
HH JleKC ;\fi'.tM 

J 

;r~I), 
EPEBAHCKH~ ~H3~~ECKH~ HHCTHTYT 

Preprint Bl>J.1-852(3)-86 

.,, I• ~ /• l/ lJ. IJ /> /> t U S ft S fl ft ~ 
Hl/ECK/1/il HHCTHTY'. 

V.G.GllHZAUYAN. A.A.KOCHARYAN, S.G.MATINYAN 

CATASTROPHE THEORY AND STELLAR SYSTEMS 

IJ,11 H HaTOMHH~opM 

EPEBAH-1986 



© 

~w~\Jwm~~ N.r?H-852(3)-86 

01 .• ·~. ·~ntirQn'l-mru, n.u . .Pn~mrsu~. u.i.. ITllSh~su~ 

ll1 t, l!•l_ltl'l'1tlll'li lilllll1Mlf10M1r, h'l UUS'l,llSh~ Z,U\Tll~UMC 

1111111\rlt 1111 \•1•!1 nt 1.nun1wu~p~nul' t qpw~n­

!1h\1111pn\1u1l1u1\1 qw\rq~wh UfW(1nL\rwltn'l 

11111111 "'t1u1~ wp~w~~PPP 

r1h"llJ'" or, 11tW~••flU\11fn111' I. \rult 

I• • llp~11ufbr11r ul1u1ln1J' t. ~w-

1111pu1l'hp111l1w'• juinnLPJw\J w~b-

) lr 1~fH11 . 1! I 

llph w\i~ ·'ll~q~l{WJ~ ~\Juin~tnnLlll 

trb~U~ 1986 

UeHTp&11bHblll HB}"IH~Hcc.ne.11oane.nbCKHit HHCTHTYT HH<j>opMaUHH 

H Te XHHKO-llKOHOMH'll?CKHX HCc.1e.11o&aHH it no 8TOMl!Oil HayKe 

H TexHHKe (UHHHhOWHH<jlopMI l~-~.5r. 

' ·· , · • . y f; ~\,9, ·~ ~ -· 

: I ntroduc<:1 C'I. 

he problem of evo1Jt1on of nalax1es and star clusters 1s a classic one 

on tne way of understanding the structure and evolution of the Universe. 

Ouring nearly a century period of 1nvest1qations rnanv aspects ~f st~tfstfcal 

echanfcs of stellar systems have become clear (see, e.o. (11 recer>tly 

an approach to these problems fs developed based on ttie concer>tions of eroo''ic 

theory [2-sj 1. 

An important and firstly unexpected result was Antonov's (61 dfscoverv of 

instability of 1sothermal spherical system at 1ts certain oarameters. The 

phys1cal analysis of this fact oerformed by Lynden-Bell and Wood (71 shows 

that stellar systems possess negative specific heat, i.e. their hot (centrnl\ 

regions during exchange of energy with cool 'external) regions become hotter 

while the latters - cooler. Th1s "gravothermal ratastrophe" phenO!!lenon has 

stimulated later a lot of studies concern1no both the catastrophe Process 

and fts consequences, particularly the oossibilitv of format1on of a central 

massive object - black hole (s,91 . 
In this paper we 1nvestigate the poss1b11itv of oravothermal catastroohe 

In a system containing central massive body. So far as our aim is to under­

stand the stability of this system, we should not avoid those several simoli 
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ficatfons adopted by ~ynden-Bell and co-authors ~7.8~ • In oart4cular. we 

also neglect such processes as evaporatfon of hiqh-eneroy stars, formation 

of bfnary stars. tidal disruption of stars nearby the massive object. etc. 

(part of these effects we have taken into account in (10] while consirlerino 

the evolution of these systems). This is conditioned by larger values of 

characteristic time scales of these processes compared with instability tfme 

scale for real systems. 

We shall make use of conceptions and methods of catastrophe theorv de­

veloped durfng the last decades [11,12] . Catastrophe theory befno orfqinated 

from Poincare's studies on stabflity of dynamical systems, fs called (Thom) 

the theory of sinoularity • i.e. the investfoatfon of transformations on 

maximum and minimum toqether with its applications. Note an interestino fact 

that certain ideas of catastrophe theorv had been understood orioinally by 

Lindblad while considerinq just the dynamics of qalaxies [13) . 
In the present work we have shown that the gravothermal catastrophe 

beinq an A'l-fold type catastrophe for usual isothermal systems occurs for 

the systems with central mass as well. Moreover, in this sense the latter 

systems appear to be sufficiently more unstable, i.e. the catastrophe occurs 

at higher temperatures and lower values of the contrast of density. The last 

conclusion seems somewhat unexpected, so far as commonly it is assumed that 

the existence of a central mass should lead to a central density cusp in 

clusters and galaxies. 

