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PROCESS CROSS SECTION TRANSVERSE

MOMENTUM DISTRIBUTION FOR HEAVY QUARKS

In QCD framework the influence of taking the тазэ of heavy-

quarks into account on the distribution over the value T

(thrust, the momentum of the most energetic parton) and on tran

sverse to T axis momentum X
A
 of each of two other partons

in the process e
+
e~-»-c^g , responsible for three-jet events

in e
 +
 e~ annihilation, is investigated. It is shown that

the account of quark mass has a considerable effect on theory-

predictions. This leads to significant widening of vari tion

range of X
x
 as compared with the massless case, to the snift

of this range towards small values of X
x
 and also to struc-

tures in curves describing the dependence of the cross sectior

d
a
6 / cLTdXj, on oCj, .
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it is known that the hadron production in Ŝ "e annihila-

tion at high energies is of a jet nature. According to modern

views primarily a quark-antiquark pair is formed which then

decays into hadrons flying in opposite directions in the form

of two jets. Hadrons in jets are experimentally found to have

a limitted transverse momentum of ~ 300 MeV/c relative to

jet axis independent of energy. That is why the jets will be

narrowed and become more distinct with increasing reaction

energy as the multiplicity of the produced hadrons grows only

logarithmically here.

Howeveri at rather high energies, in 6 б annihilation

events with large transverse momenta are observed, though, not

so frequently. They are due to bremsstrahlung of hard gluon in

the process 6
+
 e~ —*- ̂fyg . Gluon also fragments into hadrons,

and a planar three-jet event is experimentally observed as a

result. To describe the mentioned process in QCD and compare

theory with experiment, usually the so-called infrared-stable

variables are used. Among them is, in particular, the thrust

T [1,2] and transverse to T axis momentum OC^ [3] of

each of two other jets.

In Ref.[4] the differential over variables T and Х
х

jross section of the three-jet process e
 +
 e~ ~*~ <\%2 .has



been calculated in the first order of QCD, the mass of quark

being ignored. As at energies achieveable on modern storage

rings the mass of С and ё quarks and all the more, that of

t quark can appreciably change the results, in the present

work an analogous consideration with heavy quarks is made. Such

a generalization is not trivial but a complicated one.

The differential cross section of the process
 e + e
~"~*"̂ <jr§

with heavy quarks and non-polarized primary particles, after

summation over colours and integration over angles has the form

(see, e.g.» Refs[5-8]):

Ld
z
6

is

Here S i s the squared t o t a l energy of r e a c t i o n , q =

m and Gt are the mass and the charge of quark ( in the u n i t s

of e ) . Variables Xn=ZPn/Js and Xn-ZEn/Js determine the

dimeneionless momentum and dimensionless energy of П parton,

respect ive ly ( П = 1,2,3, accordingly for Oju, a ) , and r e l a t e

x^lг

Taking Xi^Xj ?x
K
 , let us determine variables, through which

the original cross section (1) must be expressed

T = max ( x , , хг, x3) - max (xL, xj, ccK) = 3Cj. ,

x
x
=ccj sin 6y = x

To pass on to these variables in the cross section (1),

let as devide the phase space into the regions [8]



In the region I at IO4 U Tg, I 3 varies in ше range

of 2{1-T')4X34 [(г-Т'^-^З/гСг-Г) and, for other values of

ТВ4Т<ТЯ _ in the range of 2(\-T')4, X3 < 2 (1-T'j/( 2-T-T'J , where

To =-2/3+4(1"3^/4)^/3 is the minimal value of T for a l l the

regions (3), Тл = (1-г1)Уг, Тв-1~(ЗфХиг1г/^) .

In the variables ( T, Xx ) the boundary X3=2(1"T') i£

determined by expression

2 1 - » 0 t t B J c f (4)

(curve 1 in Pig.1), the boundary #3 = [(2-T/jz-^J/2(2-T/) j.s

determined by

~ n т' а . ^ V? г)

4 4(Z-T'^J =
 x
x (5)

(curve 2 in Pig. 1), and on the boundary CC
3
 = Z(J-T')/(Z-T-T')

5C
X
= 0. The solid lines in Pig. 1 correspond to the value fj =

=0.1 which this parameter obtains, for instance, for % quark

at vfs 2: 30 GeV.

