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' " • •;a..%Hb1A ttay'l110-1u·c ieaoaaTeJlbCKHH HHCTHTYT HH<t>op111allHH 

• , ,. J<HHKO JKOHOMH•1·~K1 Hcc..1eaoe.aHH i1 no aTOMHoA HayKe 

I I ~XHHK~ (!;tH1KaTotOh t•;>1p M1 l\J85r. 

Ever greater importunce are assumed recently [t-5]ideas 

on quantizing of geoine Lrodynamics developed by Wheeler ar.d De 

1/itt already in 60th · (:>,7]. A wave equation for functional 

of state in superspacc Nas derived by them: 

f _c;_ ~i./01 .. ~'L + ""17.(-3"R+1'ir1' •• (s/sc1>.4>~~i=o,, 1 > L •j•t 'l o,.t 1J 

where "Y is determined not only by the metric of' three dimen-

sional Riemann manifold but also the geometry of' superspace. 

Hawking assumed that the solutions of -.1heeler-De i1itt equation 

(1) describe physical state of' the Universe if' they are deter­

mined by a path integral over a compact four-manifold bounded 

by a compact three-manifold. The attractiveness of this for-

malism is not only in its great heuristic content but also in 

predictions being in accordance with observaticns ls1 . 
A principal problem here is the sensitiveness of solutions 

of Nheeler-De ~itt equation (1) with respect to that boundary 

(initial) conditions. Below we shall investigate this problem 

considering the global geometrical properties of superspace 

and assuming that the searched instability of quant·1m system 

is connected with analogous properties of classical system. 

~~heeler-De ·Jitt superspace W for e;iven h -dimensional 

J 



Jla!'li!oltl M i.s the :rnace :if ;ill .:~:-_q nn :netrics ~ .. (ic) onM. 
'l 

~elow we shall c'..lr:siler only ~et r ics not de~ended on X corres-

;>ond1ng to ho1!:·J:_:cnsu3 CD~·:.ul'):•ic~l _:;)d~l'.J . J~ .iitt hos consi -

dered this ~racen ~tf~re et thu ~~:e :i= 3 (7] , .1e shal l g ive 

0 l !'<o t :1 e genergliz at:-:;:~ of '.Je .:ltt ' :: r•:.,·dts for Jim/V\=11,J;1n\N _ 

""~t') .., ~ ~ ( .•oc _'"or; j i vJ' 1 '1'1 '.f C.. ._, · ~ l . I i-., •• ~ . .r • 

/"" ijlc~ 
~· ne r:1etri c \:I )r', :-;e ::up~rs:-:;2.ce VJ !'H\3 a f-:>rm 

. .. (..,l ' 
' ' I 

/or 

G ijd = ~ ~~1,_ [ ~'" ~ j\ 't'~ ~ i.: _ 2 ~ij ~."-e1 

. . 
¥ = ;.-t ¥.-

J 

lk. "'l 
) ~w:. _j= Oj 

;Ging tnc ?x.~re. ~iDn 

G- ~ ''"' l<e .. G -
'J """ -

G,j"t w-:;, i...,~1vr: 

" ... f 
0 '· 

'J 

<, j, 11:, Q = ~, ... ) l'I • 

-(h~('~ ~~s~) 
2 \ ~ J + l J 

G-,jk~ = i- ('i l ~.-\( ~ j ( + rie 'Oj .. - }~1 'rij 't ... ,] . 
~ .. ro:n ( 1 ; ..JlL: c;:11~ ... ~ rj ve , t'e· ... 1-:. ;~pe r:dix) 

(2a) 

(2b) 

r,ij1te -i. "'~"- t r-1 (\l -1'dl11 A,!>e. 
.I J ... i . h 11.e = - ol ~ + -(-, ~ ~ ";)"'A )( ~6 Ol \ Ol ~ I (J) 

, 16 »-1 , ~ "(>~ 
,.,··.er'.? "";. 

,.. ( ~~'\ 1. 'lrv4 . -1 - ;; n ("~") 
~ .. 4 ~ 11 , \, = x , . A 11. .,, ~, ... 1 -- -1 · 

n ~ · (j -U 1 I '2. J 

t:-:e ';~ordinates ~A · ·'" •ete:-:;;ir.ed in ord er the vect or <o/<>~ 

t,:i :ce ort hop;onal to '<>A,~A. 
:rem (J) one can see t".:ot G- :-:·-1::: :.'.)rer.tzian sit:;nature 

:- • o , T ' •• , ... ) • 

:·-.e r:et r ic en a ::·it:-'<-:9ce W = l ¥ \j \ '6 ij 6 \N 1 ~:: 1 1 
·d :::, '.-: ·:- ~ .. e :ric G 'n W ·~s a f')rm 