The content of the paper fs as follows. In Sect. 2, several main cancer.ts 

and resJlts of catastrophe theory used later are Presented. The derivation 

of maf n equations is performed fn Sect. 3. The procedure of numerical analysis 

which appears to be not very simple is described in Sect. 4. The results 

of computer calculations are presented in Sect. 5 and discussed in Conclu­

sion (Sect. 6). 
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2. Catastrophes in Dynamical Systems. 

The detailed description of main results of catastrophe theory one can 

find in (11,12] . Here we have collected its several conceptions which are 

used further. 

Usually one cannot integrate the differential equations appe<H"ino in 

different physical problems, 1.e. ft is impossible to find all the set of 

solutions. Originally Pofncare [14] introducing the conceptions of structur­

al and dynamical stability and critical sets, had shown that often limited 

volume of information is enough for qualitative description of the svstem. 

The questions concerning the behaviour of the system while chanoinq its 

parameters, raised by Poincare, were fnvestigated later by Lyapunov. Andronov. 

Pontryagin, Hopf, Smale. Catastrophe theory proceeds from these studies and 

the results of differential calculus of canonical forms of functions 
n 1 r. 1<. 1 1: R -i> R and mappfngs 'R ~ R -+ 'R developed by Morse. 

Whitney and Arnold. Proceeding from these results Thom described the canonic­

al forms of certain singularities of mappings which he called catastro~hes. 

In this sense the catastrophe theory can be considered as a theory 

studying the states of equilibrium of dynamical systems described by Poten­

tial function. 

Let a potential function 

V(icjCl \1'ERl\
1 

cE:'R.1o:.1, 
is given, where X is generalized coordinate. 

Parameters C which can qualitatively influence the Properties of solu­

tions )( (c) of equation 

x = - v v ( lCj c) J ( 2 .1) 
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where 

v::.( Cl) ~xi. J 

are so-called 9Jntrol parameters. 

Equilibrium or critical points of this system are determined from the 

equation 

F ( x 
1 
c} = V V ( x; c) : \). (2.2) 

Catastrophe theory inquires into the behaviour of equilibrium states 

X. ( <:-J of the potential functions while varying the control parameters C • 

Jump-like variations occurring at smooth variation of C are named cata­

strophes. Below we shall discuss only the cases when VI "1, k "'1,2. 

Let us consider the local properties of potential functions \j (x} and 

their families V ( x 1 c. J . These properties are determined by several 

theorems of functional analysis. 

Thus. if the force acting on the point X is different from zero. i.e. 

F (,.:) = - \1 1
(i<) :f G J 

then from the theory on implicit function follows the possibility of smooth 

exchange of coordinates 

and 

The sign 

When 

d :: 'c}(x') 

v d- + C.0'¥\ 5-\: 

means "equals after smooth exchange of coordinates". 

f ( x}= o and tt:'()():t~ (2.3) 
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one has according to Morse's theorem: 

\j . ~ 

=et· 
(2 ,4) 

•on-
The points (2.3} ar'e'idegenerate or Morse critical points. All the rest 

cases reduce to them at small variations of the system. Note that the 

systems describing real evolutionary processes are as a rule of a common tyoe. 

The situation is quite different if we are interested in a family of 

parameter-dependent systems rather than in an individual one. It turns out 
I II 

that in this case the degenerate cases ( \J = \/ =0 ) are irremovable. 

It is proved that the catastrophes of A2 type (by Thom's classification) 

represented by a function 

( \'\ -::. I{ l \< -: 1 J I v ( (t j o.,J =~er) -tr\ d (2.5) 

and of A±!. type 

( \'\::: 1
1 
k,, 2 J I v ( 'J i 0... 1 e J "° ± ~ 'J'1 + ~ O..<l \ id (?.6\ 

are typical canonical forms. It means that at smooth plane to olane maopino 

every singularity turns to this catastrophe at oroperly small variations. 

Consider the A2 catastrophe: 

\J C)(;o..) ~ ~ ) 31< + 0-.)(. 
(2 , 7) 

The critical points are determined by equat•~n 

x't+°'-=IJ. 