In contrast to the massless case when the transverse momen-

tum obtains its maximum and minimum values on the boundaries

of admissible phase space [4] , at taking the mass of quark

into account, X
A
 obtains its maximum value

2(f-T') QJ

(curve 3 in Pig.1) at X
3
 =

It is not difficult to check that at the fixed T the trans-

verse momentum obtains the maximum value (6) not for all T

but when

' ^ T [ ( 4 ) ( t ) ]
1 / 2

= r
K
. (7)



So, the phase space of region I in variables ( T, 3C
X
 )

is determined by

5?0 < T < T K , x™« 0Сх < ЭС А

1 ) ,

т
к
 $ т < т

в
 , «i°< x

L
* xf, x[

Z)
< x

x
 < x?

т
в
« т « т

д
 , xi'U x

x
*;xf, o« x

x
« xf.

The phase space shape strongly depends on the quark mass.

In themassless case for all three regions (3) it has the form

shown by dashed lines in Pig.1.

In the region Д the variation range of T is ' T
Q
 « T «

< T-g. In the interval TQ -S T ~? Т„ the range of permissible

values of X
3
 is [ ( 2~ T';

2
-q_~\j 2( 2~T') « JC

3
 < T , while in the

interval T
c
 « T % Tg it is [ (2-"П

г
~Ч,]/2(2-Т')«Х5<? Z(1-T'j/(

2
'
r
~^

T
n
 -. 2 (f-^p/( 2~ v/f̂) „ The lower boundary of the ^3 variation

.range in the variables ( 1 , Xj_ ) is determined by (?) (curve-

s' in Fig
o
1), the boundary :Г

3
 = '." - by

•,cj.z've 4)« At the other upper boundary X
L
= О на before. I

inaximiUii (t>) j.ii trie region {J is not achieved and tne trans-

verse ii:oment'iini obtains if.0 maiimua anu miciimini vuiues at ih<.

boundaries оГ the region.

00, t;ii" phase space in the region Ц is determined ov

• ! ' <

"0 "
'Г' «г

1

гп Т
в
 . 0

(n ;

arid is limit ted by t'ne curves 2 and 4 and the abscissa bet-

ween the points В and С (see Pig.1).

In the region Ш at the fixed T the function JC
x
(.r^)

t

obtains its maximum vaj.ue



(curve 5 in Fig.1) at the point ОС, = i~T/Z . As x\ now

varies in the range of \ - T/2$ 3C
t
'« j' when T

Q
 « T < 0?

c
 and

in the range of f- T/2 4 cr/« 1 - 1/2 + [ 1 -1\/( 1 - Т)]
1/г
 1/Z , when

T
c
 £ T ^ TQ , where Т

ц
 = 1-Г£ , then the maximum value (11)

is achieved at the lower boundary and the minimum value (9) or

0С^= 0, depending on T , is achieved at the upper boundaries

Xj= T' and xj = 1-T/Z + ti-tl/(1-T)]
VS
T/Z .respectively:

т
с

(5) к 11

bo, the phase space in the region Ж is limit ted by the

curves 4 and 5 and by the axis X^= 0 between the points

J and D (see l'ig.i).

Let us now come to variables T and X± in the cross sec-

tion (1). In the regions I and Л one has

+ PH-T')

;*а г

and in the region jj[ -

In virtue of the conservation laws, to the values Х
г
*

correspond X
3

+
 for the first two regions. It is not difficult

to see that always 0С
г

 >
 X

3
 , regardless of T and X± ,

while the condition X"£ > X £ 13 satisfied only when X x < X x .

