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The relativistic strophotron FEL is the system in which 

electrons move along the parabolic one dimensional potential 

trough, whose vector potential is given by 

Az: = ~x2/2 ( 1 ) 

where x is one of the transverse coordinates,;} is the magneti( 

field gradient. The wave amplified is assumed to propagate 

along the axis of the trough (Z-axis). The classical equations 

Jf electron motion can be reduced to the form 
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where Eo110x and u) are the electric field strength and fre -

quency of ~he wave, c = 1, -e is the electron charge, 

lf=wlt-~), w- 5-eo 
-~ (5) 

J 
is the time-dependent electron energy, the index "0" in-

dicatee the initial value of all the variables at the time t=to 

when the electron enters the system, 

fl = ( ~ e It ) 1/2 c G) 
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is the frequency of strophotron oscillations [1 J . 
The terms in brackets of Eq.(4) determine either small 

corrections to the frequency ..(2(6) or a small anharmonicity 

of oscillations. Here these small corrections will be ignored, 

and all the mentioned terms in Eq.(4) will be dropped out. In 

this (harmonic) a pproximation the field-free (Eo = 0) solution 

of Eq.(4) is given by X(o).:::Q0 c.o5[J2(-t-~)+G0 ] > where 

Q 0 :::; (x;+ x;/..J22 )V2 is the field-free amplitude of stropho­

tron oscillations, 80 =Qtct~<:1../x0 S2J X0 -=X(t=t.)Jx
0

-:::cX.;o(,:=D(x 

is the angle in the plane (X,Z) under which the electron entere 

the system. The first corrections to X(o)(t) (<.1)£
0

) have 

be en found in Ref.~]and in this approximation X(t) can be writ­

ten in the form 

x ( t) = a. (·c) er. $ ~Jl(t-to) + e (t) J (7) 

vhere Qlt) and 9ll) are some slowly varying functions(amplitude 

and phase) 

I 0./Q l ' le! <: .c: n (8) 

We will assume that in the general case the expression 

(7) for X(t) and the condition (8) hold for any values of Eo . 

This assumption about slow variations of alt) and 9 (t) is justi­

fied if 

l w\ <'.'.<- i , QS2.<:< 'i (9) 

i.e. if the total change of electi·on energy is small in compa.:... 

risen with t, 
0 

and if the amplitude v f oscillations "a" is 

small in comparison with their period along the Z-axis /\c==2~J2. 
The latter condition means in particular that I·~ I~"'- l_ and 

de. Q<:<. i , where de is the diameter of the beam in the (x, z) 
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plane ( f >< 0 l~J~. We will assum.e also that ~= E.fn., >) 1 · Under 

these conditions Eq.2 give I 'f{i \<<i. Besides, it is pos -

sible to show that the change of amplitude dQ: Q(i)-Q
0 

is small 

in comparison with U 0 , j8a.\<<::Q 0 • The condition QQ<:<.1 (9) 

justifies also the mentioned above possibility to neglect all 

the terms in the square brackets of Eq.4. 

The relative emitted energy IX.I contains both fast and slow 

varying parts, \X/fast and W sl" The equations of motion (4) 

can be averaged over the period of fast oscillations 2'Ji J2-i 
to give equation for the slowly varying functions 

and dQ only. 
w al' e 

A procedure of separation of fast and slow motions does 

work well enough only near resonances. 

The strophotron FEL is characterized by it's resonance 

frequency 
_Q 

WrQ.S = ( 10) ~12-~ 2 + a; J2 2/Li 
Amplification can occur near odd harmonics of Wres , W::::::. 

-:::::: ( 2S+1) Writs , S =Q, 1,2;·· L1, 2 J . We will consider the case 

S"::>:>l assuming the detuning from the (2S+1)-st resonance 

( '- Q'l_Q2) 
.6s = W \. 2 02 + 4 - (2s+i) S2. 

is small I 6~ \ <'.:< _Q. 
Under these conditions the equations for 

Salt) can be found from Eqs (2), (3) and (4) 
Wse' G (-t.) 

Wsl eEo · ·_' Qo l 'Js(i)-Js+J 1) J Si.n lfJ 
2 C.o 

e ~ Ws~ J 
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( 11 ) 

and 

( 12) 

(13) 



dQ= e.'Eo ~Js(i)-Jsu(i)Jsltit+'> ( 14) 

where \IJ 81 is the slow varying part of \XI, ~=a: J2w/8_, 
'f> = wt0 +tis.Lt-t 0)- (2s+1)e +J. s.;.n2eo -

~ 2~2 ~ 
_ J22

wOo ~Sctd-\:. _ w(;~ 2+ Q~ ) ~""'.sQ.Jt 
2. *o -fo 

( 15) 

is the phase of the slow (resonance) motion of electron. The 

phase \.j.J is determined not only by the detuning !:;,. s and the 

phase e of the transverse electron coordinate x (-t) ( 7) but 

also by the change of amplitude of X(t) (7) <la(t) and by the 

change of electron energy w cb. 
Combining Eqs (12), (13) and (14) we find equation for the 

phase 'iJ (15), which can be written as the usual pendulum 

equation [3J • d21.\J 

d rt 2 

with the initial conditions 

Sl.n~ 

~ ( tt == 0 J == W t 0 7 ~ ~ ( ~ == 0 J = 
.6~ 

~rn ) 

( 16) 

