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1. Statement of the Problem. 

The investigation of the dynamics of the stellar systems cont~inino 

massive central body has become of particular urqency durinq the last decade. 

This is conditioned, on the one hand by some recently received unusual ob­

servational data (X-ray sources in qlobular clusters, anomalous briohtness 

spike in the centre of some clusters and qalaxies, etc.), on the othef· hand 

by the development of theoretical representations on formation and evolution 

of massive black holes in the Universe. Beo1nn1no ~1th the pioneer works of 

Lynden-Bell, Peebles, Hills and others, a great prooress is achieved in this 

field; e.g. Shapiro ll61 had noticed that a massive central object can 

essen; 4ally affect the evolution of the system in certain cases even haltino 

its collapse . 

In the present paper, an attempt is made to study th!' Pvolution of such 

a system from the viewpoint of the theory of dynamical systems. As distinct 

from Refs [1-4] , where by similar methods the stellar s_ystems as Hamiltonian 

dynamical systems were studied. here we shall consider ooen non-conservative 

systems for which the Liouville theorem on ohase volume conservation is not 

fulfilled. 
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While in Ref. ls] we dealt w1Ln the stability of this system, our oresent 

aim consists 1n studying the evolutionary equations, i.e. those detennininq 

time variation for the basic physical parameters of the stable system. 

Naturally, these equations will be derived in certain simolifications and 

generalizing assumptions. We believe that some rather qeneral features of 

real systems can be revealed here. 

We consider a spherically symmetric system with nonconserved total number 

of particles (stars}. Here we take into account the followino main orocesses 

leading to a decrease of this number: evaporation of hioh-enerov stars from 

the system [6] and capture of stars by the massive object, more orecisely, 

their tidal disruption in the Roche lobe [11 . Simultaneously, for comnlete-

ness. we involved in our consideration possible orocesses of the system 

replenishment with stars. A suporession of the stochastic effects in the 

massive body dynamics is assumed [a] . 
During the analysis of the problem we essentially use the methods deve­

loped in the theory of dynamical systems, in particular, of dissioative 

systems, as well a~ in the catastrophe theory. The problem is reduced to the 

study of a two-dimensional dissipative system which turned out rather rich 

in its diverse manifestations as a simple attractor. Thus. the oresence of 

stable and unstable singular points (nodes, focuses) as well as stable anrl 

unstable limit cycles is shown. Subcritical and supercritical Hoof bifurcat­

ions with a separatrix correspondinQ to a symnetr1cal 1\iS -"butterfly" type 

catastrophe (by Thom's classification} can occur. 

Already the results of our, of course, simplified analvsis point out the 

large diversity in paths of evolution of the considered systems versus the 

?rescribed physical parameters. 
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2. Derivation of Basic Equations. 

Let we have a spherically symmetric system of N oravitating particles 

of equal mass l'tl with a massive point-like centre of a mass ~ >> ~ 

So long as the evolutionary time scales conditioned by evaporation and star 

capture exceed lllJCh the relaxation time scale of the systems we are interested 

in, the virial theorem can be applied to the latters. Then the system's total 

energy can be determined from the relation [6J 

c:: - ~ G N
2

m
1 

4 -­""R 

where R is the system's characteristic radius. 

(2.1) 

The rate of variation of total number of stars of the system can be ore-

sented as follows: 

N ::: Ne." - i= + J (2.2) 

where 

N'"" =-o...N (U) 

is the stellar evaporation rate [6] ( o... is the part of stars leaving the 

system during the relaxation time). The flux of stars into the Roche lobe of 

the massive object (the contribution of finite stars beino neolected) is[7] 

-1 
~-=~'R (2.4) 

It is known also that not all . stars from the flux (2.4) will be destroyed, 

i.e. vanish from the system; a'certain part of perturbed stars can return to 

the system .(see, e.g. (9,10] ). This effect of stars' arrival back is deter­

mined mainly by the kinetics of tidal disruption, i.e. by the internal struc­

ture of stars rather than by the system parameters. The contribution of 

possible star-formation processes can also be subscribed to the last term 
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in (2.2). 

