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RELAYIVE CHAOS IN STELLAR SYSTEMS

Statistical properties of many-dimensional dynamical systems - stellar
systems of different types, are investigated by means of estimatior of Riccd
curvatyre in the direction of the velocity of aeodesics. Numerical exneriment
is performed to calculate the Ricci and scalar curvatures for systems with
eqtm'! tetal energy. The results of calculations enable one to obtain sche-

matic classification of stellar systems by incressing degree of chaos.
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1. Introduction.

The development of computer techniaue makes possible the investication
of complex dynamical systems by means of numer{ical methods. This direction
turned out to be }ather fruitful and has lead to a number of interestino and
even dnexpected results. Already in a pioneer study of Fermi, Pasta and
Ulam [i]‘ unexpectedly slow mixing was discovered in a one-dimensiocnal system
of nonltinearly interacting oscillators, '

An. fmportant field of application of numerical analysis is N-body
problem, particularly the problem of evolution of stellar systems - clusters
and galaxfes. Stellar systems being classical examples of collisfonless
systems of N gravitating.bodies regardless of their apparent simnticity are
considefed one of most difficult for investigation of objects in the Universe.

The application of numerical methods to stellar systems firstly was re-
duced mainly to following th time the varfation of the shape and other ob-
servable characteriétics’of the given system or severa) ones (see [2] ).

The main difficulty here consisted in the necessity of intearation of too
many equations of motion.

Simultaneoysly another direction of numerical {nvestications beaan to

develop which included the understanding of quaiitativo-etafigtical and
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other ﬁropert1es of Hamiltonian dynamical systems, in particular stellar
systemS: '
The main feature of this direction s the uce of new methads 6F numerical
*analysis including criteria of stochasticitv and recutaritv as well as wavs
of repressntation of the inal information. Thus in their well-ktrown paper

] N ~ .
Henon and Heilles {3j used Poincare section method for the anzlvsis of *wn-

dimensional system with cubic potential (models of spiral aalaxies), Chiri.
r

.
8.8 deveicnzd and anniier
[

kov {4] . Benettin, Contopoulos and co-azuthors i & plie
for specific systems strong methods based on the calculation of Lvanunov
characteristic numbers and Krylov-Kolmooorov-Sinai (XS) entronv.

I the gresent paner we use a method of investioation nf statistical
properties cof many-dimensional systems based on the calculaticn of so-calied
Ricci curvature. The idea of the methoed is that as s well knpwn, mntdinn
equations of a Hamiltorian svstem can be reduced tn ecuatigns of gepdsasice
of certain Riemanniar manifold. As deseribed in Sect. 7, vhe valus of Rired
curvature of this manifcld can aive a defipnite information or stavistics!
properties of the Hemilteonian system, This paper is the devalpnmest af

i
]

3 T, . . .
L 7-91 {see zisaq Lloj ). where the stellar systems as cecdecic < Teye

Dapers
were investigated; in [7] was also nroposed a method of numerira’ «vivclc
using two-dimensional curvature.

The problem formulated and investicated in the paner by the method ment-

ioned is as follows: to determine the relative dearee of $astabilitv {chaps)

of several many-dimensional dynamical systems. namely stellar svstems with

different spatial structure, distribution of stellar velpcity vectors.
angular moment. etc. The main ourpose here consists in a nossibility to get
a sort of quantitative estimation of dearee of chaos of N-dimensiona) svstem,

Definition of “relative chaos" aiven in Sect. ? and the corresnondina avan-

titative estimations are based just on the calculation of Ricci curvature,
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The reason of resorting to a numerical method not used sarlier is determ-
ined by the fact that in general the methods mentioned above are not effective
for many-dimensional systems. Thus, while calculating Lyapunov murbers,
difficulties can appear not only with the securing of the existence of corres-
ponding limits, but also with the interpretation of thuse mmbers themselves .

