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1. Introduction

The method of quantum chromodynamics sum rules (QCD SR)

[1,2] .developed in recent years, permits to calculate a lot of

physical parameters: the hadronic masses, widths and form fac-

tors, starting just from the quark-gluon interaction Langrang-

ian (see the latest reviews [3.4]).

The first and the most fruitful application of the SR meth-

od was the physics of charmonium (cc mesons) [1]. It is a unique

system of hadrons which, at least qualitatirely can be descr-

ibed in "obvious" terms of nonrelativistic potential* Hare the

orbital and radial excitations of the lowest states are clearly

distinguished. At the same time the bound cc-state is a good

probe of the pure gluonic nonperturbative interactions, yield-

ing power 0(<rfs<G*>) corrections to the SR, where < G a > -

<G^ Ĝ i»> is the vacuum gluon condensate density. Taking

these corrections into account it became possible to compute

the aasses of the lowest S- and P-levels of charmonium [1,2,5].

The SR technique is also applicable to the simplest pro-

cesses with cc mesons such as two- photon decays [i] and



radiative transitions [6]. Taking the power corrections into

account has permitted to calculate the width of the radiative

T ~" 2y [7] and J/vf-*-']c<f (magnetic-dipole transition) [8,9]

decays involving the SQ charmonium level, the i\ (2984)

pseudoscalar meson.

The aim of this work ia the calculation of the gluon pow.vr

corrections to SR for the charmonium P -level, XO(3415) sca-

lar meson decays. Model independent estimates of Xo "

("electric-dipole" transition) and X0~»-2y , G
+e~ fi widths

will be obtained in result. The essential difference between

these processes and f? -decays is, that the c-quarks in Xo -

-meson interact with the gluon condensate, being in the P-wave.

The interest in these 7{0 decays is sharpened by the fact

that the QCD prediction [8]

r(J/Y-rjc*)QCIr 1.B-5-2.OkeV

turned out to be larger than the only measurement of this

width [10]

rCJ/V—ieiOBXP - 0.76 + 0.? keT.
The further improvement of this prediction, with account of

O(o£g ) corrections, carried out recently in Ref. 11 , did not

bring theory closer to experiment. It is quite possible that

the width Г(1
с
"*2у)* 4.2 + 0.4 keV, predicted by SR [7], may

also exceed the experimental value. In fact, the value of

Г(П
с
"*"2у)

 s
 2.7 + 2.3 keV, extracted from the measurements

of the pp ~*"1
c
~*"2y process [12], points to that. If new

measurements do not change these widths we shall face a seri-

ous problem of disagreement between QCD and experiment(see



also discussion in Ref. [13])«

Does not this disagreement suggest that there is gluon

admixture in П -meson, which effectively reduces the radiative

widths? Indeed, the investigation of two-gluon states with

J = О quantum numbers (see e.g. review [14]} shows evidence

for strong interaction of these states with the physical vacuum

and, in particular, for vigorous mixing with the quark sector.

At the same time, not less strong effects are predicted for

0
+
-two-gluon states too. Consequently, the check of the obtain-

ed below QCD SR predictions for "pure" cc scalar states can

give an additional information about possible gluon admixture

in charmonium.

2. SR for electric-dipole transition X
0
~"

The deduction of SR has been presented many times in [6-9],

therefore we shall briefly mention the main points only.

If we are interested in the radiative transition Х
о
~^

then we should consider the three-current vacuum amplitude

, P) =Jdxdt|exp[-i(<jx*Pa)] •

(1)

where j « cc is the c-quark scalar current; ̂  = CfoC
 t

L «C^C

are the c-quark vector and electromagnetic currents with

2 £S

momenta q+p; p,q (q «0), respectively. The j current corres-

ponds to the creation of the Xo mason and higher cc states



with 0** quantum numbers from vacuum. Similarly, the j
V
 current

corr«ap«ada to the creation of j/f , ф', ... meaone.