Differentiating (2.1) with respect to time we arrive at the following 

equation 
~ - H-(2.- ~ !Y_\ 
'"R - N i: f.J}' (2.5) 

in which the energy flux due to the stars' loss E can be presented in the 

form (for details see (16,11) ): 
t ~Q 
t=:" ::.--'Z.- + c. / (2.fi) 

c:- N . 

where the constant C corresponds to term J in (2.2). 

Hence the problem is reduced to investiqation of a system of two nonlinea~ 

equations determining variation of system's basic parameters - the radius 

and tota 1 number of stars: 
. e n 
N=-o-N-~+cA., 

i :: - 2o.. - 3.i + 2J + 
"R ~N N 

3. Two-Dimensional DissipativP Systems. 

~~ 
~-c. (?.7) 

First, let us summarize some notions from the theory of dynamical system 

and catastrophe theory to be used in the further analysis. The detailed 

description of these concepts can be found in the books (12-1s1 . 

Consider a two-dimensional system described by the followino differential 

equations: 
d.1' - \>(x,'jJ, 
c:il.t -

('.U) .,l 'J 
Q C,c, ~) J "'Ji = 

6 

where '?Cx,'jJ and Q(x,;) are smooth functions. 

According to the Liouville theorem, the element of phase volume of tne 

Hamiltonian system is conserved. One can show that in oeneral thP variation 

rate of the elementary volume Ll rt; (x, ~ J at the point ( >< / 'j ) is 

/\(Y.,'jJ: 1 ~ [A~C.X1::J)]: 'C)\> + '()Q 
~'t (x,'j) .,(;: <"-;) x <"(> ~ 

The system is called dissipative if f\ (x,'j) is not equal to zero 1den­

t1cally. 

Assume that there exists a region S2. whence no trajectories of the 

system (3.1) come out and where /\ (x,'j) < 0 . Then stable stationary 

motion on S2. must take place in a region of lesser dimension. Such mani ­

folds are called attractors . 

For a limited two-dimensional flux, accordino to the Poincare-Bendickson 

theorem , only two types of attractors are possible: 

1. stable immobile points (stable focuses); 

2. limit cycles. 

The Dulak-Bendickson criterion points out when the system has no limit 

cycles. If in some region M there exists such a smooth ~ (Y.1'jJ =t= 0 

function that 
<() ( ~'?) 
-+ '<> ')( 

()(~Q) 

'O d 
')- () I (3 .2) 

then the system in this region has ·no lim1t cycles. Indeed, on limit cycle 

\ °P.,t~ - Q.J.x :D 1 

e 
while by the Stocke~ theorem and from (3.2) 
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( (' r'()(n>) -O(FQJ1 • I o = lj' t:-1> ol'j - \:= Q ~ x = ) L :;-;--- -1- '<> '1 ~" ci1. j ;> o, 
~ s 

hence the system has no limit cycles on fv\ and can have only attractors 

(simple) of the 1-st type, namely stable sinqular points. 

The b3sic point in the qualitative investiqation of dynamical svstem (3.ll 

is the study of singular points. equilibrium positions or rest points 

( X o 1 ~o ) on which P ( x .. 1 ';!0J = G (ic,. 1 ~1>) ~ 0 . Here important charac­

teristics are the eigenvalues determined from the linearized equations: 

or 

where 

"' • co 1' " 'O '\> (" 
C')( ::. - o'.)(. + - O'j I 

'())( '(> ~ 

"' ~Q " od-::. - ox 
<'"")" 

~Q ~X / 
-1- r.:> ~ 

J ( t•) :;l{ ~'J = (:\ ( ~:) 1 

'() 'P 'd 1> -
A "" II 'C)" 

<"";)~ 

')Cl 'C>Q 
. ~J{ ') ~ 

Eigenvalues of matrix ri, are defined by the following equation: 

) 

<0? 
J. e-\:. ;;;-;- - l, 

'";)Q 

~)( 

~~ 
<U~ 

r;:>Q 

~::! 

8 

- z, 
== a . 

(3.3) 

(3.4) 

Eigenvalues L,'1 z do not vary at any regular (at ( Xo, ~ .. ) ooint) excnan9e 
I 

of coordinates x, ::l • The singular point ( x .. , 'j
0 

) fs called non-

degenerate if 1<~ Z., 1 * 0 • i. " 1,2. The behaviour of trajectories of 

the system (3.1) in a small vicinity of non-deqenerate point is qualitativelv 

equivalent to the behaviour of trajectories of its linear oart (3.3). 