That is why in the region I where according to (3) OCj > X3 ,

7



i s i i e c e y j a r y t c c o n s i d e r t o r . e ' с л е г ':tl'h Ьло й L i s t r i b u t L o r .
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t h e s e a r e t w o b r a n c h e s o f t h e SLU:;C i'i.i;i'; :.., o n , t r i e у '': тч :ш::с'-.\

t h e p o i n t ^ г = ^~Z. ( ^ 3 = 3 > .•.•!•;•-• г ^ Ц 1 - •..• , .vii : . с ; . , ;..

i l i z o d a t t h e v a l u e o f X x = CC^ . ,-.t n =• (.• t i i L u . . . ; . : L ^

m s i t i o i i p o i n t b e t w e e n t h e r e , ; - i c n . c : I ar:-i I t • .V!. ' : i r e r / - ' . 1 ' :

t h e qi.u-.rk r:"ifi.(:"-j o u c h t r a n s i t i o n , r . ' ! ' ; i c n r :ho ' ; . i •,; : . : i k e p i a c r . ' .t

jJornialii;ijiJj the crcus :;ection (1) to the total cro^:; section

of the proceur; e
 +
 e" -*•}**}* , 'inc. taki.n

c
; ir.to

• iccount the reckons obtp.inea from (3) by substitutions X^-^^-Xi,

txie differential cross section for the recion.v I urn; IE -vill

have the form

J ^ 6 ^
6^ dTdoc

x'or the region X

СЗСз) describing the distribution for the values

J'
K
 ̂  T « T^ , X^ € X±« x[3), (16)

^X) - for the v.-iiu-?3

Г
к
 ̂  Г « Г;, , xf'« ac

x
 <: x ™

 f
 (17)

т
в
 <; г ̂ t

1
^ , 0 « x

x
 * x±

3)
.

In the region I , where according to (3) 0C
3
 ^ X

2
 , in

virtue of the above suiu one has

or all uumissible values (10).

8



12)

Thus, some events with X
±
 > X

L
 being described by the

function о(Т'х
г7
X

3
j as well as all the events described by the

function P(T,X2
+

;
X

3
) refer to the region Г . In consequence,

the cross section in the region R breaks at X
x
 - cc

x
 and

the cross section in the region I makes a jump, shown by a

dashed line in Fig.2. If at 1 ^ 0 the function f(T', х'г~, &з)

describes only events in the region I , then the curves I

and Ж in Pig.2 would intersect at the point Xj_ - 3Cj. (rj)

as it is in the case of f[ = 0.

The differential cross section in the region Ж has the

form

where

for all the values of (12).

On the boundary Xj = X3 = T of the regions Ж and Ж ,

corresponding to CC
X
 = CC^

4)
 , j3 (T^ X

f
f
}
 X^)~^{xi\ х'г", Т) takes

place. However, due to the difference between the phase volumes

of the regions Я and Ш , the corresponding curves in Fig.2

at f)= 0,1 do not intersect.

In Fig.2 at some admissible values of l| the curves of

dfS/ddy as a function of CC
X
 in the regions I-Ж

for the certain value T =0.8 are given to illustrate to what

quantitative changes leads the taking of the quark mass into

account. Events with such T can be initiated by both, light

and heavy quarks, that is why on this example one can clearly

see how much the taking of the quark mass into account affects

9



the theory predictions.

f.s it is seen in Fig.2, all the curves for the regions 1-Ш

shift to the left, to the smaller values of X
x
 with the incre-

asing n . .at П = 0 in all regions the transverse moraen-

tuia varies in the aarae range, while it is not so at n 4 0,

the regions Я and Щ noticeably expanding over JC
X
 at the

scane time (also see Pig.1). Disc ontinuities on the curves in

the region I at П Ф О are due to the fact, that beginning

from a certain value of the transverse momentum at a given n

( ,Z
X
 } 3C

X
 ~ 0.342 at rj = 0.1 ana 3C

X
 £ X^'c: 0.205 at rj = 0.2)

soiiie events, which at small values of 3CX contributed to the

region It , now do to the region I . It follows from the curves

shown in Fig.2 that there is a rather wide range of the values

of 0Cx at rj_ = 0.1 (0.124 ̂  X ^ Xx 4 CC(^ ~ 0.275) where the

gluon jet can be either of intermediate energy as compared with

C> and о, jets, or the most energetic one. Drawing nearer

to the upper boundary of n first of all disappear the events

in the region Ж , and then in the region Ц too. So, in the

considered case of T = 0.8 at n = 0.2 there are no events in

the region Ж and at П — 0.2b - in the region 3E as well.

