Preprint EQH-=895 (46 )=86

EPELULE SPOPYUSP  PLUSPSARS
EPEBAHCKHH ®HAHWYECKHH . HHCTHTYT

A.R. KAVALOV, I.K. KOSTOV, A.G. SEDRAKYAN

DIRAC AND WEYL FERMION DYNAMICS ON

" O-DIMENSIONAL  SURFACKE

LLHHUHaromundopm
EPEBAH-1986



Vehbempy E0H-835(46)-86

U, M uidnL iy, h.h.unusn\{"‘, 1.4, UsrmMmusitu

ThrausHY by JB3LGUBUY dErithavvtrh AMirhuiully
5ru2Uue Mutrtunh3eh UM

Lbwugnudned By dbpThnbubnpp bpY wh Swiibpbng @b dpw, npnup
gbunbndwd by bowpwd vwpwdncRgacymd: dbpoyupulbephquanuditaph Wip-
Ywonf unf P uﬂub'mhnfu tiupquinpduh nbwbpdhbutnp npnadmd £ Sufwpwdne -
1ub rupulubntneP e /windwy hugnd/, hYsmbu bul dbu-8nudhhingh
anndnnne ® guhp Swugbqbnng LnpbYg owpuliuwlintni B julB, npp Junniglub-
wn npnadnud £ 2Zngdh wngag nghuljel hudophutiem) :

tphabh dhqhlwih hbunhunie
bphwb 1986

v} Thenchngpy Shwwgnienc i gncuibph b Fhpnclughy Lubpabmpluyh
Whanhonin Cacynwnhuph 3 Undhw, Bd2

Ny .
@, EATPANLHBIA HAYYHO-HCCARROBATEALCKHA HHCTHTYT HHPODMAUKH
H 12 XHHXD-3IKOROM MIaCKHX HCCICA0BAHH A no atoMHo R HavKe
WoOTeXHHRe P HaromAngepa: 5T AT ‘



In recent years a common analysis of topological properties
of gauge field configurational space and their comnection with
the anomalies of classical theories [1-5] is made. Anomalies
of currents, resulting from quantum corrections determine a
term in effective lagrangian corresponding to breaking of the
given symmetry. Viess-Zumino term of the effective lagrangian
provides the breeking of chiral symmetry. This term has a topo-
logical meaning. In Ref.[6] Wess-Zumino actions are constructed
for nonlinear 6~-models on uniform spaces G//kl in arbitrary
dimensions.

In 2-dimensional models of chirel fermions in external
fields the effective lagrangians are completely determined by
gauge [7] or conformasl and Lorentz anomalies [8,9] .

In the present work fermions (Dirac and Weyl) on 2-dimen-
gionel surface, embedded in a 3-dimensional space, are investi.
gated (the difference between Euclidean and lMinkovski spaces
is insignificant here). The Dirac action induced on 2-dimensi-~
onal surfeace has reparametrization and conformal invariances,
and also is invariant under the local rotations of tangent vec-
tors of the surface (local Lorentz invariance). The loczl
Lorentz inveriance is violated by the use of reparametrizatio-
nal-invariant regularization (according to the results of Refs

[2,3,8,10] ) which leads to the Wess-Zwiino tecrm, the struc-



ture of which at d = 3 is determined by the Hopf invariant
of S3— 8% pap. The conformal invariance is also broken

leading to the Liouville action.

The Dirac action, induced on a 2-dimensional surface embed-

ed in a 3-dimensional space, is determined by lagrangian

L:_;._gdpq_}(xd.é; "‘a_@Xd)‘P =

=g Hy, (3p * p)Y, «=1,2, .
where ¥y = S Xﬂb’y are the induced Dirac Y -matrices,
gdﬁ=a¢x"aﬁ Xu is the induced metrics,
=7 (P vy +non) (2)
is the induced spinor connection, n=n’ I s n¥ is

the normal vector of the surface. The lagrangian (1) is invar-
iant under local rotations of tangent vectors around the normal

vector and under simultaneous rotation of spinors

aa(_XN""/\’AO 8,,_)(9 » Y—5v% ’ ;'p - !'TJS-1) (3)

where /\"o € S0 (2) » S is an operator corresponding
to rotation in spinor presentation.
Introducing tetrads E: , €aat eap = Quap , let us write
the lagra.ngia.n (1) in tetrad formelizm:
= LY y2es (8. + s::‘adsx- RWy) ¥ =
=L¢sr16“e;‘(ad_—%53w¢)sw =i¥Dy,

U e = (Y% Yo * nAeN).

A
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Here 3“:9“11}5‘* ’ wot:-:r’:_ff:éf €°n Vaenx ig the



standard spinor comnection, 6% 63 are the Pauli matrices.