Let us briefly give the classification of the singular Points. If the 

eigenvalues Z, 1 1 l., t are real and of the same sign, then the sinoular Point 

is a node (Fig.la). The non-degenerate node ( ~ 1 :i: ~z) is called attractive 

(stab 1 e) if ~ 1 1 
Z, t < 0 . The node is called repulsive (unstable) 1f 

Z, 1 , ~t,. 0 ; the relevant phase picture is obtained from Fi11.la by 

reversal of time. At 2, 
1
,.z i-= 2, one has a degenerate node. At l, ,. 0 the 

node is unstable, at l, < 0 - stable (Fiq. lb). 

In case the eigenvalues ~11 l, 1 are complex-con.fuoated, we have a 

focus. At l<Q l, ~ <0 this focus 1s attractive. The trajectories rotatior. 

direction is determined by the sign Tm(., 1 ,. 0 (Fio. lal. At \<.Q. Z, < ;.O 

the focus is repulsive with a direction corresoondinq to the time inversion. 

When the eigenvalues of some singular point are purely imaoinary: 

l<Q. ~. = 0 , then it fs a vortex (Ffo. ld). The vortex 1s structurally 

unstable, therefore a qualitative behaviour of the dvnamfcal system in its 

vicinity depends essentially on nonlinear terms. The vortex's distortion 

is convenient to consider in polar coordinates. Then the eouations of motion 

will have the form 

.\r 
o{-t ::: 

try-

""'~ A-\: = w =t: Cl 

( 1.51 

As ~ passes zero, a change of dynamical stability takes place. A qui.t~ 
general distortion of dynamical system (3.5) has the form: 
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Jx 
..{t 

J.~ 
..ll 

~ r + A ""~ + 1. ""s- + 

(3.6) 

-=: w . 

For one-parametrical family of dynamical systems the {3.6) can be re­

tritten in the form: 

~ Jr )\ r- ± 'r" ' ""t -
(3.7) 

ol~ - w. :;it -

In such a system the dependence <.;}(-\;) is trivial: ~Ct)=~0 +w-l: 
Consider now the stationary ~alues of 

system (3.7) in the case 

t' for the given dynamical 

or 

where 

Jy - 'Ar - \""?. 
..tt -

J..y­

.A-\: 
~\JCr,t.), 

"' - .,ly 

\J ( r, >.) fl. Yi_ y-4 
-- + -

2 4 
(3.8) 

A qualitative behaviour of the families of functions depending on several 

parameters is studied in the catastrophe theory. In this theory a potential 

of the {3.8) form is called an A+ catastrophe {symmetrical) of a "cusp" 
. -3. 

type. In the parameters' space {in the qiven (3.7), (3.8) cases it · is a line) 

there exist surfaces (lines, points) of lesser dimension, called separatrices, 

10 

which divide the space into separate reoions. Functions in one and the same 

region have similar qualitative behaviour (equal number of minima, maxima). 

On the separatrices the functions have non-Morse critical Points, i.e . 

\/
1
(x)"' V

11
Cx) = 0 . 

Let us determine the separatrix of the families 

~ y (\-I ;.\ J : - >, '(' + '(':!> "" Q I 
J.y 
.,!.'!. 
o( ""1. V ( r, t. ') ,,, _ I\ + 3 r '!. :: 0 

(3.9) 

The system (3.9) has a unique solution A= 0 , '<"-= 0 . The separatrix 

of the parameter space I\ consists of a point i\:: 0 . One can readily 

see that at /i < 0 the function V ( r, :1 J has one minimum, while at 

I\ '?0 two minima and one maximum {Fig.2a). 

For the system (3 .7)' (3 .8) this means that at A<. a there exists a 

stable point ( \"' = (\ ) , while at i\ "? 0 this point is unstable and a 

stable limit cycle occurs. This implies that as /\ passes throuoh zero the 

stable focus becomes unstable forminq around it a stable limit cycle with a 

radius '( = -0\ . This phenomenon is known as supercritical Hopf bifur­

:ation. 

