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Computation of the axial anomaly for Dirac fermions fn external tensor
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operators in external tensor fields, and the density of Witten's partition
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the anomaly only in the case of third-rank tensor with zero exterior deri-
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Introduction.

The present work is devoted to the calculation of the ax{ial current
anomaly in the external antfsymmetric tensor fields, in the (Euclidean)
space-time with arbitrary (even) dimension 5J . We shall use the new method
developed recently in [1-37 , and our aim is also to analyze this method. The
method 1S shown to allow ;ne to calculate the anomaly actually only in the
case of third-rank tensor with zero exterior dertvative.

Axial anomaly, 1.e. nonconservation of axta) currert in the auantus
theory, has been discovered in the works of Schwinaer 13 f. Adler [S./. and

Bell and Jackiw [6] . Namely, in the massless QED axfal current

- — oy
B = Y4y
is conserved classically, but after gauge-invariant quantization 1ts diver-
gence turns out non-zero [5,6] !
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Actually, anomaly is given entirely by the one-loon diagrams (7], which
wre generated by the Lagrangian of fermions in the external (non-cuantized)

field /&M .



Let's consider the following Lagrangian describing the fermions, in

space-time of dimension af': -?ﬁ » In the external matrix field C (9‘)

. A
f=gld+l)y=9Ddy, -
- 5 d
where é C/ﬁ/ﬁf: (j {by the X we denote the matrix 5’23’4'--- 'XJ ).
The field ( (x) has the following decomposition over the antisymmetrized

products of the 5//4 -matrices:
it

ffa) = /)‘k('k’)-é//‘ a— A/‘*""X/«le"'* Z—T/L

»
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) is antisysmetric tensor field of rank K

is the usual U(1) qauge field, and its presence provides that

the Lagrangfan (1) 1s invariant under the qauge transformations
.

GC=-adln), Sy = cdlx)y, 8¢ = ¢ (-cd(x), (2)

B =+«
A The axial vector field o T s g A/a g is dual to

g g and (1) is also invariant under local axial transformations

B, = - px), Sy=yyp , 87= Tyl B(x).
Consequently, both vector ( 'J/;: (73//4 ¥ ) and axial-vector ( U;:= FJ}-A’%‘/ )
currents are conserved classically in this model. The question under study is:
how will the equation of the axial vector current conservation ( Z}, ’J;--‘- 0
be modified, if we quantize theory (1) in the vector dauge invariant (i.e.
keeping 9/4 i]/_, = () after quantization) way?

The a;15wer for Q/« Tl/f is the following ['8,9.10.1 . Let's consider
the kernel of the operator @ xp (- :Qt- 002)




W) o : 2
W(t,x) = <x|ep(-L2) 12>
It 1s a matrix with spinor indices. At (>0 9/(f,ut) has the exnansion

[11.12.8] : .

Y(t,e)¥ 2 ¥(x) (7)) "

K < é

It is convenient in what follows to use the definition

Wit x) = t“[y 7,/ roi
where the trace goes over spinor indices.

¥, (x) are the Seeley coefficients. Anomaly fs efve bty .

/-) : 47 _ 1L \/ .
1 £ (J = A LT Wi
t /4 /4,. R I

The new method for the calculation of C - v 7 i v}, develoned in

! is the following, Consider the "Witten index”
S/OK —// Z‘"’(n/ﬂ‘ )

This is, up to 5’ , partition function for the quantum mechanics with hamil-

.

tonian 5L36J . It has the path intearal representation {derivatinn cee in

Sect. 1):
| Y
ho a’

! . -5 (:L, y’}
} 'S/?d/ ,

j/ 19 V’ 2L X e

(43

Claw) = [ds Lo, xiin)