The potential 

\j I= 

Y when 
I II 

Q • 0 has ~ non-Morse ( V =- \/ = 0 ) ooint 

at )(= 0, therefore V is a non-Morse function ( °'-' = O}; the point 

0..." 0 is the separatrix. Critical points projected on the axis °'- form 

{)r.
2
_ -catastrophe named a fold by Whitney. The separatrix shares the space of 

control parameters (in our case a straight line) into reoions where O...< 0 
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and o,. ";::> 0 and potentials have similar qualitative characteristics. 

Catastrophe of A-+ 3 type is qiven by a potential dependinq on two 

control parameters in a form 

\/(x·,o..,e)"' ~.x'1-1- ~°'"'1.+ ~x. 4 2 

Critical points are determined from the equation 

\/

1

:. x3 
+ o..x +~ :. Cl. 

(2.8) 

(2.9) 

The separatrix shares the space into three regions - with three critical 

points, with one point and two points on the separatrix itself. The sinqula­

rity of the plane to plane projection of control parameters (a., e) Whitney 

has called cusp. 

Catastrophe of A-~ type having a form 

\I ( . n) _ ~ '1 1 ?. 0 
\I l( I a. I " - - - X - - 0...)( - i> )( 4 2 

(2.10) 

is called double cusp. While transiting from cusp to double cusp the maximum 

and minimum change by places. Physically it leads to quite different results, 

so far as the cusp as distinct from double cusp always possesses at least 

one global minimum. 

For systems depending on one control parameter and one generalized 
I I 11 

coordinate one usually has either \J :\: 0 or V-::. 0 , V -:1:"0 at 

arbitrarily chosen point 

\f ( '!- ; c} has a form 

x; c ). For arbitrary family of functions 

\J(x;c) 1 l ='.fx+c.x. 

Singularities of a fold and cusp type are stable, i.e. every close 

mapping has the same singularity at any appropriate point. 

(2.11) 

The strength of the catastrophe theory is the possibility to point out 

the global qualitative properties of physical systems versus Y\ and k 
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3. Derivation of Main Equations . 

Consider a system of N -t 1 particles ( N ~71 ) , where N oarticles 

(stars) have equal masses WI , and one - a ma~s M 0 , so that M0 >">VY\ 

The system is surrounded by a sphere of a radius t"e and analooouslv to 

assumptions 1n l71 is in a thermostat with a temperature l , i.e. is 

1sothermal. The stars are assumed point-like and interactino with each other 

only gravitationally, therefore the total 

Denote via t .. ( :< 1'1) and {
0

Cx, '\/) 

number of stars is conserved. 

, where I<-: ( -,c:1,>(1, 'l.3J • 

V = ( \/1 1 Y 'l 
1 
v3) , density distributions in phase space of particles 

w1thmasses VY\ and M0 , respect1vely. 

So far as the system has fixed volume and te~perature, its eouilibrium 

state is determined by f ree energy 

~ (T,v)-= E- \S. 
Antonov l6l has shown that such systems have soher1cal symnetrv. rt 

M., ">> 'M , then evidently 
-'> l ... ~ 

~o(l(,'\/J = ~ ( ><'.) ~ (v) 

where 
-+3 6 ()() = ~ C<) 'S'Cx 1J'~'Cxl), 

i.e . the body of a mass Mo must be situated at the centre of th~ sohere. 

Here we neglect the role of stocha~tic processes 1n the dynam1cs of massive 

object [1s j . 
Let us calculate the free energy F using the formula for entroov 

S =-K ~~Me1,~~J\.,t\ 
where k. 1s the Boltzmann constant. 
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The system's energy t is 

t- _ 1 ~ -i. ( I~ 1~ G \· )- ~(1C1 vi-t(x!1 v 1) 1., j3 11> 1j 1 
C-- ""'"1 c::llXolV-- <"IXcft.Vc::llX v 

'2 .... '2 \ '\ . ) r- r 

where 

h·-r1
\ =~± Cx,4, 

L~ 1 

tCx 1'\JJ-= Mot (J(1 "Vf-+Wlr Cc,v). (3.ll 
0 ! .... 

The problem reduces to the estimation of themtn111l.1m of F when the 

total number of star• 

N:) L .. i\lv (3.2) 

is fixed. 