Results of computer experiments enabled us to get schematical classificat-
ion of stellar systems of different types by degree of chaoticity. Particular-
ly it turned out that the existence of a central mass in the system leads to
jts sufficient instability; it is remarkable that this conclusfon does not
depend on system's energy, angular moment, stellar velocity distribution, etc.
Analogously disk systems turned out to be less chaotic than spherically sym-
metrical ones, etc. ‘

In thé total, the results of analysis demonstrate.that calculation of Ricci
curvature in the direction of the geodesic's velocity can be an effective
method for investigation of chaos in many-dimensional dynamical systems,

The outline of the paper is as follows, In Sect. 2 the formalism of Ricci
curvature is developed, the definition of reiative chaos (instability) is
given together with necessary formulae, Results of numerical experiments are
presented in Sect. 3 and_are analysed in Sect. 4. Discussion of the main
conclusions both from the methodic and physical viewpoints 1s carried out in
Sect. 5. Some alternative definitions of chaos and relations between them

are discussed in Appendix.
2. The Ricci Curvatufe,

Consider N-body system with Hamiltonian

Rep= Z 2 vig),

(2.1
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svolution of which is determined by equations

A,

At - AP’
dp Y
At V4

We are interested in the behavior of close aeodesics. Usina varfational

(2.2

"

principle of Maupertuis, let us represent the motion of the Hamiltonian sys-

tem as geodesical flow in configurational space
- Vs
. - >0
M = {.C%W 1 I‘%‘sw ? E \/\“¥1"'7 Yan }

with Riemannian metric

. Eﬁi,
SES VS | P RS
As” = Z 3{\‘4‘6";”&“'\( )
shere

4. = LE- V)&,

Then Hamiltonian equations (2.2) coincide with equations of aeodesics

on hﬂ of a metric (2.3): -

".u"‘zo' (2.4)
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where the normalized velocity is

R T T

Denote by Yy, vector on a qeodesics ‘5(5) which determines the divev.

gence of close geodesics. Equation for “h“z has a form [ll.!é}

d\l“h“z , 5
o =-2 K, (SH\ 2| “)H ,- (7.5
where
. S
Ku “(S):'.- Kuh(K(S)): R‘)“Q“ hWuw -

2 1 Lo \2
ol “ull "~ Cutns)
is two-dimensional curvature in the direction S afven by vectors 4  ang

AV ‘R{jkp is the Riemann tensor.

It is easy to see that Eq.(2.5a) can be rewritten in a form

A .
N T % DES

where
v A A
W=2n | “h“:ll.
The stability of considered systems 1s related to the behavior of ¢ ~««
geodesics, f.e. to the character of solutions of £q.(2.6). Thus, if far

every U and W
Ku.h(s) < !K <0, | (2.7

then close geodesics diverge no slower than exponentially, the system
possesses maximaily strong instability and 1s proved to be Anosov U-system
{121 . At non-necative values of two-dimensional curvature ¥(u'“(s) the

properties of many-dimensional system in general are not determined {cf. [91).




The condition (2.7) for physical systems usually is not fulfilled. Particular-
1y, as is shown 1n[7,8] , for a system of N gravitating bodies K\,,h(s) 1s
sign-indefinite. Just for this reason we put forward the aquestion on invest-

igation of average deviatfon of geodesics. For that we averaae Eaq.(2.6) by

111 directions W . So far as K\m‘(ﬂ does not depend on the choice of
W and N definfng the plane & and

K“u(S):U
then
ZK( o, uCs)
K“h(s)>-_: ha s u() , (2.8)
IN

a _
where W, are normalized vectors orthogonal to U and to each other,

The Ricct curvature l/:, (s) of maniford M\ in the direction of U is
equal to t131

(2.9}

'y
where R:-:R;“j is Ricct tensor on M

One can prove that [13]
IN~1
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Then averaging Eq.(z.s) by means of (2.8) and (2.9) we have
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Now it follows that