Here yﬂ1{$) are real grassmanian anticommuting variables, whieh hecoma

8)‘ -matrices after quantization. Integration over «,  is irplied by the

rules of Berezin [13] . The fields ¥, (S) . 2.(s) 1in (8) have reriodic
5




Joundary conditions

sl = Xult), o) e,

Val

The matn contribution in the inteqral (4) at - O s quen by the
Jaussfan approximation: integral over constant fields Jgh(s)-: DS;?,
¥ (5) = #,° . and the integral over deviations from X and f;” in
the gaussian approximation (exact treatment see in Sect. 1), Usually this
main contribution is 0(1), 1.e. independent of & . It means that in those
cases the expansion of /¢ x) at & — O  starts from the & -inde-
pendent term being then followed by positive powers of z

In that case gaussian approximation directly gives the anomaly %; EL?-
But, as will be shown below, in the general case, expansion of 99/C~K) at
o+ 5 starts from the negative powers of 7 and consequently anomaly
is given not by the gaussian approximation of (4) but by the definite order
of perturbation expansion near the gaussian approximation. In particular,
this is the case for the anomaly in the external tensor fields. The only

exception 1s the case of the third-rank tensor /1Hl/ﬂ with the zero ex-

terior derivative

- 07 Aux-p] :0~

pvap = Uy

In this case anomaly is given by the qaussian approximation. The answer -
(12) - is calculated by us 1n arbitrary dimension, and its discussion
from the viewpoint of Atiyah-Singer theory is given in Sect. 2.

There is an interesting connection between the action in (4} in this
particular case just discussed and recently discovered new tw%-dimensiona\
nonl1near supersymmetric ¢ -models with Wess-Zumino term [34,15]. Namely,
the action S , in (4) is the reduction of the action of those 0~ -

models to dimension one. These models may e considered [34,15] 2s nonlinear




0~ -models on the manifolds with non-Riemannian connectfons (with torsion)
Such an tnterpretation for our model will be discussed in Sect. 2.
Below we shall consider the case, when only one of the tensors /4/4 s
4‘,/,1 sessy 15 non-zero, 1.e. we won't consider the mixed anomalies.
Now we shall discuss the action 5/.1; w) enterina in the path intearal
representation (4).

Take the following action

- 2 . K ‘
Sc€ (x, ¢) :Dﬁ/s/ %e—:f- 5—.?‘/ +(2¢) ((21"‘-{)4«4 b

N ¢
Frweed 147F; ﬁ‘.mx

. (s)
T 5-"1. M) q;“d'”v;‘lkh?)]
F/“‘d Mk = 9[ 1 A/ul' "/qufJ] .

This action 1s supersymmetric (under per'iod'lc boundary conditions), with

supersymmetry transformations

: .4 )
}35,{/_~_¢§y/4 ;St‘f/-«:"&)‘," (

s/

Supersynmetry algebra can be easily verified:
I - _
N S) ‘/ = -~ 7
Z &‘ } ?; 3 .

Denoting the supersymmetry generator by .- ard Ham:ltonian corres=end-

ing to the action (5) by H . we may rewrite the previous emist: ¢ as

Qal = M
. ’ - N
where in the 1.h.s. the Poisson bracket in the presence oY ti- -t commur ne

variables 1s used. This bracket is introdu-ed ip z“}F .

Q may be expressed through canonical variatles ( .

Q= p¢. —(a?z) Aﬂ_,/_,“_l‘fl\k Loy

7
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Quantization of (5) leads to operators :{ﬁ ,/9_/ 3;u , the latter be-
ing a quantum version of the classical variable vz VQ, and satisfying
the Dirac matrices relation 53//.,(3/‘,} =43 8/‘«‘, . The quantum version of
generator Q is the previously considered Dirac operator in the external
tensor field:

. K

A
Q-——y-ﬁ_b_),é)ft:g'ﬁ(r
—

A
> fﬁ"'ﬂzkrix/"’i"'/‘:k,i,

<.