( 17) 

where the dimensionless time (or the saturation parameter) rt- is 

given by 1/ 
<; Q.E 0 wJ2.Clo ( \. . Jl

2
q

2)f l'.l) J ( )]1 2 p. = (t-ta) l. 4~0 ~2 +- 4 L J.s d... - ~-t1.. ,1. { , <rn) 

!i~=E;-&rQ.<;,) G~s,is 

energy at which t. 5 = 0 

4 - "' /( 
\ 'rV\ == -~· -6YY'\ -

' J...) ' 

.6~ = Y-1-t 

that value of the initial electron 

( 10)' 
5 o(2-xi. 0::, 
- + c -~ 02. ----~ -- ) 

( 19) 

rhe emitted energy c:°%-:::&o~l is given either by l!:q (12) 

or by the following equivalent equation 

6 

2 5 ( ,...., J4-' ) 
w( ;2+ a;n2) D.s. - 6wi ~ ~ . 

0 4 -
.6~ == (20) 

In the weak-field approximation Eq.(16) solved by the iteration 

method to give results coinciding Hith the result of Refs. D.2J 

In the strong-field asymptotics ~~>i, t;'~:»l~Jthe phase\.\) 

obeying the pendulum equation and averaged over its initial 

value ~-::::: \{> (t.::::t
0

) and the energy ~ ~ emitted by a single 

electron are known analytically [3J. ,,,.., 
The strong-field characteristic detuning b"' determines 

the order of ~agnitude of the detuning Ds at which the emit­

ted energy D %, (Ds) achieves its maximum. The maximum emitted 

energy c.i max in the strong-field limit has the order of mag-

nitude ,...__ -· 
6 ~ma.x IV 6 ~ ( Ds,""' 2:m) (21) 

Hence as a whole the function .o~(L\~J in the strong-field 

asymptotics ~>>1 can be written as 

9, 2. f, ;;-..,, \ 2 . ( Jl)L L ( 6s. \ 
.66 = ( i Q'2.J2~) 1-.r:;::-;:-'~ S1.n f+4 j I 6 ) • (22) 

..• -+ 0 ~J~ ~ "" 02 -'1-

where FC\) is some dimensionless function, F(\)-= -F(-\), f{o)==O, 
having its maximum f= max"' 1 at S"'i. In the region \.::::< i, 
f(\)r;:::. ~ . For any I\\~ i, f can not be found and written 

down analytically and requires a numerical calculation L4]. 

Substituting Ws= (2S+1) <..0res (10) into .!:q.(21) we ob­

tain an estimate of officiency of HS F~L: 

fl')= 
t:.. ~vno.,X 

'{, 
,..., ~ 

N0 (2s.u) 
(23) 
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where N0 ::..52:l/21( =L/A. is the number of strophotron oscillations 
0 

along the length of the system L . When S=O the estimate 

(23) coincides with the results well known in the usual undula­

tor FEL L3J • When S becomes large, 't (23) decreases. 

One of the main conclusions of our previous papers [ 1, 2] 

consisted in a prediction of a very strong inhomogeneous broad­

ening connected with a distribution of electrons over the beam's 

cross section, The result has been derived earlier [1,2] in the 

weak-field approximation. But, as a matter of fact, this fea­

ture of the RS FEL is general enough to hold good for any field 

strength E0 • The reason of this inhomogeneous broadening is 

in a strong dependence of the resonance frequency c.Jres (10)or 

the initial transverse electron coordinate Xo(through the am­

plitude 0. 0 ), To take into account this inhomogeneous broaden­

ing in the strong field limit we must averagP. the emitted ener­

gy ~ (22) over Xo, 

The gain is proportional to the averaged resonance emitted 

energy<6.%» and has a form ~ ?:>/,. 8Jr: ~ _ 8(~h2Y12 [~(Js(l)-Js+i(l))] ~ 
G = E2" (.6 >re.c;, - d J2 E 5/1..j (1- + o12) (24) 0 e. I) a2 . 4 

• Fre~(LU)\ ~- ~ S~n(,t+~) ~ 7 ~ 
where N" is the electron number density, F res ( LVJ is the form­

-factor of the resonance curve. 

As a function of Eo the nonlinear ~ain (~4) falls J0wn as 

E-5/4 
0 

(in contrast 'with the law E-3/2 in the usual undula­
o 

tor Fl!:L [31). 

R 

Discussion 

TakingW=Wmax = 3a~o<J2.J S=Srn1.n(w=Wmax)~~(O(d')3[1' 
for the saturation parameter /-(- ( 18) we obtair. 

!'l::: (~ ~foe(~ )i/2 i (25) 
g;r me 

A saturation occurs when t.l::> 2 or E ? E t where the 1- o,_ o~ 

saturation field strength is given by 

E _ "32 JT me --:-
oSA-t - ~ e S2 (o1-t)~ . 

Substituting here ~=104 0e/cm,L=3m,ct:::0,7 we find 
..,,v 

£ rvl6 ~m. 0 

(26) 

Thia estimate shows that the gain saturates at rather mode­

rate field Eo and hence the efficiency of the RS FEL is not too 

high. This result is not surprising because we have considered 

here an amplification at very high harmonics (s "-i0
2
). There 

is an evident way to increase the efficiency constructing a 

tapered RS FEL, i.e. a system with 3=~(r). 'lie hone to consider 

;his improvement in details later. 
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