Az .
T _31‘;, r,(s)270. (2.10}

Considering inequality (2.10) in an interval 0<S< S, we canwrite

2
A2 . (2.113
AS.L‘{*Y&'-'} Of. y
whare
. r
re AWl T[],
SN ogss sy
We are {nterested in the stabil{ty of geodesics K (s)  within the

yal

interval 0% § & 54

4

We shat? say that @ oiven geodesics };A with velocity M, 15 less

stabie with respect to geodestcs Y, with velectty Kiz within the inter-

wel Q& se s, , 4
Ty o< g ?.1zen
ansa
) ; {2.120°
(.'1 < D . N
This definitica 1s grounded on the following considerations., According
tu {2.11;
L
o 3
- . v A (7.12)
At 7 “

if %:QS} ts assumed o be an arbitrary smooth function (within the intervatl
0 ¢ S ¢ Sy ) satisfying the condition (2.13) with "equal probability”,
then 1t 1s clear that in function 2 at the conditfon (2.12) the larger
"\1;/451 the sma;ﬂer * . The larger positive value of 0\12'/457' corres-




vonds to higher increasing rate of 2
-r'Ss
Z 2z -
at
Z 70, At Lo,
As Szo
This means that at smaller negative values of " the system s unstable

3

with more probability; such systems we shall call more chaotic ones.

Let us calculate now Ricei curvature Yy (s) for a system of N aravitat.
ing- bodies.

In this case the metric (2.3) has a form
G = WL,

where

az2eN n%
Q=4, a-1
kA ’ 2 2
= (A 1 (3y
Vag = (48 (e (e, (2.1
\(i A ‘
ag = Yo - ¥,

One can easily derive the formula for Ricci tensor for metric (2.14){c{13]\:

_4) ol
-(?i"%f) %3:.:(2.15)

. ' (3N—Z\ \N\:\L A\}J 3 W:W\(
Riw 7w - o ot g BN~

where
. w. - W
L )
‘bav;
2
\Af(u_ . “OW |
P9,
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Transiting Trom generalized coordinates C%”

+ .
particle Y, {i: X,j‘é)'for derivatives of A\  one has

¢ v
W S fae
— == L. T3
DY, e=2,. W T
. 4o
W Ao L
o, = el x;- — --._______a:.g._d_&-"- . CL i;@
oy v 3 3 o~ 7 A
& © . ‘
u"g \"u_ ‘(;E ‘(n; e
‘/ 1 ~ ' '”[
— ) 1 v 3 )
A WU V¥ I
o v \- > < J !
OY{T}\!‘ 4, M e ¢ Y-l‘
A FcC

So far &8s we are considering celiisioniess systems, j.e.

7y . ~
(‘-r"‘ g rQQJ iD ’

we hiave
awW = Q.

Ther formula for Ricci curvature has 2 form ( llu “ =1 )

) %
() = - o) Woeu'u® s

2 w

P

11

avasron

to real ones of &

-th

(2.18)

(2,17}

(2.18)

EREIVE @Wu) (3n- 43\VW3 {2.19)
4 wr 4 w3/’
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and the scalar curvature 1= R W3 1s equal to (7]

2
R . _3N0GN- 0( i é‘;\’(vw\, . (2.20)

/ -

3. The Numerical Experiment.

Numerical experiments were performed for systems consisting of N=25
particles. We have used the following scheme for constructing the needed
configurations. '

In the capacity of initial figure we have taken a cube ((fbl L;: Mo
with particles of equal mass { m = 1) and given velocity distribution s3-
tuated at 1ts apices {Fig.1). E.g. it Is not difficuit to see that the vels-
city distribution shown in Fig.1.1 corresponds to zerc snguiar moment of

system (:o . Then, e.q. 1{nitigi cube (:o was transformed to cubes

>

G
Cg( Qx, 23, Qg' ol ;) having sides multiplied by 27. ?‘), ~ 2 and
velocities - by X . Creating enclosed structures from transformed cubes
(:( { S( ; Lq', AA; ) we get a sequence of different confiauratinn.,

Constants o(( are chosen so that to have systems with equal total energy.
Investigated systems are as follows.