After quantization, including appropriate orderina of non-commuting ope-
rators, Hamiltonian fJ satisfies the quantum analoa of (7), and one may

J

say that quantization of (5) leads to the Hamiltonian /J:: i; 2" . Hence,
one may expect that action -9(23 9“) in (4) coincides with (5). Exact cal-
culation (Sect. 2) using Berezin's method of path-inteoral representation of
operators symbols [16,17] shows that action in (4) differs from (5), and the
difference {in the case of the third-rank tensor /1M,2 with zero exterior

derivative) is

S?u = - gsfa/s /4/,”2 (x(‘))/{/w,z (j(‘(g)) ‘ (8)

This quantum additfon to classical action in the path-intearal representation
is analogous to the term R/6 found by De Witt [18} in the path-intearal
representation of the propagator of scalar particle in the external aravitat-
{onal field. (8) may also be interpreted as inteqral of the scalar curvature,
but calculated from the non-Rfemannian connectfon equal to 3/@,,1.

In Sect. 2 we discuss the connection of the results of Sect. 1 with the
Atiyah-Singer index theorem, and also some statements of Sect. 1 are directly
verified through the calculation of Seeley coefficients, In the Conclusfon
the results of the present work are briefly formulated. Appendix containe

some formulae of the operators symbols calculus.



P W = L

1. The Path Integral Derivation of the Axial Anomaly.

Our purpose is to get the formula (4), particularly the action 9(1, W)
in this formula.

We shall use the method of Berezin [17]. when instead of representing
the operator kernel as a path integral, as usual (see, e.q. [19]). we re-
present its symbol. This method is the only possible 1f there are 5/‘
matrices in operator, as in 1)

The notion of the operator symbol and the treatment rules J:'l6,17] , par-
ticularly the formulae for the calculation of the operators' product symbol
through the symbols of multipliers, see in Appendix.

Using Weyl symbol for variables P,‘ and .lf, (momenta and coordinates)
and the generalization of the Weyl symbol notion for the case of the matrix
operators one can obtain the representation of the symbol of the operator

ex/o(— tph ) as a path integral by means of the followina procedure [1-6] .

Represent the operator QXxp / -= ) as a product
) d
-1 _.ZIN % ‘.23,% D
e * = ¢ .e ( N multipliers )
Turni 1 d
rning to symbols £ 2 z Py

2N

Samé Q-Eba: Symé 6_2” * X Samé e —
—f/7 d3.dv. dz' dz ex,vfji[a?t(z W2, w2 o+
+ZJ"1 wz) +-?(§j % * sg %,/»1*- %ri ;;)— .5-%/ H{Z/' 96)]})

where §Nf1=§ )ZI = Z.



Integrating over %/- ) 2; we obtain

Symb e 3O (%,2) =f/% dy, dz -
- =t
X/‘/-JL'KZ:; [2.':1 W[Z_u“?_?k_i)— ¢ EJ“(%k— %k—i)]-

€

I H(z ) rii(z,wz +2wz,’,)+2/%¥+?§~)}

i

!
b N>

where
4

] K-
Zok = Et Zi (Zic‘ﬂi “ch) .

L -
0= o 2 (%= %),
where H(z vJ is the symbol of operator A* / 2

!y _ i o , ) _ .
) 300 Cihvantm =200, 4 vuns,-
78 /4/41/,\ A/.,jmr %WZ ‘770%— r 3/4/411,1 A/-Vr‘t 1
We write out this formula and the following ones only for the third-rank
tensor, because we shall not need them in the general case. Besides, we omit
all the normalization coefficients in the path intearals. We shall show in
the end of this Section how to restore the true norms.

After transition to the limit N—-r Q0 we have

¥ _;; . . -
105,2): [aybz expf fls[izws

CL J - _
~twr - Hlz o)l (Jrwait) » 2(o) w2 + 2(t)w 2(0]]

_ l__/é wio) + i) wit) » wlt) 3]} )

10



Using equation
- s "Jt’él "/ /
Spye :/oéo//o/_cz/_ Zmbe (‘5 px)

after integration over % /uﬁ we get inside the intearal the ex-
pression S/x{f}-ﬂo)) g//:/t) ﬂ/ﬂl) 5 /ga/f) ';P/v)) and Gaussian
integration glves finally .
S, Se 32" = [be. B /’/~/:/s/3—:;+—4; ¥
ry e = #n X Clﬁ/ . g T ¥ "

6 Ana B, gt A Ly et 4 -3/4/4,2/4/,,1)§7

where we integrate over u/} and X - with perfodic boundary conditians

X (o) = X (), #le] = ¢.(t),

It was noted in Introductibn that the action in the path intearal con-

sists of two parts

S:SCETS , S :FB./”/S e /‘"VA

Que

Defined by formula (5) term Sc( is fnvariant under the supersymmetry
transformations, and the corresponding Hamiltonian H is equal, after
quantization and proper solution of the problem of orderina of non-commutina
multipliers, to supercharge Q

d
H= @', Q--2.