Using the expressions (15)-(18) it is easy to obtain the

summary distribution in variables T and x
±
 1'or the process

we are interested in:

where the function P(T, Х
г
~

;
 Х

2
) contributes to the summary dis

tribution for the valu "

10



while p(_T'Xj , ̂ з^ o.nd p(3Cj ̂ z^) contribute to the summary dia-

tribution for the values (16) and (12), respectively.

In Fig.3 dependence of the differential cross section (1'.0

on the transverse momentum at some values of r| is proscnlou

for the considered case of T = 0.8. The form of curves implies,

that taking the mass of quarks into account noticeably changes

the picture. Apart from the considerable expansion of the varia-

tion ranges of X
x
 at n / 0 as compared with the massless case

and the shift of these ranges towards small values of Xx , it

is remarkable that there appear structures in the curves.

At fj = 0.1 in the range 0.124 - xf^Xj. 4 X ^ ^ 0.275, as

it is seen in Pig.2, the summary distribution is due to events

from the regions JT and Ж only. Beginning from X
L
 » 0.275

events in the region Г become possible which results in a

sharp increase of the cross section (almost an order of magnitu-

C3)

de). Structure at CC
X
- X

x
 zr. 0.316 has a kinematic nature and is

due to the fact that at drawing nearer to the upper boundary of

the region Ж (̂ Cj."" X
x
 ) in the denominator of the express

1
 on

(19) y
2
 -*" 0 (integrable square root singularity, connected

with the phase volume in the region 1Щ ). Beginning from this

value the summary distribution is due to the regions I and 3L

and beginning from X
±
- X

x
 ~ 0.342 - the region I only. At

the boundary of the region I ( Xj_ -*" X
±
 ), there i3 again the

square root singularity connected with the phase volume ( Ц,-»" o)

which a.eads to unlimitted increase of the cross section.

11



/it t\ = 0.2, in contrast to the case with f| = 0.1, there

sire no events in the region Щ. , therefore the corresponding

structure ( 4
2
 ~*" ̂ ) does not appear. At r]_ = 0, as it has

already been mentioned, the variation range of Xj. is the same

for all the recions and besides, Ц = у
г
, i.e. there is only one

square root singularity at the common boundary of the regions.

This is the reason why the distribution curve is continuous in

this case.

As the masses of heavy quarks are noticeably different, the

corresponding values of П at a given energy of reaction, being

in a square-law dependence with them, will be quite different

too. Taking into account, that at a given T the region of the

admissible values of Xj, significantly depends on rj , one

might suppose that the measuring of T and X± would allow to

judge about the flavour of the quark or antiquark, responsible

for the given event.

The results obtained in this paper can be used in the corre-

sponding Monte-Carlo calculations with the use of various mo-

dels for fragmentation process of quarks and gluons into

hadrons.

The author thanks 3.G. Matinyan for discussion.
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10 T

1. The phase space of the considered process in variable

С T , XjJ ;it f| = 0 .1 . .Che diuiicd l ine indicates the

space at Г| = 0, which ia the ;̂i;::e i or a l l three rejji

I - 111.

0.1

2. The dependence of the cross section d 6/dx±dij , :iormulized

to the value 4jf~Q. b|û 4 , on the transverse momentum in

three different regions I-II1 in case of i
1
 = U.b, at r.ome

values of the mass parameter П

To



и? T
0 1

T=08

01
_l L_l_

0? 03

3. The dependence of the cross section &
z
6/dTdx

x
 of the con-

sidered process on the transverse momentum at the same para-

meters as in Pig.2.
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