1. Spherically syrmetric system C 4 without moment ﬂﬁ in a form

{Fig.2.1)
[ 4 4 PR
C‘t\zzzo(4 .
v s )
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2. Spherically symmetric system with a central mess ( ﬁﬂ = 0, here and

everywhere below) (Fig.2.2)

.4 0.4 04 o,
Cz 2‘ 2 2 o, e

3. Spherical nonhomogeneous system with a central mass (Fia.2.3)

©.1 ©O.4 o4 o,
3| 2.4 24 2.9 o |-

3 3 3 R g

4, Disk system (Fig.2.4)

1 ! 0,4 o
3 3 5.1 °(\4

. Disk system with a central mass (Fia.2.5)

0.1 .4 o4 o
C, z 2 0.4 ol .
3 3 0.4 of

o

s

=)

. Disk system with a bulge (Fiq.2.6)
A1 1 1 X
P
g 2 2 o4 oL |-
> 3 04 g
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7. Rina system with a central mass (Fiqa.2.7)
0.4 o4 0.4 o,
C? 2.9 2.‘? Q-'f d; *

3 ES 0.1 o(¥

8. ncmonenecus bar (Fig.2.8)

¥
C 3 A1 1 2 o(g .
A4 6 g

Sumerical results for Riccl curvature ~  found for these systems at
aifferent values of total eneroy E  are Jisted in Table 1 and Fia.2.1.
Sinuitaneously the scalar curvature was calculated tog {see Table 1),
Analoaousliv the systems S(, L( and a combination ES vy C-', S,‘} witt
three other arbitrarily chosen velocity distributions (Fias 1.3, 1.2:
Tables 3a. 3b. 3c, respectively} were investicated (rotational moment was
again equal to zero). Evidentlv the aim was to exclude the nrobahle depend-
ence of resufts on velocity distribution. Results found for some confiaurat-

ions (:; { L=1,2.3) are presented in Fios 3.2. 3.3.

Systems [V\; (Fia.1.4) having the same spatial structure as C . Sa',

]
L.( but possessing alsc rotational mement were considered toc. The results

are listed in Table 3.
4. Relative Instability of Systems.

In the previous section the results of calculations of Ricci curvature

in direction of velocity U for several systems werée presented. Let us

- 14
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try now in accord to definition aiven in Sect. ? to anrly the criterion

{2.12) .in order to study these systems as to relative chaos ({instability).
First analyse systems C:c without rotational moment and with

noment (Tables 1 and 2). As is seen from Table 1 and Fia.3.1. for everv

value of energy one has

C c [ [ C
r , < L < r s < < Q< Y’4' , (2.1)

2

It means that if one considers trajectories of close systems (:z and (:z'
!
and, say, (:, and (:, , then on the average the formers will diverae

[
i.e. the system with T is the most unstable one with resnect to others,

with higher rate than the latters; (:1 corresponds tc spherically symeetric

systems, C:z - to analogous systems with central mass added. Ineaualities

C

[
Y, < ¥, <1,

: ta o
Ao
Y‘f; < Y’A: <0, '
following from Tables 1-3 show that systems with a central mass fat one an-
the same energy) are more unstable than those without mass. This conclusion
is true also for systems ;ith different values of rotational moment. More-
over, as is seen from Fig.3, this fact depends neither on initial velocitv
distribution of particles nor on system's total eneray.

FrombTable 1 it is also seen that disk system without retational moment
hﬂ is more stable than the rest ones, Adding of a central mass makes it
more unstable as it is the case with spherical systems.

Existence of rotatio&al moment accordina to Table 2 1leads in general te
decrease of stability. Indeed. as is seen from comparison of Tables 1 and 2,

for disk configurations without moment Ricci curvature is positive, while

it becomes negative for systems possessina moment.

15
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Scalar curvatwre R Sefno neqstive tn 21l crses as it follows also from
iq.(2.20), mmorically correlates with values of Ricct curvature. namelv
the smaller R the smaller Y, .

5. Conclusion.

In the present paper it is formulated and investicated the problem of
quantitative determination of relative chaos in different many-dimensional
dynamical systems. With this aim, a formalism of calculating _of Ricci curva-
ture in direction of velocity of geodesics is suocested and the definition
of relative chaos is given. As was mentioned in Introduction. the necessity
of using a new value for investigation of statistical rroperties of dynamical
systems is justified by non-effectiveness of existina numerical methods
{calculation of Lyapunov numbers, etc.) for many-dimensional problems, It is
worth notina that in view of absence - of common terminolooy, there exist
different understandings of "chaos" based on different definitions, narameters
(physical entropy. metric entropy. Lyabunov characteristic numbers, two-
dimensional curvature, etc.). Discussion of some definitions is performed
in Appendix.