Note that the ordering problem does not occur in Q

The term S‘,’H in the action corresponds to our choice of the Hamilto-
nfan. Note that it breaks the supersymmetry of S(., + S5 under the trans-
formations (6), although the theory (quantum mechanics) with /- I{ -fo“(l is
supersymmetric (it possesses conserving supercharae C:_i ).

We have noted earlier, that we need the coefficlient _/,a) from the

1



expansfon ( £ -~ O )
¢+ 4 y . L
rye ’_t/cx ?(?J kE‘d 9’;{1)/;{)
F)

to get the anomaly

9/‘ U:r Jtn ¥’ w, (%)

Consider the following perturbation-theory expansion of the intearal (9)
Introduce the ‘ourfer coefficients

N 20 A7ens/t - P ¥ a —a X

2002 2 X7 e =X Lo, X1 (2D) X - (%)
r- -

N 20 o diens/T o =, o of »n )X

%(;):_2 ‘/;_(: :%_4“6{;15),9‘//,.—‘./}“7-),7;4:{7; )'

Write (9) in the following form
- —f.@‘l /

Spyoe :f/zg/%jzﬁf,ép ex,o/—S/xo,%)~

_ / /' E?J . R '_ o

CJLB/T'“" Ec(AA () T 7, 4

where we expand all the functions in powers of X ¢

A, ()= ,m(f:)fo;/?”(l)k ..

Keeping the terms fa/s H § » 5 w P,) in the exponent, consider
all the rest as a perturbation anc expand the exponent

Yt o) = /e/y/i/lpéfz) ~

, @.0,




:/L”/% SU/Z/¢ /i*)

The remaining in the exponent quadratic form (the free action) is desianated
by oo , the perturbation thﬁyry expansion 1s substituted by dots. Takina
into account that Sd&f P t-z-. we ask ourselves: what terms of the perturh-
ation theory are of the order of 0(1)?

The consideration of the inteqral over ¢ 7 is crucial: one can easily
verify its saturation, and non-saturating (havina ?/’ raised to dearees
less than z{ )} terms of the perturbation theory aive zero,

An important statement is the followira. In the case of the third-rank

tensor with zero exterior derivative

F = Am_,»j =0 238

{
M AR [y
/ E .

only the cuadratic over X terms of the action Ei'( aive the
contribution in the order 0(i) in (10)*). If (11) does not take place nr

in the action there is a tensor of a higher rank. then the terms of a hinher
than second order over jf/ w  also give contributior in the order (1)
in (10).

There is a principal dif’ereice between these two cases. In the first
case calculations can be done up to the end, because only Gaussian intearal
15 to be calculated. In the second case the higher the space dimension is,
still farther terms of the perturbation theory contribute, so to aet the

answer for arbitrary dimensicon is impossible.

*) The term S?Lf gives no contribution in the order 0(1).

13



Let's explain this statement in the third-rank tenizr case. The action
for it was shown earlier. Since in (10) /e € P A € 2 . then terms of the
perturbation theory giving contribution in the order 0(1) are.to be A T2
for integral (10). One can easily indicate the non-quadratic over 5i,§7
terms of such an order, saturating the integral over y/n » €.q,

t Foippie? JAX ¥ o # when d=4 and many other terms. We take here
into account that the fluctuations of X are of the order of €2 , as
can be seen from the free part of the ac*ion,

On the other hand, if fi‘,ﬂf =0 (11). then every «° 1is mltiplier
Ly either X (in quadratic part) or i’J and higher dearees (in the other
terms). That is why the saturation of the intearal over 9V’J atves the dearee
i YV N Y- t'%' , 1f the vertices from auadratic part are used, and
an order more than ¢ , 1f other terms of the expansion in 5?/4:- are
wsed.,

We shall calculate now the axial anomaly in external third-rank tensor
field with zero exterior derivative, As discussed earlfer, it is given by

Gaussian integral
. A t .2 i
L'/wo/@ib?ex,o{-fc/s(%*“j-s’w A/‘ if;u,\:
v 3
‘f'g’(.' 9/4

—d = p 2 » }
e X, ) .

