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One of most fruitful directions of research in cosmology 

is the study of geometrical properties of the space-time mani­

fold. Among classical achievements on this way are Hawking's 

and Penrose•s theorems on the existence of singularities for 

large class of solutions of Einstein equations. 

The initial point of the investigation in real space, as 

well as, in Wheller-DeWitt superspace, being the space of all 

three-metrics with signa;ure (-+,+,+,+,+) [1] (see also [2}) 
is the study of dynamical systems in pseudo-riemann manifolds. 

Below we shall study the global properties of these mani­

folds analogous to the results on the behaviour of close geo­

desics in the theory of dynamical systems lJ-6]. The 1mpos -

sibility of direct application of results of that theory deve­

loped for Riemann spaces is evidently connected with the pse­

~do-riemann signature of real physical and Wheeler-DeWitt mani­

folds, e.g. it is easy to see that two close geodesi~s can di­

rerge in pseudo-riemann space, while the value of divergence 

vector may remain close to zero.Therefore not only new criteria 

are needed here but one should also redifine the hyperbolicity 

property itself. 

Let M be h,-dimensional pseudo-riemann manifold with a 

metric d- of Lorentzian signature (-,+, ••• ,+) and Levi-Civita ,_ 
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connection 'iJ • Consider a geotl1111l c .flow on M , i.. e. a 

group of mapping -l ~Ir:) of a up11011 "l). M , where 

\'AM:: l Cx,uJ; XE M, u el~ M, '<l(1.1,1.1)= \lu\\\ A 11 A-::-O, ±~. 
C:ach mapping $Ir: perfor·11111 hu 1·e o shift of linear element 

5:: (l(,u) along defined geoduu1o on tJ letonce t . 
At first it is neceeonr.v Lo gonernlize the definition of 

hyperbolicity for peeudo-rle:tnnn opnceo . 

Let l({) be a geodeolc on M pneeing by a point X4E:M 

and ~to_J -fixed \'\. -dlmenolomil bnole onT'f..M. Transfering 

tta.) keeping parallel ulonp; ~(-l) nnd get ting a basis in TxM 
at every t one thus dot'lne11 a lermi baeis . C:ach vector 

XE T~C-t)M can be preoented by moons of 1•'ermi basis [1,s] 

XC-t)"' ><"'"(-t)'t.,._. 

rhe expression 

\\xii' 
I: 

= Z (x n-J7· 
"' 

defines E -the value vector )< with respect to basis l ta.) . 
.Let l t

1
0..') be another basis in X • '1'hen a non-singular mat­

rix .:p"'-e exist, such that 

QI 

2 = Z ~o.. t: . · 
"- ~· ~ 

Jo far as both \ E: ... ~ and l tc:..• ~ being Fermi basis es are 

transfered parallel along ~(~) , this relation oust be satis-
Q' 

fied for constant <:\=>°' • Thus we have 

X e'(-t)"' 2- -9"'e' x"'C-l:'l 
0... 
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<' l"rom here taKing into account the non-singul2ri ty of .q:;"-
we come to the following inequality 

c "> (x"'f ~ L_ ( x €')i ~ C: 1 Z C x"')' 
~ ~· G\. 

or 

c \\ x \\,_t ~ II x 11\. ~ c.1 

\\ x\!\ l (I) 

where C is a positive constant. 

Now we are able to give the definition of hyperbolicity 

of geodesics(for notations see [3,61). 
Definition 1. Geodesic 0 (t) ~ S~(~) \\~ (t)\\-z.= :Ao 

'f.. I "I. 

is a A -hyperbolic one, if there exist 

subspaces 

~s(S-1:(~)) ' \N1.1( S-1:(~)) 
and \-i't(S-1:(\)) of tangent space TS.\\~}, fv\ 
and numbers A 'f Cl 

1 
0 < t < i 

1 
such that 

\ -1: l">-M = \r,/(s"'(~)J© \/IJ1.1(s-1:(~)J©'W"(s'<(~)) s (~) } 

Ji s'tws(s*C~)) = \s-/( sl"\f)), J.S~w"(s\~))=\N\l(s'"co)) 

where \N" (S-1:(~)) is a one dimensional space determined by floy, 
t 

vector and evidently being invariant with respect to dS . 
io~ each t, 't ~ 0 and for a certain basis l_ 12~) we have 

\\ ~ s't v \\\ ~ A,_ r "~II v fc \J E 'v\I S (St qi) ,~ 
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\\Js~\/\\\ ~ /'.\'fi~\\"\ltE v €. w 1.1 ( st. c ~)) , 

where 

\\ 'J \\'l :0 \\ o\" \/ r E }. E 

't 

;- \\ K ·v\\ t: 

}. 
\/ E \\ M 

n >. 
1r :IT M ~IM 

). 

