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V.G. GURZADYAN, A.A . KOCHARYAN 

ON THE INSTABILITY OF ~,OTIQN IN Tfl [ r.ALAXV 

In the hydrodynamical approximation the charactP.r of motion in the 

Galaxy is dlscu<sed. Using the properties of the qrouo of rliffP.omornh 1sms 

of Riemann metrical spaces, the existence of exponential instahility is 

shown. In the case of severa l simplifyinn assumotions the char~cte ·istic 

time scale of instability ls estimated be1na of the order of ~ nart of 
lT" 

rotational period, 1.e. 130 million yrs. 
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B.I'.I'YP3A.llffR, A.A.K01IAPHH 

K HEYCTOl1l!MBCX::YA .IlJ311J!CEIBffi B I'AJIAJ\'YvUill 

B rH,llJ>O.zurnaMWiecRoM rrpH6.7IID!elilll'l Hcc;re.nyeTCH xapaxTep .n;BIDKe-

HID1 B II;HCRe I'a.JiaRTHRH. IToRa3aHo HaJUft!He 8RCllOH8HIUraJu,Hott He­

H rrpz HeROTOPHX YilPOl!talDll!KX npe~OJlO~e-ycToli~HBocTH .n;BIDKeHIDI 

IDUIX Ol\eHeHo xapax'!'epuoe BpeMJI ueyCTOWUlJ30CTH, COCTaBJI.iIRJ!Ilee ;. 

II;OJIIO OT BpeMeHH OII;Horo o6opoTa, T. e. UOPff)U<a 130 MJlH. Jl8 '1'. 

EpeBaHCR:IDi ~H3Wiecruil! ID-ICTHTYT 

EpeBa.H 1966 

The character of stellar motion in the Gal~ctic disk at le~st at ~ol~r 

neighbourh'ood is close to stationarity. Despite the necess1tv of obtainino 

more specific data on the reqular1ty of stellar peculiar vPlocftv distrihu-

t1on, their spatial concentration, etc., this fact oenera11v Is not rlisl'utPrl 

and points out inevitable existence of mixina mechanism. It is well kl't"Wn 

that, say, the effect of binary stellar encounters cannot le~rl to the rh•PrvP.<f 

pattern, so far as predicts time scales much Pxceedino the aoe of G'11'1n. 

This unresolved up to now problem is discussed in this naner usino t"'~ 

methods of theory of dynamical systems; the nrincinal nossibilitv of - .. ~nfd" 

mixing in th·e Galaxy at present epoch is shown anrl evPn at se11Pral sf,,-n ' i. 

fyin~ assumptions the corresronding characteristic tire scalP ls P•ti~~· ~'. 

We have applied the methods used here earlier whilP invPstfnatinn rlist'~r · 

aspects of structure at evolution of stellar systeMS Ll-F} . It h~s 'n• · 

shown (1,2) that spherical systems of ~ oravitatinn horli~s rossPSS s•rrnq 

instability peculiar to K-systems, while disk on!S are more rPnular. ·~P 

study of disk systems bein(J dynaMical systeMS with non-neo'1tivP curv~· ,, .-p 

is performed in (3] . 

Below, for investigatina the stabilitv of 11'otion wP sh.•11 r>rf"rl'"~ ',--,­

Arnold's theorems [7 ,s) concernino the nroun of diffeomornhisrs 'i f'F ' f" 

of Riemannian manifold D with one-side invariant rPt• ic. ThP "'ain ,;,,, 1 i". 
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cation 1s the adorted hydrodynamical annroximation. naf"f'lv the 1tlent1f1cat1on 

of the niotion in '1alactic disk with a flow of fluirl on n twC1-d1mens1on~l 

torus 

T 
2 

= ~ ( x1 ~) W10JJ. 2u 1 
Fridman, Morozov and co-authors (see l9) anri refer1>nces thf're1nl t1escr1he 

by hydrodynamical theory many features of .soiral structure of o~lnxif's. 
<. z 

Consider the nrour of diffeomorphism of tC1ru~ T - S"Di ~~\ nreserv-

inq the volume el errent (for notations and details see Arnold's na!W!~ c1tf'rl 

above). Lie aloeb .-;i corresrondino to a orouri $1);~~ I~ conh1ns an 
vector fields with ;.ern divernence onto T

2
• Scalar oroduct of twci f'lf'llll!!"t.s 

Jf Lie algebra is ~efined as follows 

< 0, y > = \ ( v\/ _.. vzu.,.JcAxJj. ( 1) 