Passing to the integration over the Fourier coefficients );f s ¥

we get - 4/ ! 2 »
Jdyo /f7 do d 2 dp dp & ex,a} ,:24/ A S

~dn s;“*g;” A D[/; Au].(;\ A x"*;(”

- .,2‘7/: /qy;(% /xn* _ x; y/.‘/ln‘(

14
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et o £t
§"' s ”5/, A"]ﬂ]’ LR = 1y A ta
/5/ /7 5(/0
asA i (e g 5 £ o

. o A X 'f'
= [l (7 det / St 2 Ko

S

We used here the equation

/2,/”,( A (A = ‘/\fj?i_ ,'.‘» o ( A)

immediately following from Ea.(11). )
Finally, skew-diagonalizing the matrix K{HV = /?Rp}4y “
! (‘:’ A,{ .‘ e
é A, ¢ !
= S
+ /
O Ay :i'
we get -Adyy © {
4/,1 .
j j 9 ,__7 / '// /7 4
‘ [ 1 g/l t ';\
Here /A are the elgenvalues of the matrix ia .
The normalization in (12) can be obtained in the fnlipwt-y

term of expansion of ine expression under the integr:!

coincide to the first rerm of the expansion (3) which it

15
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In order to express the anomaly in a aiven dimens: on z/::‘2/7 throuoh
the curvature tensor, one must-expand the right-hand side of (1?2) in Tavlor
series and pick out the powers A75 in 7. (for only they contribute to
the integral over gp'” ). The sum of these terms is symmetric function of

2
ﬁ -mairix powers traces. After that, the inteqration over - i{s trivial

v
and gives tensor £, .. u
/ t

Ve

. and 1t can be written as a linear combination of the products of the

;o E.q., hen d = 8 . the terms of the second

power in . in the expansior of (12) equal to

P AP B R A\ N .
\/;/(’ {:—- (/ ,'T’ P,’IJ) - 7’)‘ '\/"VJP. "‘\/1- h xJﬁ “./“u A/{)

and

r =3 4 /2 f) -
) N = A Crpwp Sew ap
o, h vl J

It is obvious that the anomaly (12) is nonzero only when

2. Atiyah-Singer Theorem. Seelev Coefficients.

The expression (12) for anomaly in external qravitational field is similar

to one chtainad in [i? . Let us recall the results of fi_]‘ where the Dirac

operat oo /;;w’é)) in the external graviiational field i< considered:
/
. v . a . ‘o AR
o L.;"_/,’(;’)> = ¢ ef(Y (9}4 + C,U/' uh (¢) Y ) , (12)

where ¢ is orthogonal frame. (&, ., (6) ts Riemannian (spinor)
conpection corresponding to 2;“ .

Then axfal current anomaly is given [i] by the formula

df3
(SN i 2 . (14)
V.Y = £ cf&y" [l ,

lﬁ



‘}

A
o
where A, are eigenvalues of the matrix '006: pc’a’aé ¢ ffl//

¢l

(c-f/o/, is the curvature of the connection ;é/wb/(’) .

tet us consider a more general operator ﬂ/ ce;) with connection

Enb = 77 ((/ ~ S %W ;, 1s the third-rank tensor:
ob/w-)'f ¢ €}4 ( + 2, . 4 U(A) (%)
y o X -
S~
The operator (15) reduces to our operator . - { ,Huy )f é Su .
wle)=0 ?/*G’J - /4/“.:, , and reduces to (13) 1if ,« wp=0 -

It is natural to suspect that Eq.(14) must be valid for {15) too, if
, -~ _ R
A, i_n (14) are taken to be eigenvalues of the matrix A - odob ¥ wf
where /4(.(!((/3 1s now the curvatu =z of the connection (w - w/(¢) ¢+ §
Sut our result (12) shows that for tue rarcicular case 6:’ - g*‘ .

