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We study densities (most general objects which may 

be integrated Clfer our:t'aces il" the superspace), invariant' 

with respect to the supercanonical transformations which 

do not change the Butten's bracket . The only such nontri­

vial obje c t is,in a defini te sense , the odd semidensity 

explicitly cons t ructed he r e . 
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B0PXHOCTRM,HHBapHaHTHWC OTHOCHT~bHO cyrrepKaHOHH~eCKIDC npe­

o6pa30Balnrll: ,coxpaH.fiJ001IDC CR06Ky ElcJTT0H .CTpoHTCR HHBapl!aH 'IHa.H 

He~eTHaR no~yJIJIOTHOCTb BTOporo pattra. 

EpeBaHCRIDi ~H3H~9CKIDi HHCTHTYT 
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* t'peBaHc!U!R rocynapcTBeHJilltt ymrnepCHTeT 

Some interest in the properties of Butten 's bracket has 

been arisen recently in theoretical physics [1,2].In this 

work we study one of it's properties,namely the problem of con­

structing it's integral invariants,or,more generally, the den­

sities of arbitrary weight. 

Let E M,M be the supers pace with coordinates ( X ~ •. ·, X ~ 

e1 , , e"") ~ be functions on EM , M 

nite parities p(f) , Pl~) .The Butten bracket 

f 

these two functions is defined as [J J 

,having defi-

{ f > ~ Js of 

{ f, J = L ( af• a9, + (-1t'n af. ~) 
~ B 1~L~M dx 08 ae• ax• ( 1 ) 

Derivatives are the left ones. 

Ne define supercanonical transforffiations of seco~d ki~! 

as all transformations of E M,M which don't change th-= or·~-

cket (1),or,equivalently,which don't change the odd nonde [eP~ ­

rate closed two-form [4,5] 

w6 = L dx'clei. 
11$ i.~ M 

Supercanonical transformations of the first kind ar8 tr '1."-

sformations of E2"" 'N ,which don 't change even nondeeene ra'c 
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closed two-form 

'° i i.+M · 2 
wPM= L:- d.xl\dx +~ c~(cle"), ei.=!1 

1.(; L~M 1~ L.SN (2) 

or,equivalently,which don't change the Poisson-Marten bracket 

{ J }PM - the straightforward generalization of Poisson 
bracket: 

{f,aJ = ' (~ a9 · a PM L · -.-
1~i.~M axL ax•+M 

af 
dXl+M 

+L P(f) af ~ 
(- 1) ci. aet ae• 

1~ i.~ N 

a~)+ 
a)(• 

Supercanonical transformation of the first and second kind 

are the only ones,maintaining nondegenerate closed two-form (6]. 
The latter in appropriate coordinates coincides with C.U

8 
or Cc)PM 

The integral invariants of supercanonical transformations 

of the first kind are constructed in Ref. [7] .They are a natu-

ral generalization of classical Poincare-Cartan integral inva­

riants and coincide with them,when the number of odd aoordinates 
i. 2.m,n 

e is zero.Namely,let ...Q.. be a ( 2.m, n )-dimensio-
nal surface in E 2M,N 

by the C JI = ~ R ( ~ K) 
,given in a definite parametrization 

. .A ( 1 
~ ::: x, 2.M e 1 NJ ,x , , ... ,e 
~K = (S1, ~211'1 I .in) ,.s ,v, ... ,v 

Then the quantity 

4 

J ac.A azll' 
¢ (.Q) = S Bei a ~K I.R.R' a~t<' d 1.l~ (J) 

c.u PM :;: d r. .R I .A.A I cl ~.A I 

a) is invariant with respect to supercanonical transformatior.s 

of first kind,b)is reparametrization invariant, c) at N=n=O it 

·~oincides with the well-known Poincare-Cartan integral invari-

ants 

cp(.Q) = s U)PM A ... A C.UpM 

(N==n=o) ( m times) 

Note, that (J) is defined for the surfaces _Q_ 2m,n 

on which the restriction of fundamental two-form (2) is nonde­

generate.We impose a similar restriction on the surfaces also 

in the case of supercanonical transformations of the second 

kind.This means,in particular, that in the latter case we shall 

consider only (rn ,rn )-dimensional surfaces Slm,m 

Evidently,the direct generalization of (J) for the cas e 

of Butten's bracket (1) is senseless [8]. 