By means of Lagrange 11llltip1ier methods one has 

S' ( I=-+ \< o< N) = ~ ( E - \ S + k_ ... dv J -: G • 

After elementary calculations it follows that F has an extremum when 

~ \\\ (JC 1 ") = A ~ "f [ - ~ ( ~ t _ 'f Cx ~] , ( 3 • 3) 

where 

'-f( ) r I f Cic\v•) ,> , 13 1 r M ) 4i.nCx 1,v') 1 ~ 1 1s ~ 
X.:\.::r c11:;t.<ftv:_'l.:t_o+Gm d\x~v-(3.4) 

lr-r'I '( h·-r'l 

::: G M 0 + G- \ ? "'(:;1. ') J..\ I 

r ) \ .,._.r•l ' 

f~(x) c JWl1~Cx 1 v}J.3.x = J> ~x"f' ( ~'fJ 

10 

(-4; = ex~ [- (o<+-1)1 = C<\\>st' 

~=A(';)"!?.' 
l-' = ~ KT 

r =jt x,i' . 
L:I 

From (3.4), (3.5) for 'f (x) we have 

~ ~ ()() = _ 4nG- fv\ 0 ~?>Cx )-4"Tr G :E> ex['(~ 'P Cx)) / 

4.'f CJ<.)= D 
I \" > re' 

where 'f (x) is continuous at r = \"e with its derivative. 

(3.5) 

I"< re j 

(3.6) 

According to Antonov 's theorem the system has spherical syrrmetry at an 

equilibrium state, therefore Eq.(3,6) can be replaced by 

where 

If 

:hen 

~ ~ ( r~ ol'f>) = -4trGM0 ~C\')- 4irGBQxf(~-p(y~, r..:re; 
y-i J.r .,ty 

'f(r'J-::. G-Mo G-M 
-+ - (M::.N"'\ 

(3.7) 
\".,.re; 

'f (y) ..l.~ 
.. .,I.\' 

r '( 

are continuous at r.,, re . 

'f(\')::. G-1-\o + '\-' (r!, 
r 

'\' ( YJ is the solution of the follawino equation: 

-\ J ( 'I. ol'f \ " /. G- i> ( ~ G-Mo !>\ 
~ .,(y v- :;;ry ) :: - '-l'lt .D Q..)\~ ) t + y 1) ) 

"\' (y-) = ~ 
r \" :> \'"I? J 

11 
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where 'f ( r) J. f 
} .,(y are continuous at r =re 

Introducinq the followino notations ( 'f (o) is assumed finite) 

v =- ~ Ct-tJ, _ 
Yz_ y 

\<- = L Lm C. ~], ~xf ( ~ 't-lo))) r:: ( 4irG-f0 ~'fr 1 
... , 

r-: (LiTrG-fo~J t re) 

r:: M.,/M / 1"' \xM~/re 1 

Eq.(3.8) can be rewritten in a form 

J. 7.,.J 
.). "'R.1. + 

z J.v I ,..:e\ 
~ -"~ + e"flv-+ r~ 'Rj =G J 

v Co I 

So far as at 

'1--tv-1 = 

J v \ -;::Q. 

= .,,(R R= o 

\"" ';> \"12 

GM 
r 

we have from Eq. (3.9) 

and 

J.t 
~ ..... 

"' e J v(~·) ---
f' \" ,A f:. e 

= 

.J.+ G-M 
.j y = - yt 

(3.9) 

(3.10) 

From the con ti nu1ty of the solution at the boundary \" = re ( 1<.. = i-), 

1t follows that 

J.+(r-)\ -::o-

~ y 'r:Ye 

whence 

,...., 

~ = 

GM 
'(: 7. 

e 

1.Jv(f1.)\ =-~~vi(~), 
7 .AR \R=~ ~ v-e 

~=-~v'(-e). 
\'"<;_> 

, 2 

(3 .11) 

Fina11v. using Eq.(3.11) one can oresent Eo.(3.10) in a form 

d
1
v '2. Jv [ 

.A'Ri. -+ 'R ol.R + ~x~ v - f ~tv'C~)1==0 ' 

J.v \ v(o)=- -0 n< 
o\f:_ - I l.l -

'F-::. I) 

(3.12) 
~ ~-2-. 

4. Calculation Procedure. 

As distrinct from elementary theory of catastrophe (some results are 

briefly described in Sect . 2), in our problem one should minimize a functional 

depending on a function and parameter rather than a function of a variable 

and parameter. That functional - free energy F' depends on distribution 

function i- and~ : t=({C.) 11) . Asit1sseenfrom(3.3), 

~ (.) is determined via v (.) . However we are interested only in 

spherically synmetric systems which can be described not by whole function 

V (.) , but only by 1ts value on the boundary e . Thus our functional 

transforms into a ; ;,-,;;:,~;: function which depends on U (~):: - " ( e) and 1 
t= C tC.),1)-.. F= (v(.I,~)- F c~,~I. 