Let ua extract from (1) the invariant amplitude, ae a fune-

2 2
tion of two kinematic invariants s.j» (q+p) and s

2
- p :

In Bq. (2) we have written out only the kinematical structure

which contributes into the X
0
~*"^/^X decay amplitude.

In unphysical region S
t >
Ss « 4fT»

c
 , where QCD asympto-

tic freedom takes place, the amplitude (1) can be calculated

in 0(0(5) as a sum of a bare с-quark triangle diagram (Pig. 1a),

diagrams corresponding to the perturbative corrections (one of

such diagrams is presented in Pig.1b) and diagrams giving the

main power corrections ^ots^ & ^ (Pig. 1c).

The best way of representing the c-quark bare loop contri-

bution is the double dispersion integral over the regionS,,

J
(8|
-g,)(s,-80

In the definition of invariant amplitude adopted in (2)
f
 the

corresponding double spectral function is



where U
P
-(1-4m|/S

1
)

1
'

2
 , S' ±в a derivative of 6 -

.function.

The physical representation of amplitude A($i,Sz)t follow-

ing froa doable dispersion relations on s
1
 and s

2
 and from uni-

tari&y condition, consists of the lowest resonance contribution

( x , in 0** channel, J/y , *P' in 1 channel):

res
(

(Lorentz indices are omitted) and of analogous contribution of

continuums with quantum numbers 0
+ +
 and 1 , sited above the

threshold of charmed particles production by j
S
 and ;j

V
 currents,

respectively. Following to [1,6] , we replace the continuum

contribution by the integral (3) from the bare quark loop over

the region of s
1
, J

2
 > s

Q
 (see Fig.2).

There are several ways to express the approximate coinciden-

ce of two representations of amplitude Л (s^, s
2
): chromodyna-

mical one ((3)+ oC
a
 corrections) and physical one ((5) + con-

tribution of continuum) in the region of asymptotic freedom

s,, s
o
 «" 4m

2
. In the case with heavy quarks it is most conve-

\ с. С

nient to equate a few initial derivatives on s
1
 and Sg of both

representations, taken, generally speaking, at an arbitrary

point of this region [1,2,5].

For this, purpose we introduce the operator



The action of this operator on both representations of amplit-

ude Л (s., Sp) at each n and 1c gives the l.h.s. and r.h.s.

of (nk)-th moment of double SR. The exact form of these SR is

the following:

гн 2п-м
fn».

(7)

where the coefficients A^, are determined by the integration

of double spectral function (4) with a weight of (Sj+ltlTip)"" %

(St*^t
m
e) over the region 4 m

c
 < s-, 3g ̂  s

0
. So in

these coefficients the continuum contribution is already taken

into account.

In the l.h.s. of (7) the following notations of physical

matrix elements included in representation (5)
8
 have been

introduced



where % ( 4>i ) ia a wave function of ,

constants are independently determined from one dimensional

SR [2,5] for two-current correlators ( < j
V
 j

V
> and < 3 3 >

correspondingly). Using the results of [5] we have calculated

these constants with the required accuracy 0( ct$ )

\%\ =0-115, |8 X J=O.O95 (10)

The ratio 1Яш'/9ш | = 0.6 can be extracted from the exper-

imental values of leptonic widths J/y-~e*e~ , 4/'-*-e*e~.

The amplitudes Л(*
о
-*" J/^Jf) and ^(«f'—• Xvjf) determine

the widths of radiative transitions we are interested in:

(ID

( Q = 2/3 is the charge of с-quark).

The use of SR may be considered as successful if there

exists a set of optimal moments in physical part of which one

lowest amplitude dominates (in (7) it is Я (*o — J/Vf ), while

in their QCD part 0( o£s ) corrections are not so large yet.

In order to find out if there are such moments for transitions

considered here, it is necessary, first of all, to calculate

the gluon power corrections which strongly depend on the moment

numbers (n k).