The matrix €.  rotates from 6 and 6; to Y% emd N
*='6%, n=a'649, (5)

i
The action (4) is invariant under the conformal transformetions

e —A'ed ,  v— A"y (6)

It is easy to check that operator D (4) anticommutates

#ith the matrix N, which allows to determine chiral fermi-
ons:

: 1in
Yor="7 ¥ 7

Reparametrization invariance allows one to choose €% in

the form ]
ey ==6%

IF
Then Dirac operators of chiral fermions have the form
- - 1 -1,
Do= gt (p e, - 20 ") 02y D
(8)
-ty =V 1 -

Dp=y ' (p "a-7d-pR)a = yo_

the effective action of chiral fermions formally is equal to

W = €n det D, (9)

Let us calculate the variation of W under the change of in-

dependent variables e and S

SW=Tr8§D.D ' = Tv §D.Ds DL "D - (10)

A S



Regularizing this expression by the proper time cut-off one
obtains

» "tDLDR

§W =Ty {dt 6D Dre
' (11)

& .
'The operators D% , determined in (8), satisfy the following
relations:

Ra Yg = 555a y Dan = nda, (12)

g . @ Y a+ -1/2
where g differs from a Dby the sign before ¢ P .

Therefors P el
p-tDiDe _ 2t D+~

- (13)
+¥T -2t 0+ D- ty
¥ty e + . (1_6’2

-2
The second term does not contribute to (12) because of the

property Dp ¥ =0 .
Using (8) one will obtain for 5.D._

§D.= §np ”p, + D, 60 - 6D, (14)

Substituting (14) into (11) and using (12), (13) one obtains

the equation

- (gt 2600+ 4. 88" 26,8
SW = tim Tr{m.'ész > @ -6 ze
+ &8n P"/e g 2 R- L+ } ’
-2ed- 2+ , -2eD4 -
Here Ulim e and lim e are the
€~0 E-~»0

zero Seeley coefficients of operators . D+ and D+ D-
which can be calculated using the formulae presented, for ins-

tance, in Ref.[11]



-2€3- 2+ -2ed,. D-

Ei.m e = Eim e =
E+ Q0 E>0
1 . 1 (16)
— —— + —_
= 757 Y9 R Vg tim = »
where R is the Gaussian curvature of the 2-dimensional

.surface. The divergent term in (16) determines the local poly-
-nomiel over f and St » which can be neglected in
regularized W . ’

Using relation [y*,y”] = 2n , one obtains for

the regularized W

{
SW =787 [Tr 27 '6anigR + §8nplg (R + 13)] (17)

Equation (17) shows that the conformel end Lorentz symmetries
‘of classic legrangien are broken by quantum fluctuations.
So, one has
1
< T%«> =~ 755 Vg (R+p?)
. 718)
L
< Vd,-Tf_">=~ 48 JER .
Integration of the second term in (17) gives the Liouville

action [12]
1
Wiiunvitee = 1927 gdzg [(ad Ene)z + f"zf’] . (19)

It will be shown now that the integration of the first term
gives the Wess-Zumino action which is determined by the Hopf
invariant of the map S.: 83 —— 5%

Let us consider the 2-form &z on S%°

1
wZ:B_ﬂTtr ndn Adﬂ (20)



The map Su:83— &% induces the exact 2~form on S°
F )
F (we)=ggtrn 3,navn dxFadx’ (21)

where H,vy =123, xH are the coordinates on 52 .
To show the exactness of the form f‘(ml) ,» let us make the

following trensformation:

- -1
rl-SL 63-9-‘ (22)

The matrix L& 1is determined up to the left multiplication
by the matrix of rotation around n . Substituting (22)

into (21) one has

f"(a)a =—2fg—t“t’L Grdsaada™f =

(23)
=8r. H‘J dX‘uA dxv = d®1 ;
where
| -1
Au =3 tr6; st op ™', (24)
. . *
Fhe invariance f (w2) under the local rotations around

the normal vector manifests itself in the fact that ApM  trans-
forms like the W (1)-gauge field.
Really, for the infini-

tesimal transformation - Lt OoSL= 8

1 .
Au="73gtr n&'arn—’ﬂr+éﬂp

1 (25)
CAp =-3xtrndus st

Since only the f1 -containing part of oot al“‘ SL  contributes



ito 'Hr' (24), it is not difficult to see that

N Y. -1 (26)
SAp = - @t n 2 d= |

‘It follows from above that the value
fuv\

H--g $* (weynwi=(Apav Are® dx (27)
is invariant under any variations of S . H is called
Hopf invariant.

The Wess-Zumino action, being an integral of the first term
in (17), is determined in the usual way [13] . Integrating the
Hopf integral density over the hemisphere % of boundary Ch
one obtains

LI SH 3 pOA
= — 3
WH°P5 6 sz"‘ VHA € d‘ x. (28)
Using the reletions (24) and (26) it is easy to show that the
variation stHopf is equal to the first term in (17). For ar

effective action of W one obtains
1. LT VA
W=~ jgzz \d°€ [(3abnp)?+ pip]+ G- (dx A 0y Ay €”

In conclusion, we have calculated the effective action for
the induced Dirac theory of chiral fermions on 2-~dimensional

surface embedded in 3~-dimensional space. It is given by the

expression
Wi,R= T g 9 g R A7'R +pefdiE g
+ LGW Sd’x et Au 35 Ay, (29)



where R is the intrinsgic curvature, A is the scalar

Laplacian, the field ‘HF is determined in Eq.(24). There

is no Lorentz anomaly for Dirac fermions and thus, the effective

action will contain only the Liouville term with a coefficient

two times larger than that in the acti;n for chiral fermions. !
The authors would like to thank S.G. Matinyan, S.P. Novikov,
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