For the system (3.7) at 

\/ Cr 1 :X/ = -
'>. r i. 
z 

'<'"'I 

4 

the point '< = 0 is stable at A< Q and unstable at A 7 0 • When 

A~ 0 , there exists an unstable limit cycle with a radius 'f" = µ , 
(Fig.2b), and one has a subcritical Hopf bifurcation (or inverse Hopf bifur-

cation). 

When a dynamical system depends on two independent Parameters. the (3.~) 

in the general case has a form: 
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Jr 

""'" =. 

i\ r + '2 r '(-?> ± rs, 

.A~ - w. 

..<-t -

(3.10) 

Analogously we shall find separatr1ces in ( ?\
1 
r ) plane . It can be easily 

shown that the separatrices have the fornr shown in Fiq.3a at VC'rj ~ 1 r) • 
';>.\':1. I<'"" '(""6 

= - 2 -y -+ 6 . According to Thom's classification , this catastroohe 

is symmetrical of !).+ s "butterfly" type. In this case the bifurcation deoends 

on the path in the parameters space. 

Let us consider three typical paths l , 2, 3 (Fiq.3b). Obviously, path 1 

corresponds to supercritical Hopf bifurcation. On oath 2 /'. remains constant 

and one stable and one unstable cycles are fornred. On path 3 just like on 

path 2 two cycles are fornred, but the inner cycle vanishes while traversino 

through the separatrix. 

In case when 
?. '2. '< 

v c ""i >- , r1 = - ___! - .t..!-
2 ~ 

~6 

6 

a qualitatively analogous picture arises. only the stable points (cycles) 

turn into unstable ones and vice versa. 

4. Qualitative Analysis of Dissipative Stellar System. 

Let us rewrite the obtained in Sect. 2 system of ~Quations (2.7) in the 

following fornr: 
• 0. 
N::-e1. 1 N-; +°'-!. 

• \"D 2ct.'t 2o.. 0.. °R= _(2a.1+cts1l"-- -N +-lR+~""R. 
N N'J. 

(4.1) 
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where a..i.?0, L =1, . •• ,5 and °R-:;.0 

Making in (4.1) exchange of variables 

. N > o . 

N-: °'-:!> Q 
x I<. t \ ~+ '2.l< 

-\:. :a.1-t * I "'_i Q 
Cl1 C\~ 

I 

we shall have 

_3x -':l -)( 

')(. = --1 - ~ + e , 

. -2x .e 2 I 'j -=. ~1e -
where 

e1 = G\1 C\11 ~ - "-s 
G\ '2. 

I 2.- -

3 C:..1 

I 
(4.2} 

(4.3) 

Thus we have obtained a system of equations depending on two parameters 

fS 1 , ~2. • Note that the initial system (4.1} deoends on five parameters; 

as follows from (4.2), three parameters are used in normalization of N , 
R and t. . 

One can readily see that the system (4.3} has a unioue sincular ooint. 

From ~ = -j:: Q conditions we obtain 

Xo = ~ ~~ ~ 
ei 

= - ~. [ ~·, ( i - ~ )] ' 

(4.4) 

'jo 

provided that 1 -\ ~? G • We shall deal with these parameters onl .v. 

Consider now the system's behaviour near the sinqular point (4.4). 

Linearizing Eqs (4.3} in the vicinit.v of the point ( Xo, ~o } and inserting 

notations 

13 



°r ~ ~ 1 = e:;--~>-2 

1':: ~ ~t ( ~ -1- ~) 
we obtain 

~~ = z,_~x + (cr-1- ~)h'~, 

~ j :: - 1> (4.5) ~x 
1 q..-1- ~ 

or 

J ( Bx J ( ~x ) 
ot-1: s~ " A ~~ 

where 

(\ ; II 
2<t '\-+ ~ 2 

1> --.. ~ 
'\-+ .1. 