3. The calct Lation of gluon condensate contribution

The diagrams in Fig.1c, corresponding to the interaction of

virtual c-quark with the vacuum gluon field, give the main

power corrections of cC
s
< Q >/m

c
 order to r.h.s. of SR (7).

We shall calculate these diagrams by the standard method of

fixed point gauge (see e.g. Ref.[15] ) which allows rather

quickly derive an expression explicitly containing the vacuum

average < Gr > . The general form of the sum over six diagrams

shown in Pig.1c is

е _ (
 <{
*
9 G
4 \ / г г _ г с

" V з-г
6
-л

3
) С

 6
*f

 ь
*р

 ь
ъ
 6
<

^ } U - (12;
where, e,g., for the first diagram in Pig.1c

v у 1

6̂  ;
 +
 p - m

c

 d
P | * p ч- С - m

c
 ]

etc» Then the problem comes to the calculation of Peynman

integrals included in (12) which we have carried out using the

" REDUCE" analytic manipulation programme.

After extraction of the invariant amplitude (2) we succeed-

ed in getting- the result i.e. the r.h.s. of (12) as a double

integral over parameters

8(110) + 8CO7T) - 6(300)+

10



-6(012) + (021) - 6(003) + 12(301) + 12(121) +

+ 24(211) + 24(112) + 24(202) + f2( I03)J +

У [ 6 < 3 0 0 ) * 6 ( ° 0 3 ) "3(030; - 9(120)-9(021)'

'18(111) + 4fl(2f7) -46(t2t)+ Щ№)+36(Ж) +

+ 72(212) + 36(22t) - 24(40?)+ 12(t3t) - 24(704-)]-

* [- 6 ( m } + 3(221) + 3 (f22)-24(2f2)-

J*L [ - 3(221) - 15(122) + 9 (021) +12(112)+ 5(121)-3(0ZZ)]-

С 24 (121) - 96(222)] |
(13)

where the following definitions are introduced:

Then it is necessary to act with operator (6) on this integral.

It is more convinient to do this before the integration over

the parameters. At s
1
 = s

2
 • 0 the result may be obtained in

analytical form,. We present the final expression for SR moments

(7) atis/ч Sg
 e
 0 accounting for gluon power corrections

—*»*)+ ...



a
39

m
l"

As follows from (15), the values of •'-° at large n,k grow

~'(n+k) and have an opposite sign with respect го zeroth

approximation. There is a full correspondence with the analog-

p
ous coefficients с , which determine the power corrections

to pseudoscalar- vector triangle j/V ~^4
C
% C

8
»9]. At the same

3 P
time, at equal n,k , the numerical values c ^ p c ^ (see Pig.

This fact agrees to the relation of power corrections to scalar

and pseudoscalar polarization operators obtained in Ref.[2] .

It means, in essence, that nonperturbative effects for с-quarks

in P-wave ( X
o
 ) manifest themselves stronger than in S-wave

( % ).

The dots in l.h.s, and r.h.s. of Eq. (14) stand correspond-

ingly for the contribution of higher continuum states and per-

turbative OCQ corrections i.e. diagrams of Pig.1b type.

The calculation of the latter diagrams is a much more comp-

licated computational problem than th determination of gluon

condensate contribution. In Ref. [1,2/:] the perturbative



corrections for two-current correlators and, in Ref. [11J , for

the pseudoscalar-vector triangle diagram at s1 = Sp * 0 were

salculated. The results of these works brought us to the follow-

ing "empirical" conclusion: normalizing the virtual current

c-quark mass at the point p =- m [if2,5j the value of

ds -correction does not strongly depend on the choice of curr-

ents (pseudoscalar, vector, scalar) and for the "optimal" moments

of SR it changes in the limits of +10% from the r.h.s.(QCD side)

of SR. The same accuracy for numerical results obtained below

is expected.