GA!', J ~ \~. ~ ~ = -lr \ )- I ~(> "t ~-'1 ~I_ ~. l ~A ol ~ ~ 
- .._-~A -0(~: 

\ri l\ 

~n.1 .:i~'.':::an!'"_i· -~n 3L;r,n ;.;1t"Jre (-, , -t , ••• , -:·) . ::-ie fo l lowing relations 

~.;re sqtio i' ied fo r t'-lis r::etric* (se ~ .cn;ier.di x) 

'R, A!> =. 
n -
4 GA\\ 

( !;. ) 

"'!:> - 0 'r:\ ~A&Cl>·~ - • \'Ji 
_, - -

.-' r:i::1 (4),(5) it foll :Y:/S that W ;·:ith ::-.etric GA\ is a e::.r.;-

:::e ;;ric C:instein s9 ce ar:d t~:e refore the ,;e:ldesics are maxi;;inl 

on W. 

.:onsi ~ler a -:;eo:iesical flo;·: o n W. .;e are in te reste -i in 

the stabilit~ of that flo~ res?ect to initial data, i.e. th e 

variation of the ~eodesic at small chan~ing of initial coordi­

na t e and velocity. ?or if one must proceed from Jacobi equa­

tion l c,J) 
~ ... '5 ... c +~C-e,u)u=o (o) 

;1here '9 denotes covari'l.nt derivstive , U is the v eloc ity on 

._;;eodesics G- (u,u ~ = \\ ... \11.. = 1 J e is t~1e vector of Jeviation. 

: . .? -::rite ·''l · ( ')) in r'en:i coordinate s . Let C (-t) :Ce a ._;<oo ­

des ic on W ;;-,anifolu , ~ (t) t!1e v·; .Loci tJ of the fcirmer. :;h "JOS ~ 
a ( n ( n+1 J/2 - 1 ) - !i~:e nsioml ort'ionor'."Oali;,ed basis lt11) o n 

;'° int C. (o) ·.v i th th~ last vector coincidin:; ·11i th \J Co) 

tr:rnsfe r it a lon:; c ("°) • LJ,J in ~ t'J is Uer::-, i) coor,Hn'ltes 

Jacobi e~uqtio n (6) turns to 

2 "'- (t) *' K ~Ct) ~ ~ C-t) = C) , 

-.·'.1'2re 

•\.....:i 
\,o •• ~ 

anrl 

: : ~e 

\ 7) 

O.. - ( '\ , D r, (,. + 1) ': -' ) r=t:- ~ .... ,G- ~.uJ=-<e,1..t)=O,Cl,~~1, .. ,~_ 2 ; 

*:;ote that t~1ere a re e:-rors in [ '1} ·:; 'l ile ueriving t'les e 

for:nu l 'le , i.e. in fin~l ex--r-;cosion ( i: ::-.cis t be ~ i nste2 i of ~. 
4 '2. 
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0.. 0.. - ) - G\. c .. 
't<.. t ( t) '::" < t I ""R_ ( t c I \I \J ) = 'R ee J. \J IJ 

tt"} iG a dual to \t ... ) basis;<\:"'", t~>= ~~ 
' 0 a: .!:'in·J ;iarameter on the geod eaic. 

_q •. ing into account tnat 

\7 l<.. -= I) ' 

- - c- - E~ 
'ilu\.l::\J..,co.=Vu ::oO, 

.. ~ c r.clc1.ie that K~ (-1:) does not tiepenj on t : 

( J ) 

-l 

\-<."' (.\:)- K~. (L) e - ... 
J.:: ::1is ca::;e the Jncooi ecpation ( 7 J nas a solution 

=2. ~ ( -1: ! = x ": e x \) I ± ( - w , ) "Ii t 1 1 \\) le) 1 L , J 
..... ,,,,.~ Xli.i is ej ~envector for K ~ with eigenvalue w i.: 

Xe 
( l) 

"' I-<. e \).). x a. 
\ ell 

L .enotes the nu~ber of such 3olutions . 

:·ror:; (1) , (8 ) one has 

~W,·:: trK::'R. u'u~--~<.O. 
L ~e - 4 

.e nae t:nt f or ever y c;eode sic the re exists such L0 that W; 0<0, 

:1c11 ~1 -::en ns the exis tence of et le:Jst. one n'.ln- zer) .:,yaDunov 

c·1~r~cteri sti c index. :herefore the !eortesic flo~ is ex~o­
:-71 

n~11tially unstRble on \'1 , i.e. its ~v~ry i;eodecic is 11rst a~le. 

n3 it is shown in Lhe Anpendix at n~2 \JIJ ·:ii. L"J ::.et Yic 

~ GA~ is fl :...obflchevsl:y space and the e;eo.iesic flo:1 ti~er e 

j '° ::; ~ ro ngly unstable in t ie sence that all cond i tio r.s of ,,nosov 

~Jstems oesides L~at of compactness are satisfied . 