Now we ' the exact definitions and formulation of our 

results. 

Consider tae integral 

.A ae z 11 

cp 11 (.0.)=S.A(cfl(~K), ~~K' ···' a~K• ... ac:ic c )d.v-~ ( 4) 

where l_Jl::: (X~ ... 
1
XM1 e~ ... 

1 
BN) are coordinates in t he cmper-
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_,,dee EM,N 

~><=(s1, ... ,5m, v1
, ... J IJ"; are coordinates 

of s:.:;:iers;:ia:~ E"'•" , 2.R ( ~ K) is parametriza.tion of 

t'""'\m,n M,).J ( m , n )-ji::iensional surface ~'- in E 
11 az 11 .-ae lA 

J1(.c I o~ll 1 •'' J d~K 1 • • • d~Ke ) is Called [9, 10] ( m t n )-

den;;i ty of rcink e and Weight f ( F 0) iff under reparametri-
1< 1< - fl - R -

1
\ 

zation ~ =? (?), 2 (-{)=z (3'(~~it changes in the following way: 

.A ( c A ( ~) J ~ ~JI.«-?\ " . 7 
cl rR( f) 

. ~Ke) := 

ae.z:.!'I(~) )(se-z a~ )f 
aS°'"' ... a ;;-l<z a f 

=.A(c.A<5), ~2.,.R5s>, ... ) 
(5) 

For ~ = 1 ·integral (4) dosn't depend on the particu-
lar choice of 

parametrization of _Q_m,n .If density ,A 
. of 

weight S' f 1 
is even,and its number part is nonzero,then 

(.A)11P 
is well-defined and represents itself the density of 

weight Jl 
1 .In other cases,for example for odd densities, 

the weight cannot be changed and it is an essential characte­

ristic of the density. 

.le can describe the same densities on the language of the 

so-called D-Jensities [9] .The latters are relevant when sur-

r\m ,n Fe 0 faces ~L are given by the equationR = 
c 1 M-m I N-n) F =(f,. .. ,f ,If, ... , <f 

r a.re ~ven , l.f J 
are odd functions on E M , N 

'I t is cao-e (4) is su!:Jstituted by 

- a Fe a e F c 

<Pi:i(U\=S.A(~fi, azR' ···1 rl 7 fl, ~;:Pe)~S(Fc)du-;! 
I 4 r ) 

and the definition of the D-density of the weight ~ 

when using the equivalent equations 

F'c'==O F'c'=ric'(~.R)Fc 
7 c 

is, that 

instead of F c = 0 , the D-densi ty Ji 
must satisfy 

.A(r.:'", aF'c 
a z.R 

ae p'c 

... , a -cR' ... ae.Re}= 

- ( .A a F c a e F c c' .P 
=_A C 1 ai!.A I "'J CJzR'. .. a2Re)(aez. '1.c) 

~ 

The D-densi ty .fl 
corresponding to density 

given in the particular case when 

by the 

Fc(l.fl)=yc-rc(sK) i .A ( C K) 
~ = !:J) s 

z_R ( ~K) = { ~t( ~K) =re( ~K) 
s'«~K):.~K 

(6) 

.A is 

(7; 

~ .A aFc aeFc ( .R a2 11 ae~.R · 
fl (z , az• 1 ... a,•, . .,,,,) , fl 2 , a?', ···'a~'' ... a>'j/e, 

It is evident that,for ~ = 1 ,if D-density .fl c~r -

responds to the density .A ,then (4) and (4 ') coincide 

<P.; (.Q.) = <P.A (.Q) 
(3) 

For example,integral invariant (3) corresponds to 
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¢.A(.Q.):: ~ J Be-i {Fe, Fe' }D~' Q O(Fc) d'l.f:: ( 10) 

and Sq.(9) holds. 