4. Can the amplitude of Xo~~l/Vx be extracted from

sum rules?

First of all one should give the numerical value of para-

meters included in SR. It is remarkable that all of them can be

independently determined by two-current SR £i»2,5*|s 9
Ф
 > 9s

are givm in (10), ni (p
2
e -m

2
)=1.28 GeV, ф =1.35 10~

3
. As it

С С

has been noted above, even the masses of lower resonances j/lf ,

X
o
 can be calculated from SR [5j without using their experim-

ental valu.r:>' Une can talk about a definite hierarchy of SR.

Two-сиггепг correlators give the characteristics of lower reso-

nances and QCD parameters which then are substituted into three-

-current SR for decay amplitude determination.

Prom here on, we shall select only those SR moments for

which the continuum contribution in the above determined approx-

imation of quark-hadron duality does not exceed 10% of the right

hand(QCD) side of SR. That is why the results would weakly de-

pend on the continuum threshold \TS"Q which is chosen for defin-

iteness to be \J~S~QS4.0 GeV.

13



v/hen substituting the values of SR (14) parameters it turns

out that those moments into which the continuum contribution

is still small (n+k > 4), are characterized by too large value

of power correction, С ^ Ф > 40% (see Fig.3). The way out of

this situation is prompted in Ref.[5] where all two-current

SR for charmonium levels were considered in the range of nega-

2
tive q .

Getting on deeper into the region of asymptotic freedom

laturally reduces the power correction. If one does not go too

far then the relative contribution of *f'
 a n

^ that of conti-

nuum into l.h.s. of SR are not so large and one may choose

optimal moments.

we have made an analysis of SR (7) in a general case when

p

s.j, s
2
 < о and for simplicity chosen the point s^Sps ~4m

(see Fig.2). Some details of this analysis are as follows.

In order to calculate the power corrections to SR (7) one

should go back to integral expression (13) and act upon it by

operator (6) at ^ = fc = 4. In this case a numerical integra-

tion over the parameters is made, since there is no analytical
g

answer for the moments. As was to be expected, the
 c

 . coeff-
2

icients at s^Sps -4m are much smaller than at s^s^sO (see

i
1
ig.3)

>
 so that in the whole range of n+k «10 the value

°nk ̂  "̂  ^°'
/
"*

 A t t h e S G m e
 *1

т е
1 beginning with n+k=8, the

continuum contribution turns out to be quite small (10'^ at

T^Q
=
 3*7

 G e V aild
- < 5/a at \/~S

1
Q= 4.0 GeV) so that the moments

of oR (7) in the interval 8£n+k<10 do satisfy all necess-

ary requirements.
Yet, these moments have a disadvantage. They involve too

14



high degrees of с-quark mass m , a parameter which is known
С

with accuracy of 0( oi
s
 ) (according to Ref. [5] m = 1.25 GeV

at з.сЭг,: -4m.). To improve the situation, we shall not deal
I с. С

with SR (7) themselves but consider their combinations with the
5 3

n-th moment of SR for two-current correlator < j j > and the

k-th moment of SR for < j / > . At the point q = - b m
c

these SR have the form [5]

П + 1

(16)

(17)

where the continuum contribution is involved in the coefficients

A° , A. . The optimal moments of these SR at t = 4 are in the

ПК J

interval 4 ̂  n,k < 8 (continuum contribution is < 10%, power

correction in the r.h.s. is < 30%). As it has been argued above

the perturbative correction for these moments is less than 1O/J.