Q'/A Wl :/4/.0,5 it does not tate place - the curvature in (12) is the
one defined by the connection '_'3/4/4 A rather than by A/”;A . l.e. the
anomaly for the operator (15) is given probably by Eq.(14), where ﬂc- are
defined by the curvature of the connection U%,»,A (e) t 3 5«.6 rather than
UJ/,.;,/_{* /uc.é/e) r / wd

It is worthwhile noting the foilowina.

As is well known, the intearal of the anomaly (<see, e.q. [1 ])
f]z L?L f;q 5 for compact manifolds is the inteqer number - the index
of ope;‘ator .b - and is equal to the number of the left-hand zero modes
of the operator 2D minus the number of the right-hand zero modes. (It is

2y oA - _ ¢t

readily seen from the equat'lon/;-/; 5}" ’J}, = Sf«d o ). Accordina to
the Atiyah-Singer theorem (see, e.g. [20] ) the index of the overator {15) is
equal to the integral of the r.h.s. of Eq.{14}, where A, are eigenvalues
of the curvature defined by some connection of the manifold, in particular
the connections that differ by the torsion tensor oive the same result for

che index (1t i1s obvious because the torsion .g,,, .4 can be charted continuously,

17
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in particular it may turn to zero, whereas the index is inteaer and doesn't

change). ,
Thus the integral of the anomaly {is given by the Atiyah-Sinaer theorem

and coincides with the results (12) and (14).
The appearance of the curvature tensor corresponding to the connection

3/4/4”\ may be seen directly when considering S/,(j ex,a( z‘.é") Namely,
calculating ,é we obtain

Pt x)= try expl- £8%) =

= zl?d’ er/’f fZ(D’) Y 2 34" ) 7‘me<rfmp* /’7’4/“"*/;”1)}

%O , then the expansion of (ﬂ/f, x) at 1 >0 begins

/“W‘f’
(as was pofnted out in Sect,1), For example,

from the negative powers of f
if d = 4, the straightforward calculation of the Seeley coefficients

('lfcr,---, Y, gives
_ 4 4. PP 2
Wf,r)-zf—f Dt S 5 (644 LA

Br= Zuy Arep

If the condition (11) £ = O  1s applied (as in Sect.1), then
pvAp

wit x) = 1245;’*/"?;[(‘%&«*4‘~»-A?’A/fuﬂ)2f /}M 4_” '/J]}. (16)

18
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The anomaly is given by the coefficient 0(1) in /¢, X) expansion
at T—0 .

It is evident that gauge invariance arises in expression {16) if we owmit
the term & ¢ /?/,,;, .o in the exponent. The field 34/,,,({”2 trans-
forms as the SO(d) gauge field in the spinor representation. So in this case
it 1s obvious that (V{7 X)  begins from the order 0(1).

The omitted term in (16) is of order € and does not contain y/* -
matrix, so 1t can change only the terms of order ¢ and higher in P/t Xx)
and 1ts contribution to anomaly is zero, as it was mentioned above in the
other terms.

It follows from the above qualitative considerations that the result for
anomaly is expressed through the strength of the connection 34}, e va.
{.e. through

=5 "
[ 3+ 24y 9y+3A,,U,gUf]z(S%AunP‘3%AfA,P*?J’3~NAw)o v

which coincides with tensor ﬂ/“, AP introduced earlier.

We want to note now that difference between the Lagrangian in the
functional integral (4) and the classical one (5) is proportional to the
scalar curvature of this curvature tensor. Indeed,

Mr cvp —_

The similar addition to the classical Lagrangian - the scaler curvature
of the curvature tensor defined by the Riemannian connectifon - has been
found in [18] in the case of scalar particle propagating fn the external
gravitational field.
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Conclusion.