By this sugaested method we have numerfcally investiaated on relative
chaos (fpstability} systems consisting of N=25 aqravitatine particles of
different configurations (models of stellar systems). Ricci Y, and scalar
R curvatures were calculated on a computer. Eauation of eneray enables
one to compare the systems with each other. We have considered spherically
symmetric, disk, nonhomogeneous systems, systems containina central mass and
possessing rotational moment. etc. The aim was the understandina of dearee
of chaos in real s£;1lar systems exfstina in the Universe: globular clusters,

elliptic, lenticular, spiral. rino galakies, bars as well as agalaxies and

eI A e gl AR o D St
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clusters containing central massive point objects, etc.

Computer calculations showed that as a rule systems with massive centre

does not depend on the system's eneray. spatfal inhomoseneitv. velocity dis-
tribution of particles and finally on the existence of rotational moment,

In other words, the "switching" of recular field 4/\r to the self-consistent
one :Z:;E— makes the system more chaotic. This result is in accordance
with that ;g the paper [14] , where it is shown that an ellipsoidal stellar
system with central mass becomes spherical by time, as effectively as larcer
the central mass. The crucial role of a central mass in alebal properties of
stellar systems is shown also in [15} » where Ehe problem of aravothermal

~atastrophe was discussed from the concept of catastrophe theory. It was

shown that systems with central mass are more unstable with respect to this
catastrophe. The contribution of central mass in the evolution of those svs-
tems using the methods 6f theory of dynamical systems is investiaated in
particular in (16] . N

It further turned out that disk systems are more stable (reaular) than
sphericals, systems with rotational moment are more stable than without it.
and so on.

Considered systems are schematically classified by increasine of deoree
of chaos in Fig.4.

Results of computer experiments have demonstrated that the calculation of

Ricel curvature in directicn of aeodesica?l velocity can be an effective

method of numerical investigation of statistical pronerties of many-dimension-

al dynamical systems. The exposed correlation between Ricci and scalar curva.

tures has shown the possibility of obtainino analoaous information for certain

systems by means of scalar curvature,

17
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APPENDIX

Conceptions of chaos and reaularity widely used at present are unierstned
not always equally. It is related both with absence of cormonly adopted
terminology and specific methods and aig; of investiaations. In view of the
fact that the same system is reqarded chaotic bv one definition and non-
chaotic (regular) by the other. we shall briefly discuss this aspect of the
problem.

The following definitions are most conventional.

1. An fnvariant phase region of a dynamical svstem with nositive measure
is considered chaotic if KS-entropy \f\ >0 and reaular if \f\ =0 [17}.
It is known that a typical Hamiltonian system is a system with shared nhase
space, i.e. the latter contains both reaular and chaotic {stochastic) renions.

2. A system is considered chaotic if there is mixina. ard reaylar if it
does not pnossess this property (18] .

It is proved that the system with k > 0  1s decomposable intn ne more
than countable sets of erqodic comnonents [IO] . It means that systems cha-
otic by definition 1 can be reaular by definition 2. &nd vice versa. there
exist mixina systems with h=0 i chaos bv Aefinitirn 2 corresnonds
to regularity by definition 1. It should be noted that both these nronerties
are often impossible to check.

To our opinion, the main demerit of these definitions is not the mentioned
above, but the fact that those criteria reckonina the systems to cne or
another type {positiveness of KS-entropy, mixing) derend on the svstem's
proparties on infinity by time *Z . In nmarticular, accordino to Pesin
theorem (19] KS-entropy is equal to

b= SZ Kl &),
’A'X;>0
19




where 'x,-(xy are Lyapunov characteristic numbers, and depends on nro-
perties of the system on time infinity.

Secause of these reasons, of particular importdnce 1s the possibility
of definition of chaos reflecting local (in time) oroperties of systems.
An exsmple of such a characteristic can be two-dimensional curvature

K..' w (s) (2.5b), by which it is determined in aeneral KS-entropy [19] .