Let us devide the (nk)-th moment of SR (7) at В = £. =

by the product of (16) and (17). The final expression

п
Ш
1, m« —

г

"T T
 x W

3f Y J T ,

ж / _S i 5 , v v . -i (18)



is valid for those (nk), n and 1c for which corrections to the

moments of SR (7)
f
 (16) and (17), respectively, are small. One

may assume that the perturbative od
s
 -corrections are, at least,,

partially cancelled in the r.h.s. of (18). Six moments of SR

(18): (nk)= (44), (54), (64), (45), (55), (46) which can be

considered as linear equations for amplitudes Я — S\ (Яо~~ J/^tf)

and S\ = Я ( 4 ^ ~*"Хо%) , satisfy the above determined conditions

of 8 4 n+k < 1 0 , 4 < n,k <" 8. After the numerical values were

substituted in these equations, they turned out to be almost

degenerate. The coefficients at A' and the r.h.s. of (18)

occured to be the same within ~ 2 0 % i.e. within the limits of

the expected accuracy of the obtained SR (+_ 10% - contribution

of perturbative corrections, _+ 10% - the ambiguity of continuum

saturation). The least squared average over six moments is

Я ±0,24^ = 5,1
 ( 1 9 )

The + sign reveals the uncertainty of Q /: a;:0 ij ., Г pro-

ducts relative sign.

So, the SR predict a definite, stable over a few moments

combination of amplitudes A and A .At the same time, the

radiative transition T ~*"̂ ojf enters this combination with

appreciable weight. The impossibility to extract the main ampli-

tude Xo""*"J/Vy is a dirrect consequence of relatively large

nonperturbative effects for a triangle amplitude containing

с-quarks in P-wave.

If one substitutes in Eq. (19) the experimental value

16



|fl'J=3«3 i 0.6 determined, according to (11), from experimentally

measured width f(4''-*Xo$= 17 + 6 keV [10,16], then the width

Г(Хо— j/̂ a') = 205±60KeV (20)

where the sign +(-) corresponds to the choice of relative sign

-(+) in (19). The experimental value of this width, measured by

CRYSTAL BALL group [1O], is: r(*«f*J/«fy)» 97 ± 38 keV. So, it i3

not excluded that with Xo^J/fy decay as well as with J/f^ictf

one we run into the same situation: the width extracted from QCD

SB is larger than the experimental one. New measurements otXe^l/^

would allow to make a more distinct conclusion. It is a pity that

in the framework of SR method one can not fix the sign in (20).

At the same time, there exist, at least, two arguments in favour

of a negative sign in (19) i.e. in favour of taking the upper

limit of the interval (20):

1) in charmonium nonrelativistic model products Qwfi
 an<

i

QmiA are the products of wave functions j/4{1
5
Si) and ^\2

3
St) in

the origin and the dipole overlapping integrals 1P--1S and 2S-«-1P,

respectively. In Ref.[i7j these products have been proved to have

opposite signs regardless the type of "confinement" potential.

2) the carried out in Ref.[i8] analysis of SR (7) in zeroth

approximation over ct
g
 at s

1
 = s

2
 = 0 (n,k>0) and з

1
 я s

2
 = -«?

(n,k<0) using local quark-hadron duality (it was assumed that

the contribution of amplitudes A and A' is dual to the quark

loop in the interval - 4 m | ^ S
1
, S

2
 < (3.7 GeV)

2
) also

predicts a minus sign for Зч""^/ ^Y
4
" *

5. The Xo—'2^ decay.

The obtained above SR (7) for amplitude A^v permit to

calculate at once the two-photon decay width Xo -*• 2% . For this,

17



о

it is necessary to take s
2
 = p = 0 in Eq. (1) from the

very beginning, and consider one-variable SR for triangle ampl-
2 2itudes with two real photon vertices (q = p = 0 ) and a virtual

о
scalar vertex ( (q + p) = s..). In zeroth approximation over

°̂ s these SR were already obtained in Ref. [i]. Here we shall

improve them by adding the gluon power correction.

