1) blrns fn to 

a quantum-111echanical system with a Lagranqian 

J.. = ~ p C! - ~/x a' ~~Q. 
(2.2) 

* It should be noted that the eigenvalue oroblem is always solvable for the 

limited Hennitian operators [2-4]; however operators emeroing in the 

quantum rrechanfcs satisfy canonical cOITlllJtation rel ations [ p, x ] = - L 

being unlimited and defined only on everywhere dense subset :D of Hil-

bert space J ( [ 5] . 

~ 

I 

1' 

'he action of th is sys t en' is invariant un<.'. el' confoni-al orouo 0(2.Jl with 

generators proportional to Ha mi lton i an H , di la ta tfon /J) ancf cnnforlTla l 

genera tor K with the a 1 gebra [ 6 J : 

[H,.V]=i.H , [K,.'ll]=LK, [ H, K]=2i.2l (?.< 

Operators H , :1J and K in t he Schredinoer rerresPntatitin h~vP thP 

fo rm 

1 a a 9' 
H = -2 axz + xa 

1 a 1 ) 
::Dos"' 2 (x ax+ 2 ' 

xz 
Kos=z (? -~ ' 

Let us calculat e f i rst ly the defect i nrfices of onera tor H . lfor r'e t.an ~ . 

see Appendi x). Ch oose L2 as a Hilrert so;;ce. H is '1Pfinerl on evervw~ Pre 

..iense subset D ( H) = C 0= ( 0 1 
00

) 
* 

co Lcrator H i s rlerrritian one. an'1 t ~E' 0 r P CM;uni!tPrl t0 i t i ~ Pn11•1 

to (see Apnendix) 
1 II 

H * tp:: - 2LjJ +~/x 2 ~ 
( ? " ' 

D(H*):{lj-J E L
2

, H*lJlEL..
2

} 

Since the comn lex conjuqation orierati on commutes with H . its ,1pfprt i n­

dices are equal: 11. + = t1 _ [ 8] . So lono n< e<'uati ons for zprn ITIOrlPs 

(A. 3) may have two linearly indeoendent soluti ons, the 1efect i nd ices of H 
are (0.0), (1.1) or (2.2). i.e. H has zero- . one- ;inrl four- nari! JT1etric,i!l 

families of self-adjoint extensions. 

* The functions of this subset identically turn to zero in some vicinities 

of zero and i nf inity . 
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In order to understand which of these cases takes place, one should stu-

1y the behaviour of solutions for zero-mode equation (A.3) 

(H~± L11)lf'=O (2.6) 

Jn infinity, from two solutions of (2.6) only one is quadratically inteorable: 

exp { (-1 ± L) X / J2 J . This case corresoonds to the 11mitino ooint 
d, 

on infinity [8.] Near zero, the solutions of (2.6) have the form of X , 

where 

cX1;:t +J ~ +2~· .J - J_ - [-' + 2a ~, - 2 4 a ' (2.7) 

therefore two cases are possible here: 

1) ~ < 3/8 - both solutions of (2.6) are quadratically intearable 

near zero - this is the limiting circle at the orioin. 

ii) 9 ~ 3/s - only one solution is intearable at the orfoin (c:<: • a'. 1 : 

- this is the limiting ooint at zero. 

At ii) ( ~ ~ 3/8 ) we have two limiting points at zero ann infinitv, 
2 

therefore (2.6) has no solutions belonoino to L , ann ( n+ In_)= (O,O) 

operator H is self-adjoi.nt: 

D(H)=D(H*), n+ = n._ = o (2.8) 

rhe spectrum of H is continuous and lies 1n the interval (0, oo). 

Let us now clarify the behaviour of the other physical ouant1ties in 

this region of interaction constants ~ ~ 3/a . The ooerators Kn= X"/n 
are self-adjoint. The zero modes rf a°perator JDOS :!: i. n (?.4} are 1n 

-S/z. 312 a 
fact ~ + = C X and qi_= C X and do not belono to L ( O, 00): 

hence its defect indices are (0, 0) and it is self-adjoint as well. Thev all 
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have spectra and asymptotic states. 

Consider now operators of the form 

n n 
l)n = X p + px ' rt=O.?,< (?,Q\ 

The defect indices of these ooerators are equal to (1, n) sincP thP eouat-

ions ( £) ~ .t i. n ) lf' .. 0 have solutions 
It ___;1 __ 

llJ(ll) -2 - ecn-1)1<""' 
T =ex e + , 

en> _.!! 
If'_ ;: c e e (?(n-1) X "" (2. Jn) 

one of which does not belono to 
2 

L ( 01 oo) . HPnce their Pioenv~lue 

problem is unsolvable, so .~~l ref_e!_..!.Q__!J_'!_nbservable quantities. Phvsicallv, 

this is due to the. fact that because of stronu renulsion, at the orinin the 

"particle" moves only on the right (no tunnelina transition). 