K is the mapping of connection ~ [al. 
One can see that this definition of hyperbolicity does 

not depend on the choice of basis { t,.). 
Definition 2. Geodesic flow is /.-hyperbolic of its 

each geodesic is ).. - hyperbolic. 

Our next aim is to obtain corresponding criteria of hyper­

bolicity property.For it let us first define Jacobi field Y(~) 
along a geodesic "))({)determined by Jacobi equation (4,8] 

\J.,,'V1.1Y ;- l<..(u,Y)u =Cl / (2) 

wheTe \<_ is the .Riemann tensor. .,. 
Confront now each vector Y €-IT f'v\ with a solution of 

Jacobi equation YCt) having initial conditions 

Y v Co) = cilirv, 

v ... '((o'l= \<-v. 

The resulting mapping 

t: \J -l> y" ({') 
is an isomorphism and 
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ol1T J. s·\, =- Y" C-t) , 

-\: 
K ol.S \/ "' \/" Y.., Ct) 

One can see that Eq.(2) is an equation in 

(3) 

variations for 

flow l S-\:J . Using (3) we obtain 

\\ J Stv \\
2 

= \\ Y v Ct)\\t + \\ \7" '<., Cl'l\\'" 
I: I:" \'.: ( 4) 

Jacobi equation and (4) enables us to check the hyperboli­

ty conditions (Definition 1). 

Lyapunov characteristic number A for maximal geodesics 

~ and vector v is defined as follows (cf. [4,6]) 

I< c i e. ~"' \\ J. s \ "\l '1: 
61 V = '""' Su~ 

{.,0o 21: 

Evidently ?\ ( l 1V J does not depend on choice of l to-) too. 

Definition 3. Geodesic 0 is considered to be stable if 

V~ >0, 3t>C~)>o such that from \Iv\\\<~ 
the condition \\ J S ~ \J \\\ <. ~ follows for 

each t ; otherwise the geodesic o is un­

stable. 

These definitions are again invariant respect the choice 

of l ~ o. l • 
(cf. [11 ). 

In view of this fact we can define convenient basis 

For arbitrary geodesic 

normalized basis on point 

-'1 

'6(f) from\ M 

~ (o) in a form 

we choose an ortho-

Eo:.~(OJ= u, j'.;11·•·1 \;"-1 
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3 Ct.,E,): (->oJ 
where \:"'-is a dual basis. 

lf the following relations are satisfied 

'Vu to. = 0 = \J..., Se' 

then the basis on T
0

M can be 

to= U I ~(f:<>-,Sc)~ -'1 0 
1 

(

0 -1 

1 
and on I M 

0 :) 
t., "\J I d(t,, t,)~ C: OJ 
For the vector field 

Yc-r) = ~"'Ct')\::a.. 

Jacobi equation 

J.'1.-r:"- "'- e .i. 
- +R u '-' J-t_'l .€c-I 

~<:: 
=- G 

can be rewritten in a form 

where 

~"-(-t) +- k~ (·t} ~t({) = O; 

K "'- = < t:"'--
(. J 

\<.(\.\, ~{')u> =l<_"'- Uc:\IJ. 
~c.I 
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( 5) 

(6) 

(7) 

(8) 

From (6) and Jacobi equation (8) it follows that 
• 1 
~ :. o, 

i.e. none of geodesic flows can be 0-hyperbolic. 

Up to now we have considered geodesic flows on a manifold 

with Lorentzian signature(-+, ••• ,+). It can be shown that 

the same results are valid in more general case of dynamical 

systems on a manifold with signature (-, ••• -+, ••• 1-). 

The derived results enable one to study global geometri­

cal properties of manifolds within concrete cosmological models. 

Thus based on these results we have shown the existence of ex­

ponential instability in Jhiller-De-Jitt superspace in the 

case of homogenous cosmological models[9). 
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