12 
2 

The motion of homooeneous ideal fluid on ""\"" is describerl bv t~ curve 

-I:. _,.. ~-\: on an infinite-dimensional croup S "Di+~ l-i , where th:> 

diffeomorphism ~t is a mao transformino every riarticle of the fluM from 

an initial point to the point corresnond1no to the time t . 
Kir .etic enerciy of the rovino fluid innuces rioht-invaritnt ~1f'1111tnn1a11 

metric on S Di ~ ~\~ , i.e. when the derivativf' of left shift dat>'> not 

chan ce the vector ' s value. From the orincinle of least action it foll°"s thdt 

tne moti on of ideal fluid occurs bv the oeodesics of rretric Ii\ on tl'le ,, .•. ,,1, 

s J_,, !, ', ·1 . 1nis princinle i~ analorou~ ~ere to thftt of va~nertuis . 

wh 1n . J ls o t r~ '! Sff:rs t he 1noti or. in n~1ase s11ace rnto reooesic~1 nriw in e 

c:. ~ ' :•, 1 If._. 11"' S :") (! :~ • 

,.. ,.. -~ 

~:-, <"'.J€'t' ~~n '.I. L ~fl a·1c · ... t' r? wi :~ ru~r,rt 4 · ' ~ t , on r~ P v~i: -

- 11. - . "' _
1 i:-f 1""Pd ' " : nP "r''; ·'h .. ir.: \..'"" '/ ! 

~ \ 
0 ) ~ro.l S y ~ ( _~ (?\ 

If the flow is stationary, the oeodesics form one-nar~Metric suhnrm111 

of the group defined above. Then the deviation of oeodPsics 1s determ1ned 

by the sign of two-dimensional curvature in Lie alnehra ann hence hv vPln -

city field. 

Approximatinq the "flow" in the Galaxy with a velccitv fielrl (cf. e.o. 

[10] ) 

Y = ( 0, si ... ~) 
. 2 

(1) 

and using Arnold's expression for the curvature of the ornuri S
0 
\);~~\"?. 

in a section defined by curren~ functions ~"' c.as K>< , '\= c.ostx 

" " -i o< 
~ 
8? 

. l . .,_ f2.. 
Sl'" ol. s, .. r ·, o1.: (1<.,~\~=Cl.<t~,~-~ ) K = -

one can find the "mean cvrva turP" 

Ko ~ 

l?? < Q I 

where ? = 4.,,' ls the ~rea of torus. 

I~ 1 

Evidently, in general, there exist two-dimensional rlirections at w~irh 

the curvature is positive; ho~1ever it is il"portant that in this case the 

mean curvature K0 is stronolv neriatlve. 

Then the characteristic oath of mix1no t , i.e. thP ""'~n nath, at 

which the errors in initial data nrow e til"eS will eaual 

.. ,, 
~-= (-I< 0 . ; = '2 w . (<;\ 

The motion velocity in the qrouo is 
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I 
( 1~'7.. v 

v.,,_ < v, \/ )~/z = l ~ ?.v.v olx ...I~ J = (~ J z ., (6) 

From here one can estimate the time during which the most raoid particles 

cover the characteristic path (5): 

i.e. '2. 

lr 

t = 4 (7) 

part of the rotational period. 

Thus the considered motion is exponentiall .v unstable in the sense of the 

loss of information on initial data of the particles within the flow, ~nd 

is stable with respect to the velocity field. This fact narticularlv reflects 

the result of the paper (11 concerning the sion of the two-dimension~l cur­

vature of disk systems consisting of N oravitatinq narticles. 

At rotational period of Galaxy 2 · 108 years the characteristic time 

scale of mixing yields 't ~ 130 million years. For examole . durino the 

time of existence of Solar system (5 · 109 years) the initial deviation EQ 
must grow up to 

~tr 
2 

E -t "' e ~Q 
17 

10 to 

Paraphrasing Arnold one can say that "the Gal~ctic weather is unnrerfict­

at.le for times exceedino 't' " 

It is worth mentionino that the estimation of instability tir-e scale is 

rough, so far as rather simplified model was considered allowino analvtical 

2s ti ma tion of the curvature . The necessity n~ a more detailed analvs i s is 

evi dent. At the same ti me, the conclusion on relativPly raoirl mixino can be 

s tri ct enough to throw lioht on t he problems of structure and evolution of 

real galaxies. 

~he authors thank 5.G .•-:a tinvan and r..". ~ a vvidy for us,,f 11 1 dis cu s ~i,,ns. 
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