At 1) ( ~ < 3/8 ) the defect indices of H are eaual to (I. Jl 

and it has one-parametrical family of self-ad.ioint extensions which reali7PS 

by imposing more corrmon boundary conditions at zero* 

I 
lf'(o)=-a'f'(o) (2 .11) 

Now the "particle" can tunnel and be in the interval (- 00, + 00 ). Tt is 

of interest to consider the defect indices of ooerators Kn and J!Jn . 

In th ls region of interaction constants ( 9 < 3/ 8 - weak reoulsion at 

zero) the "particle" moves in the interval ( - 00 
1 +oo ). hence the defe~t 

indices are (O,O), aTl of them are observable and have asymototic states. 

* At a. > 0 , there appears. in addition to continuot1s snectru'" nf H 

a discrete level with Maative eneray occurrinq due to delta-likl" attr11ctin1, 

at zero. 
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3. Conclusior1 

The above-cons idered example of the ouaritum conformal "'ech~nics 1llust-

rates the confinement viewpoint proposed in this naoer. Realization of thi5 

~rogramn·~ for non-Abelian gauge theories is connected with rlifficult1es 

since calculation of defect indices is a co~rlicated oroblern, PVPn frir the 

·1~ite-dimensional ouantum mechanical svsterns. 

The author is th~nkful to G.M.Asatryan. ~ . ~.~atinvan, 4,G . ~edra~van 

•nd E.B.?rokhorenko for the useful discussions . 
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APPENDI X 

Resolution of the Eioenvalue Probl em 

The solvability ccn«itions o• the eiaenvalue nrob l Pfn are connei:t<>rl l'lith 

the calculation of defPct indices for the Hermitian orierator .fl in thP 

Hilbert space[!.?]. tlecall SOIT'e definitions fr0f'1 the Hermitian n!lf'rators 

theory [ 5] . 
If on sorne everywhere dense ranae of definition D (.A) the ooerator 

.A satisfies the relation (A.l) 

( flYJ,Y') = ( lJ.11.R lf) (A . Jl 

for all If.I and ':f € D (.A) , t hen .fl is called Herm1tian or svm-

metr1ca l. 

Let ]) (.A*) be a set of ':f from d-f for wh1ch there exists 

such l.jJ from d-£ that 

(fl'X ,lf)""(X,lfJ), XED(.A) (A.2) 

* It is assumed that .A If = l.jJ . Operator .A* is called conjuoated 

to .A . Practically, to obtain ooerator .A* , one should f1nd all the 

pairs ( If, l}J ) whi ch satisfy (A.2). 

Operator .A .A = .A jt , i.e. iff .fl is called self-adjoint if 

Hermitian one and D(.A)= D(.fl:lt). 

The signif .. .. nee of the self -adjointness consists in the fact that 

namely for them is solvable the eigenvalue problem [2] and only for them 

can be .built exponents giving one-oarameter grouo of unitary ooerators 

U = e.><p {L.At} describin9 the quantum mechan1c11l dynamics. 

is 

The defect ind1ces are calculated as foll ows (2,5) . The s pace N! de-
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fined as a zero-mode space of operator .A If - ii!.· il 

Ni!= Ker (.R*-~·fi). (A.~) 

has constant dimension 1n the upper (respectively in the lower) ~ -nlane, 

therefore 1t is assumed that ~ = ± L . The de-feet indices of .fl are 

equal to dimensions of Ni! spaces at i! = ± L 

n± =di.m N± = di.m Ker (.A* :t L H) (A.4) 

If 
Here D (.fl ) = D (.A) e N + $ N _ 

The von Neumann theorem reads: ff 

n+= n_ = o , then A is self-adjoint: 

n+=n_=n then there exists n2. -oarametrical extension of ..A 

n+f n_ 
up to self-adjoint one; 

, then .A has no self adjoint extension and the eigen­

value problem is unsolvable for it. 

Thus, fn order to define whether a gfven physical ~uantfty fs observ-

able or not, ft fs necessary to calculate defect indices of fts Hermitian 

operator. 

It should be noted that though n+ f n _ , the Hermitian ooerdtor 

of .A fs well-defined and C!ln "p,1:-t1c1pate" in the theory fonrulat1on. 
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