'2 

Efgenva lues of {\ are: 

c., 1, 2 ::: ~ ± W=p : '} .± .fl) . (4.6) 

The phase pictures versus parameters '\- and f 
Ffg.4. have the form shown fn 

One can see from Ffg. 4 that at ~ > 0 the sfnoular pofnt fs unstable, 

at D > a ft fs a reputs1ve node, at D:::. o a degenerate reouts1ve 
node, at D < ll 
take place, 

Here an 

·~_vcles. 

a repulsive focus. At 't < 0 the same phase pictures 

only in this case the singular point is attractive. 

important ques\fon arises whether the qfven system has lfmit 
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One can see from (4.1) that 

/\ (N11<..I == C:>N + C:>R =-3Q.1-a.s+ 2.0..3 + °'" 
'?JN 'dR N N2 

If N1 fs a positive solution of equation /\ (N1 'R)-== 0 (ft fs easy to 

be convinced that there always exists a unique positive solution), then 

f\ > 0 at N < N1 , while /\ < 0 at N > N1 . Then from the cited fn 

Sect. 3 Dulak-Bendickson criterion, ft follows that no limit cycles exist 1~ 

the regions N"' N1 C f::::1}, N..., N1 ( \::: ""- 1) . Hence, ff the lfrnft 

cycles really exist, they must intersect the line N:: N'I . 
Let us now see what will happen with the system near the sfnoular point 

when parameter C\'- goes through zero. So far as the system (4.3) denends on 

two parameters, then according to Sect. 3, near the sinoular oofnt the system 

can be transformed into the system (3.10). From the analysis of system (3.10). 

i.e. the symmetrical Ci.+ - "butterfly" type catastrophe ft follows that for 
-!> 

the system (3.1) there exist parameters at which ft has no limit cycles. has 

a single limit cycle (stable ff the singular point is unstable (Ffo.Sa) and 

vice versa (Fig.Sb)) or has two limit cycles (Fiq.5c,d). 

5. Conclusion. 

The present paper deals with the evolution of a spherically symmetrical 

stellar system containing a central massive body. The problem fs reduced to 

the analysis of two-dimensional nonconservative dynamical system. From the 

theory of dissipative dynamical systems, particularly from the Poincare-Ben· 

jickson theorem follows the impossibility of chaotic motion for two-dimen­

sional systems. Hence the problem fs reduced to the study of a simple 

attractor, 1.e. to the problem on the existence and stability of sinoular 

points, limit cvc1Ps as well as bifurcations. It turned out t~at versus the 
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the free parameters the system may have a structurally stable unioue sinoular 

point (4.4) which may be either dynamically stable or unstable includinq 

repulsive (attractiv~) node and focus. It is shown that versus the oarameters 

the system (2.7) may '. possess two limit cycles, one limit cycle or none of 

them. In particular, 'versus the path (see Fiq.4) in space, a suoercr1t1cal 

and subcritical Hopf bifurcations can be realized. The resultino seoaratrix 

corresponds to the symmetr1ca 1 catastrophe of ~± 5
11 butterfly" tyoe. 

The reduction of the problem to the two-dimens~onal dynamical system was 

justified by the fact that as mentioned in Sect. 2. the characteristic evo­

lutionary time scales exceed much the relaxation time scale of the real 

systems. Analogously, the variation of the system's other parameters, such as, 

e.g. the central mass, mean stellar concentration entering the expression for 
• "''3 '1/2. "D - '\ 

the star tidal disruption rate ( N ex M ~ I'. ) , accord1nq to 

the results of a number of investiqations (see, e.q. (1D and the oaoers 

cited therein), is extremely weak in a wide ranqe of oarameters as comoared 

to variation of radius R or star number N 
The results of our analysis demonstrate the power of dynamical methods 

for determination of evolutionary paths of the stellar systems versus the 

physical parameters. The detailed studies are surely needed in future . 

The authors are grateful to V.A.Ambartzumian, S.G.Matinyan, R.L.Mkrtchyan, 

G.K.Savvidy and·A.G.Sedrakyan for the useful discussions. 
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Fig.I. Classification of singular points: a) node: b) deoenerate node: 

c) focus; d) vortex. 
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Fig. 2. Behaviour of function V Cr 
1 

;.\) 

and the separatr1x A= 0 . 
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Fig . 5. Presence of cycles at various parameters of the system (3.1). 
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F1g.4. Phase picture of system (3.1) and character of sinaular ooints . 
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