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STOCHASTIC ITY OF TIME-DEPENDENT SPHERICALLY SYMMETRIC

"VU'TIONS CF YANG-MILL': EQUATIONS

I t is shown that time-dependent spherically symmetric Yanq-WHs eouat-

ions are a non-integratle system. In par t icu lar , the ohase space in the

v ic in i ty of Wu-Yang static solution is the stocnasticity re
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Показано, что сферически симметричные уравнения Янга-Мил-
са, зависящие от времени, представляют неинтегрируемую систему,
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Ву-Янга является областью стохастичности.
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It 1s well known that Yang-Mills (Y.M.) equations dependent on time only

("Y.M. classical mechanics") are a non-1ntegrable system [1-3] .

It should be said that time has come to Investigate the general 3+1 -

dimensional Y.M. field system from this point of view.

We present here the results of such Investigation for spherical symmetry,

I.e. when non-abel1an vector potential Я £ depends on r = | M and t .

Meanwhile, one can obtain an answer to the question about stability of the

well-known spherically symmetric static solutions of Wu-Yang type 4 .

The considered problem Is reduced to studying a nonlinear string equation

of the type:

U t i ~ U x x = F ( 3 C ; U , U x , U t ; ...) (1)

( U t , iitt > etc. are derivatives with respect to corresponding argument).

The analytical Investigation of the question on 1ntegrab1l1ty of such a sys-

tem 1n the general case 1s Impossible.

The most appropriate method here Is the approach suggested 1n the well-

known work of Fermi-Pasta-Illam 5 . The method consists 1n the replacement

of continuous string (1) bv Its discrete analog - the chains of coupled



enharmonic oscillators - and 1n the Inspecting of the energy distribution In

the string oscillations harmonics. In the general case, when the system Is

non-1ntegrable, at small Initial perturbations an energy transfer between

several harmonics takes place, the system Is "thermaiized" anomalously

slowly, which was just observed by the authors of Ref. 5 . At larger per-

turbations, the system motion occurs 1n ergodic layer; this results In uniform \

energy distribution In. harmonics, being observed In Fermi-Pasta-Ulam sys- I

tern 6 . Exactly this approach we have chosen to Investigate the system of f

spherically symmetric Y.M. equations whose general structure A ^ for the \

SU(2) group 1n 3+1 -space-time 1s given by the expression 7 : • \
'• с

V

Xi Хя

(2)

where arbitrary functions y>
t г
 and Я

0 |
1 depend on Г and t The

gauge Invarlance allows to put Я
0
" О. In what follows we shall study In

detail a special case when % = Я ^ О , so we shall deal with nonlinear

string of the form of (1) ( у s <f£ ):

The static solution of (3) *f • 0 Is the Wu-Yang monopole Я ^ •

• г~г SjaK X к , f - -1 1s the_yacuum solution of flj" • 0, *f - 1

gives the field which Is gauge-equivalent to vacuum one.

Qualitative analysis of Eq.(3) shows thpt spherically symetric solutions

of Y.M. equations already 1n the static limit ( % = dtf/3t - 0 ) are

unstable: small perturbations of Initial conditions ( <f (Г) and ду/дГ )

drastically change the behavior of solutions, resulting either In appearance

of singularities or 1n change of their position. There are distinqtHshed



five-static solutions of (3) which remain finite for all Г > 0 . These

are already known <f « ±1 and f - 0, and two separatHces of Eq.(3),

¥c1r2 (r) , which at r-»O coincide with the Wu-Yang solution,

while at |—*<=« with vacuum ones ( <f (r) - ±i). <fCi г (г) , as far

as we know, were hitherto unknown, so these solutions are quite new ones.

The analysis of the system (3) phase trajectories near the static solu-

tions exhibited the exponential time Instability for solutions if(r) - 0

and the new solutions %
tz
 ( r ) as well as stability, relative to small

perturbations, of vacuum solutions tf(r; * ±1. All singular (at 5Ty> « o)

solutions of (3) turn out exponentially unstable too.

Finite perturbations of Eq.(3) were Investigated by us 1n the numerical

experiments of Ref. 5 type. The continuous string of (3) was aDproximated

by a set of nonlinear coupled oscillators *f (i.) ( I * 1,2,....N) whose

number N was taken equal to 64 and 128.

A discrete analog of Eq.(3)

cL-it) ^a^C^Cit)--)] . *

was numerically Integrated ( Д'
л
 1s the string discretization step which we

took equal to 0.1).

Perturbations near the static solutions У • 0, <f « ±1, f c i a ^
r
^

were studied by Introduction of the corresponding Initial and boundary con-

ditions expressed via expansion 1n harmonics:

N-1

Fig.l gives examples of time dependence for energies of three modes j =

* 8,9,10 at small Initial excitation of five modes (amplitude A - 0.1)



J e
- б - 10. Here- N - 64. Total energy of "string" (•) Etot • *.8

( 4 E
t o t

/ E ^t
 =
 * * ) • Modes j

o
« 6, 7 behave analogously, while all

the rest ones are practically non-exdted. One can see that the system has

approximately quasi-periodical motion.

The picture changes essentially with Increasing string energy. In F1g.2

(N - 64, E
t e t

- 1100, A E
t o t

 / E
t o t

 - 0.1 X, J > 30, 31, 32) one can j

clearly see the process of equal distribution of energies for primarily

excited (amplitude A • 1, j
0
 * 30 - 32) and the rest of modes (F1g.2 pre-

sents energies of some modes, j « 29., 33, 34, 57). The picture remains >.

qualitatively the same at further (thrice-) Increasing of energy for these j

modes. \

In this case the system thermI1zat1on takes place. With Increasing N

( N was taken equal to 128) (I.e. as the Investigation of Eq.(4) shows, at

approaching to continuous limit) the string 1s "thermalized" at smaller per-

turbations.

Tha system stochasticity Is exhibited 1n F1g.3 too, where we have given

a distribution of energy E ^ ( I • 1,2,...,64) averaged over large time

(range of averaging 780 with a step 0.01) with respect to modes. One can

see that on the average all modes became excited.

Thus, we have all grounds to claim that not only Y.M. classical mecha-

nics 1,2 but also Y.M. classical field theory describing a system with

Infinite number of degrees of freedom 1s non-fntegrable, I.e. exhibits

dynamical chaos.



в к w to г* г»
Fig.l. Quasi-periodical motion at small amplitude of Initial

perturbation (A - 0.1; j
n
- 6,7,8,9,10; N - 64).

,2. Energy of modes j - 29,33,34,57 as a function of time

at large amplitude of Initial perturbation

'» «It L- 30.31.32: N - 64).

Distribution of averaged over large time Interval

(total Interval of Integration 780, step 0.01) energies

Bj { j • 1,2,..., 64) with respect to modes.

Curve I - averaging Interval t-
t
 • 40, ±$ • 410.

Curve II > averaging Interval t;. • 40, t^ - 780.
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