The important statement is,that correspondense between 

~ensities and D-densities,established by (7),(8) in particular 

coordinates,is really independent of coordinates and depends 

E M,N 
only on the volume form on .Namely,the correspon-

dence 

-.R 
z= 

~ 

.A ---- .A holds also if we use new coordinates 

instead of 

ai.R 
Be'Z.. a z:.A' 

2'.JI = (ye, SK) , provided 

i.e. if the volume form remains unchanged. 

( 11 ) 

At ~ = 1 this statement follows immediately from (9). 

In general case,this statement may be checked by straightfor-

ward calculations. 

Our main result is the 

Theorem. Let we have the superspace E M,M , G is the 

group of supercanonical transformations of second kind,i.e. the 

transformations which don't change the Butten bracket (1) • 

G0 is the subgroup of G consisting of transformations preser­

ving the volume form,i.e. having the unit superJacobian1 (11). 

Then 

a) there are no G-invari3~t (m ,rn.) -densities;for rank 

one there is only one (trivial) G~-invariant density,it 

8 

is even ( M , M )-density - the volume form. 

b) for rank two there is only one G -invariant ( m , m ) 

densitJr .A it is ( M- 1 fVI - 1 ) odd semidensi t~ 

(i.e. with weight ~ = 1/2 ). 

c)the corresponding D-density :A is 

.R: fr~-~' I (f az fo 
-{fo,{fo,P0 }s}e) ax•ae• 

1 

fo = f + 2 
{ f, f Js 
{f,~Je Y' lfo 

1 

{f,'f}s <f 

where the surface is defined by the equations 

( 12 

f = o, 

'f = 0 , f and <:f are even and odd functions on 

EM,M ,respectively. 

2 l i. 
Here "the operator L1='i;_o/ax CJB is G

0
-invariant (but not 

L 

G-invariant,see Ref.[2]) so (12) is G0 -invariant and not G-in-

variant.The property (6) . for ( 12) is checked directly. ·ffhat fol­

lows is the brief proof of a),b). 

The transformations from G are generated by the odd He-

miltonians.Namely, to an odd function H (~) on E M,M cor-

responds the one-parameter family of transformations of EM,M 

r.-2: (t,~), tE R ,through the equations 

z ( o, r.) = c ' 
clz (t,r.) = {H

1
Z }

8 
( 1 J) 

H generates transformations from G
0 

iff 
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L1 H = o 
( 14) 

I 

U$ing (1J) and reparametrizations,it is easy to find a 

"standard" form for the expansion of functions ~ii(~) 

determining the parametrized ( m , m ) surfaae,around the ar­

bitrary point -6' 0 ( which we may choose equal to zero) .This 

form is ; 

for 

for 

cl ~ot.. 
x = s J 

xl = 0((~)3) 

el= o(c ~)3) 

m,,,, M-2 

xol = soc: ' 

e"" = vci 
J cl=1,.,i,m 

1.,=m+1, ... ,M 

,and 

e"' = vol.. 

xM = Y-1 ~ ~"'vot -t- O(( .;)3) 
o(. 

8M =- 0(P;)3) 

m = M-1 

( 15) 

( 16) 

I'b.e proof is simple and we omit it.lfote,that non-trivial 

lf L. ~at va. term 
in (16) may be reduced to zero by the tran-<£ 

sformation from G ,but not from G
0

• 

Consider now the following t ransformations of EM, M 

1 1 1 1 1 M 1 M eM eM belonging to G0 : X-...2x, 8-z-8 , X -2x 
7 

-2 

and supply it by the subsequent reparame trization 
1 1 , I 

V -2 V .:'hen (15) remains unchani::e<i , w'- " '-

~1 - 2 ~1) 
'II " - { 1.;) 

10 

becomes 

zation is 

21P 
z2. 

.Since the superJacobian of this reparametri-

,it follows, that among invariant densi~ie~ of 

rank two may exist only one,odd, 
, M -1 )-densi t:;, of M-1 

Neight 1/2,which for surface in standard parametrization (16) 

i.s equal to I.fl 
.This de,sity really exists: corr es ~Jndir. ~ 

s> = 1/2. 

>-density is given by (12),property (6) is satisfied with 

:te are indebted to D.A.Leites and A.S.Schwarz for 

valuable discusr:ons. 
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