In this work we have studied the external tensor fields contribution to
anomalous divergence of the Dirac fermions axial current. We have obtained
the supersymmetric models the supercharge of which after quantization trans-
forms to the Dirac operator in the external tensor fields of arbitrary odd
rank. It is shown that Gaussian approximation for path integral representation
of Hiften's partition function of these models gives the anomaly only in the
case of the third-rank external tensor field with vanishing external deriva-
tive. .

In this case we calculate anomaly in arbitrary dimension. In other cases
the answer will be given by the definite order of the perturbation theory
around the Gaussian approximation.

For the third-rank tensor fields with vanishing external derivative we
also show that the action in the path integral differs from the classical one
by the extra term that §s analogous to the term /7//67 that was found by
De' Hitt in the other situation - scalar particle in the external gravitat-
1onal field.

"This extra term may be interpreted also as scalar curvature, this time,
of the curvature tensor defined by non-Riemannian connection.

The Dirac operator that is under consideration could be interpreted as
the one in the external gravitational field with torsion. With this inter-
pretation oﬁr results are compared to.those of [ij{and to Atiyah-Singer
index theorem.

" The results obtained here may be applied to the supergravity theortes
in which tensor fields, in particular the third-rank tensor fields with
vanishilg external derivatives belong to the fields supermaltiplet. Especial-
1y the calculation of the external tensor field contribution to the anomelous

20



divergence of the spin 1/2 and 3/2 fields energy-momentum tensors is of
great interest. According to [i] , this divergence fn dimension a( is di-

rectly connected with the axial anomaly in the dimension d + 2 .

We are indebted to A.A.Tseytlin and A.S.Schwarz for valuable dfscussions.
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- APPENDIX

Symbols of the Operators.

A
Let we have operator /4 that acts in the space of th; d-dimensional

Dirac spinors. In other words, it is a matrix of 74 x QT dimensionality.
A
We assume d to be even. We expand /4 with respect to full set of anti-
symmetrized products of Dirac matrices:
A v
= ~ =
A "7 &t 7 7 S "

PR

+
A

) A
The Weyl symbol of operator A s the following function of

Grassmannian variables /"

7 ' (A.2,
gUmLA = A(Y/): Cs* (;_V/“f C/«u y/f(//u+__‘
Evidently, the operator is received uniquely from its symbol:
(- @) " (A.3)

fi = ﬁ; ‘/ic/w/w’/?/sv) e

Eqs.(A.1)-(A.3) set up one-to-one correspondence between the symbols (the
functions of % ) and the operators.

Let //41 and B be matrices, A and B thelr symbols, Then the .
symbol gam/*('aé) of /11 é is expressed through the symbols /? and B

by the formula

A

&‘U”"l’ AB = (A B)iv) = (A.2)
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Lt )

= ﬁ Jolv, dv, Alw) Blw) e

The analogous formulae hold also in the bosonic case if we consider
vectors Eﬁh1: (/?A/,g}) in 2d-dimensional phase space (m= 1,7 ... 24 ;
/‘1
instead of ( )@H are co?:dinafes, /3h are momenta). Matrices d//“
are substituted by operators E?ﬁ,::[lg j: ) . The number of terms in
A A

excansion (A.1) of operator ,4 acting now in the space of the scalar
functions of 3;h is generally infinite. To be more exact, the operator

)3 must be expanded now in the symmetrized products of the operators H

A A P p
A= Cor (2, v Coppp 2, 2 7

w En

Then the function

/4(2): Cof' Cm?/-,f' CIL-M EWZAT--

A
is the Weyl symbol of the operator /4

More formally, we say that the symbol of the operator
1 ;(0/24) A “ 4
A=Jdd gy e " (@2) A2 dy Py

p

is the function

Az)= Jdd pta) e xp (6 2))
The following formula {s analogous to (A.4)} for the bosonic case
Symb AB (2)= (A ¥B)(z) =
gl (’2&&"2{* = ICE,'Z-)f- ZJL[/F) ’

= ;%(,/C’/Z'(/zz Alz)8(=7) e

'2 ] (__ ’l_ ]
where 2Lz = X /o Xy
For detaiis see Refs [16,17].
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