Consider U as a generalized coordinate for spherically synmetr1c 

system. From Eq.(3.11) we have V 1 (~)<0 • i.e. v(-e) is a monotoncusly 

decreasing function of ?: . So lonq as v(o)"' 0 , then v(~ J-'0 

forall r-::>O Thus, V ( 't-) 1s a negative monotonously decreasino 

function of ~ at e ;> () 

We have to solve Equation (3.12) fn order to answer the followinq question: 

at what temperature of hard thermostat (for fixed U ) the system is in an 

equ111brfum state, 1.e. b' F =a , when the number of •tars is constant. 
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I:_ 

In other words we are interested in parametric curve ~ =} (~) 
1 

u:. \I(~) 
on the plane(~, u) with a parameter r . Knowfnci thfs curve one can 

answer the above quest1on. So far as V(r:) a monotone function, a 

single value of V corresponds to fixed e , and therefore the function 

f =} ( v) fs defined uniquely. 

In order to find the curve ~=~(ti 
1 

"::. v ( ~) , one has to solve 

Eq.(3.12) for given e . However, as 1s seen from Eq.(3.12), ft fs fmoossfble 

to integrate ft directly, because the value of v'(~) fs needed as well. 

Meanwhile we solve {3.12) to find just the V1 ('l:") ( 1 =- ev'(~!). 

In order to escape from thfs prfncfpal difficulty we shall act as follows. 

Instead of Eq.(3.12) let us solve the following equation: 

J.'Lv '2. Jv l ~1.). J - + - - + ~x t> \I+ ~ '"b -= () 
~~z R JR I I ~ ' {4.1} 

V(l)) = v'(o) =0 I \) ~R~i-, 

where ';\ 

and I\ 
fs a positive constant, r fs ffxed. Solving ft for given ~ 

we have 

V(Q 

v'("R)::: 

and on the boundary ~ 

(~;~,Ii), 
, .. o~}(~; ~ ~) --=--_L_-L--- 1 'O,., 

vet-!= ~.C'R ;~,~), 

'J'(~):: ""d<a(~~, = 'nf-e). 
rci"R 

""R::~ 
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(4.2) 

(4.3) 

The necessary condition for (~.2) to be a solution of Eq.(3. 

v'(~)= A "> 0 (therefore we consider posftfve ?. only). 

For /i we have the following equation 

h(~ 1 AJ+).::O. 

Jetermfnfng A-::. )..( ~) from thfs equation one can obtain 

~ (~):: - rv' (tt).:: - 2 li ( i!, ;\(-~)), 

v(~)::: ~Ce, A(~)). 

is 

(4.4) 

Thus the problem reduces to solving Eqs {4.1) and (4.4), which is oossfble 

only numerically. The calculations show that these eouatfons or Eq.(3.12) are 

mathematically incorrect [161 , f .e. the solution V (R) strongly depends 

on initial data. 

Using the known properties of V ( ~) (monotony, neqatfvitv) and definite· 

ness of ~ with respect to v , according to the methods of solutions 

of incorrect equations ft is possible to obtain correct points. The corres­

ponding solutior are stable wfth respect to the fncreasino of accuracy of 

computer sfnlllatfons. 

5. Catastrophes fn Stellar Systems. 

First, let us discuss the curve obtained by Lynden-Bell and Wood [1J 
for p :: 0 (Fig. la). The potenti;l 

0

funct1on,._..1= ( 1..1, 1) has qualftatfvel.v 

different behaviour for different values of ~ (temperatures of thermostat). 

Consider now the behaviour of the function \:= from the point of view 

uf catastrophe> theory. 1hat function depends on a variable \.\ and single 

p~.-ameter 'f . On ( f 1 -'1 ) plane the curve f (-v)15 a projection of 

x'remal p~nts of function F . Projecting th~ curve t "'1 (-v} onto 

ax1s ~ , one has a catastropht' of a fold type (2.5). From Lynden-Bell's 

and Wood'~ results 1t follows that infinitely 1arqe numhPr of separatrices 
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exist (Fig.lb). 

Using the conjugation theorem Katz had investiQated the stability points 

in the sequence of folds on equilibrium t r ;ectory [21,22,17 ,18} • Particular­

ly he had shown that the system with 1"°'1 \} • const with increasino U 

loses stability in the vici nity of the f irst fold ~ ... " ~ 1 u.,..,.x ) , and 

restabil izat ion does not subsequently take place . Thus , at ~ ~ ~ ... a.x and/or 

u -;. u °"" "i< there cannot occur any equilibrium state. 