The final form of SR at s, = 0 is

(21)

where the amplitude «Я(Хо"*"2^) determines the decay with

Гио-2^^3Г^
т
д„И(Хо-2у)|

г
 (22)

Here» as in the case with radiative transitions, the point

s.. = 0 is not convenient for amplitude extraction. One should

go to region s.. < 0 i.e. come back to more general express-

ions (7), (13) at |.= 0,k a 0 . Repeating the procedure desc-

ribed in the preceding section, including combination with SR

(17) we have; extracted at s.. s -4nC the interval of optimal

momenta 5 •$ n < 8. The conditions of small power correction

( < 30%) and continuum contribution ( < 10%) are at the same

time valid for these moments. The predicted amplitude

according to (22) corresponds to 'the width

18



2^) = 3,0+ 0,

Only the upper limit i s experimentally measured up to now C16]:

(

The decay Xe~""2v is closely related with the lepton decay

"Ko~*"€*S~^ in the nonresonance region of lepton pair masses

me+.g-<ITlu; . The phase space volume of this decay, in fact,

is cut off already at ЛП
е
1-е-""1 GeV. At the first glance it

seems that during the calculation of X
c
-*-e

4
e~y width one must

take the form factor over virtual photon into account. The above

obtained SR in the general case of Sp Ф 0 permit accurately

2
determine this form factor as a function of m + - = s

o
 at

6 9 c-

small Sp > 0 (up to >П£> ** 1 GeV the asymptotic freedom condi-

tion a, « 4m is well satisfied): ,

Л(хв-^в
+
е-у)

а
г

<
я(х.-*-г^[1+о,1-^г

:
+ ••• 1 (гз:

A.s a result the approximation Л(Хв-*е
+
е~^) -̂il (X

e
-* 8y)

at ГП
е
+

е
-<1 GeV is valid with good accuracy." in this approxima-

tion the width

where the numerical factor j = 5.3 arises from the integration

over the phase space volume. Hence, the "nonresonance conversion"

factor of X
o
-meson is equal to

* 1/60

Correction to this value, determined from (23) is no more than

0.1%.

In conclusion, an essential difference between the X
o
-*-Zv

decay and the analogous pseudoscalar charmonium decay
 r

l
c
~*'^^

should be, mentioned. As it was notfid in Ref. [13] the latter



decay is connected with the radiative decay 1/У -*• f) У Ъу а

simple vector dominance relation, the QCD SR' predicting a small

contribution of higher transitions ( ^ ~*"1сУ etc.) into this

relation. It is easy to be convinced that for scalar charmonium

situation is just the inverse. Indeed, the vector dominance

relation is reproduced if, using the coincidence of the right

hand (QCD) sides of SR (14) at s
2
 = О (к = 0) and SR (21) one

equates their left hand (physical) sides:

The dots denote the contribution of continuum states. The fact,

that in SR (14) at к » 1 the contribution of V'—~
 x
°% is

still significant, unambiguously means that this contribution

(and may be the contribution of higher states if" > ®!0

as well) is much more significant in (24). So, from the QCD

point of view one must expect a strong violation of %o~*'

dominance in the relation (24).

The authors would like to thank A. Ts. Amatuni and 3.G.

Matinyan for their stimulating interest in this work.
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(с)

Pig.1 QCD diagrams corresponding to the zeroth (a) and the

first (b,c) power of three-current amplitude (1) ovor

c*
s
 . The vertices j

s
, jj

6
"
1
, j carry external momen-

ta p+q, q,p, respectively.



Fig.2 The plane of kinematical invariants s
1
, s

2
 of triangle

amplitude. The dots show the dislocation of resonance

contributions corresponding to the main transitions

V— The diagonal s., - s
2
 > 4m*

is the integration region in the double-dispersion

integral (3)* corresponding to the contribution of bare

c-quark loop. The solid line (dotted line) indicates a

part of this diagonal which is dual to resonance (con-

tinuum) contribution. The region of asymptotic freedom

s.,, s
2
 « 4т£ is shaded. The point s^ag* -4m£, in

which the SR (7) were considered, is indicated by a

cross.
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