However mentioned above difficulties connected with the application of two-
dimensional curvature for many-dimensional physical systems made us turn to

investigation of Ricct curvature.

20
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Table 1.

-50° -20 0 20 ‘ 50
-3.51-03 -7.53-04  -4.08-04  -2.55-04 -1.48-04
~1.80+00 «1,59-01  -6,21-02 -3.03.072 -1.32.02
-3,00-01 -1.94.01  -1.48-01 -1.16-01 -8.30-02
-2.89+01 ".1.76401  -1.32+01 -1.01401 -7.10+00
-2,28-01 -1.53-01  -1.21-01 <9.75.02 -7.26-02
-1.99401 -1.31401  -1.02+01 -8.08+00 -5.90+00

T T L3
1.86-01 1.46-01 1.22-01 1.02-01 7.99=02
-1.90401 ~8.70400  -5,68+00 -3.91+00 -2.40+00
-9.44-02 -6.13-02  -4.70-02 -3.66-02 2.58-02
-1.38+0) -9.40400  -7.47+00 -6,04+00 -4,50+00
1.22-01 1.20-01 1.01-01 8.46-02 6.49-02
-2.82+01 -1.05+01  -6.28+00 -4.06+00 -2,32+00
-7.07-02 -4,95-02  -3.95-02 -3.18-02 -2.33-02
-§,96+02 -7.41400  -6.17400 -5.19+00 -4,08+00
-3.26-04 -4.35-54  -2.83-08 -1.95-04 -1.22-04
-1.96+00 -2.02-01  -B.12-02 -£,05-02 -1.80-02
21
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~-50

B

~20

-2.50-02

-2.22-03

-8.63-04

Table 2a

20 50

-1,22-04 -1.84-04

~-4.01-01

-2.77-01

-2.45-01

-1.82-01

-1.84-01

-1.42-01

-1.42-01

-9.88-02

-8.20-07

-1.12-01

1 88+00

-1.08+00

-8.00-01

-6.17-01

~-4.40.01

-20

-3.27-03

?;_ -4.15-01" -3.04-01 -2.52-01

1

~1,44-03

-2.12-01 -1.68-01

Table 2b

20

~7.83-04 -394
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Table 2c¢

-50 -20 0 20 50
-2.40-02  -2.15-03 -8.40-08  -4.13-04  -1.81-04
-4.01-01  -2.45-01 -1.84-01  -1.41-01  -9.88-02
-2.73-01  -1.80-01 -1.40-01 -1.11-01  -8.10-02
-1.58400  -8.76-01 -6.47-01 -4.97-01  -3.54-01
-3.16-01  -2.27-01 -1.87-01 -1.56-01  -1.22-01

Table 3

-50 -20 0 20 50
-4.66-03  -9.83-08 5.31-08  -3.32-04  -1.92-04
-3.24-01  -2.08-01 -1.57-01  -1.23-01  -8.90-02
-2.39-01  -1.61-01 -1.28-01  -1.03-01  -7.73-02
-2.65-01  ~1.21-01 7.92-02  -5.45-02  -3.36-02
-1.65-01  ~1.16-01 9.42-02  -7.76-02  -5.94-02
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Fig.1l. 1Imitia) cubss with vectors of particie’'s velocity showny

iﬁc, E’f, L-i without rotational moment, /4( - with moment.

B
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Fig.2. Cross sections of configurations: constructed from 1n1tja1»cubes.
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Fig.3. Dependence of Ricci curvature

systems constructed from three cubes: 1,

Z {Sh <, Si}

on total eneray of the

(e o)

s {L.‘, L, L.'}
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WITH A CENTRAL MASS

BELLIPTICAL GALAXY. ®
GLOBULAR CLUSTER

DISK GALAXY |
[ - XY
FITH A CENTRAL MASS| 1 . RING GALA
ELLIPTICAL GALAXY [ 5 BAR
SLOBULAR CLUSTER

DISK SYSTEM

Sy B DISK SYSTEM
WITH A BULGE

Fig.4. Schematic classification of considered models of oalaxies
and clusters'by dearee of chaos (arrows indicate direction

of decreasing).
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