If assumfng si11RJltaneously that the system preserves the snher ical svm­

metry, one can see that it will collapse catastrophical l y. This is the so­

cal.led "gravothermal catastrophe". It is remarkable that here the term 

"catastrophe" can be understood both in the sense of catastrophe theory 

(Sect. 2) and in the physical sense. 

What will happen with this catastrophe if the system contains centra1 

point ma ss? 
ll -3 As our calculations have shown, when 
1 

~ 10 the curve hardlv differs 

from that of ~ ~ O (Fig.la); however it begins to chanoe sionificantly 

as p increases. 

Series of curves corresponding to different values of ~ fs shown fn 

Fig .2. One t n see tha t the fold catastrophe occurs at every mass value , 

so that i decreases for higher µ (Fi9.3 ). It means t ha t the system 
J ""' t; 1t J 

with centra l mas s is less stabl e. i .e. to have i t stable one shoul d heat 

the thermostat to higher tt ~ratures (for equal stella r masses , etc.) . 

From Fig.4 and the resu·, 1s of (18,21,22J it fo ll ows t hat sys t P:'IS with 

central mass are stable only when their contrast of densities *) is suffi­

ciently less than the correspondi ng val ues of syst2ms without central ma ss . 

In other words , t he consi dered svste"ls must be s1qnl f1cant ly more homoriene-

ous. 
~------

More precisely, U is ~I\ ~o + r'r J 

p 16 

rather than ~"' ~0 
f 

In spite of the f act that our problem depends on two parameters ( ~I r ), 
catastrophe of a "cusp" type does not occur, as ft could be for two-oaramet­

rfc potential (see Sect. 2) . 

6. Conc lusion . 

In the present paper we investigated the stabili ty of stellar systems 

containing central massive poi nt- li ke body. Dur ing the study we used methods 

and some resu l ts of the catastrophe theory. 

It is shown that the gravothermal catast rophe being an Ai -"fold" type 

catastrophe not only occurs for systems wi th cent ral ma ss, but becomes 

substantially more "destroying". First, t he ca tast rophe occurs at hfoher tem­

peratures than for usual isotherma l sphere. Second, whi ch fs more important, 

ft begins at sufficiently lesser values of density contrast, i.e. at equflfb­

rfum states these systems are to be more homogeneous. At first sf oht, this 

result seems to be somewhat unexpected, so far as according to widely adooted 

ideas a massive object situated at the centre of a stellar system l!llst cause 

an additional density cusp*) (see, e.g. [20} ). Just this effect is the 

basis of hypotheses on exi5tence of massive black holes in some globular 

clusters (e.g. M 15) and galaxies (e.g. M 87), demonstratfnq additional central 

luminosity spikes. 

Meanwhile our result is physically quite natural. Indeed, if the cata-

* strophe in a system without a central mass occurs, say, at f o , and the 

existence of a mass Mo leads to an effective increase of central density 

in a physically small volume V ( \" ~ r 0 i r-0 << ~ J : f: + ~ • then 

the system becomes uns table when ?"' _.. Mo rv o"' , i.e. o,..., < p* 
o V Jo Jo lo 

Note that the larger is f'.\o , the stronger is this inequality. In other words , 
_*) _____ _ 

This ls connected with acculll.llation of stars on finite orb i ts around 
t he central object. 
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the stability of the system with a central mass requires comoensatfon of 

certain part of central density ("negative density cuso") *). 

It is worth to emphasize once more that the fold catastrophe does not 

turn to a cusp when a new control parameter !the central mass) aooears, 

as ft could in general take place. 

In conclusion we note that the investigation of the problem in its 

simplest form in the manner of Antonov, Lynden-Bell and Wood, is.conditioned 

by a belief, which is realized relatively recently (see Llg1 ) and is 

neglected in a number of studies: the accounting of as many as oossfble 

different effects not always makes the model more realistic. 

The present investigation fs stimulated by the splendid book of 

'I'. I.Arnold [111 
The authors are sincerely grateful to V.A.Ambartzumian, V.A.Antonov, 

G.A.Gurzadyan, R.L.Mkrtchyan and A.G.Sedrakyan for the fruitful discussions, 

and to A.M.Fridman who kindly called our attention to the paper of Lindblad. 

J3 
2,4 
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2. 4 6 8 10 12 14 16 
u 

a 
fig.l. a} Dependence OT temperature parameter f on relative 
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