.:: s ee th?.t t !1e ;;;e odesic flow is unstab le o n W so far 

n ,- the ,._, odesics on W a re the i: r ::j ectior. of geo<lesics on W *, 

i s Alwgvs tr-; e if the :netri~ on 'IJ..J ":r:.s & f~r::: ~ S"I.::: ±J~'.;. 
+ ~~(\)els\ ·:;nere J.15 is t h e :::etr::.~ on W sr.d noes no: ~";:ei:d 

:. ~ . 
:. 

.... , 

the lntters must be unstable too, if the projection is not u 

point. uther:·rise (i.e. -.v11 en it is a r.oint) as it is not dif 

ficult to show the hypersurf.,ce of ~onstant ~ is a1-:!lin •Jn<'~able, 

Jut not exponentiLlly: it expands linearly. ::ote t!1a t this 

last case is •rnalogous to "'rj ed'llan11 ::io :e 1 of the ex,'lni!i n;~ ;;ni­

verse -uit!:l o...l1:) =*-· 
·rhus the results of our analysis oho·,., the exponenti<il ir.­

stabili ty of 1:eo:.!esic flow in ./heele!·- Je .. ' i tt supers pace, :rnd 

t~erefore the strong Jependence from initinl (00 1niary 1 condi­

tions • 

.~ 'lre tha nkful to :J.G.:.:atiny·: n, 

~ a~vidy for vnluable discussions. 

{ • .i .• :.i l:rtc '! y nr. ·ind 

1l::pendix 

l. y .... ,...,. 
?he metric ~.. on 1•\ we rewrite in a form: ~ •· : ); K .. • 

A lJ "("+') :'\ 'J \J 
Coordinates ~, ~ (A:. '1 1 .. 1 -Z- -1) ure clnos e,1 ins :·:ay 

"d't ( "-1 \"'2 "14 
'(I A ;:: ~ ~A "= t) 1 ~ = 4 -;- ) 1{ J 

c.c tl1at 

'O~;j/~~ -::0. 

~hen one can show that the Pollowing relations teke ;lqc•: 

<Q~ - 2... ~ l;; 
<()"'l· - 4 

J 

ro~ .. 
~= 
~~ 

-'\ 
4 2:: v •. 
-5 OlJ 11 

a. -1 ,.. .. """l.., 4 ~ v 
"l",J .. e~=- '5 °1te 

~o.. " 'J 

vlJ 'dY·· 
0 --'~' 

~~f\ = 0 
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~~ ence it fol l o~s t~st 

r.0·1·1 

;, :ie 

lj ... ~ ........... . . .,...,. ... 

G- ij .. ~ 'do<j ~'61(, 
-- --:.-1, 
'"()~ 'd~ 

G _o_,_,_J ~ - a 
'()~A 'd~ - J 

G <)1<e ~~,. <>"t ... ~ 
__:_!,( - - -
'l~A '() ~I> -

2:~e ::et r ic G- on M. 

as f·)Ll'.).'IS: 

' /z '" ~Q 'Y6,, --.1 ... r 
"t~----~ 'd~A ~~~ 

. d ' ;.,, ~A . in c~~r i~ate3 5 ,, c~n oe ·;r:.. ~ -:~n 

't. "'~l. ..L (-1 -1 \ ot~A). ~ \l. 
c;. = - ""~ + -- L Y ~ ~IA °'6 '6 , B ) ~ S • 

\6(,,-1) 

ln :>!"le r to cc.le 1l·1:e t!1e curv::it11re for :-:etric G- ·:1B nee;J 

several mor e relations followi ng fr om fo;~~lae 3)0ve : 

( '";) ~ e. J 11. -ty ~ , A- :: bA I 
'<>'6 

( 
'O~A \ 

-h '6 -J -=O 
'd 15 I 

_l ( -1 \ - () 
[Y (I 15, p, J - ) 

00,'j 'O ~ A 

"b ~A 'd(I 
5 "' 

= ~ ~.e 
'! 

1 ~ l' .. \r ><.f 
'J I 

~···)r e.rJit!'<l!'Y h 'I.~ a•r1-ces M, N 

-h (~ MJh(N v ~A ) = 2- l:r(MN+Ml'J1) -2-"h h MJ h (-6°
1

N), 
' ll. .., ~ 2 - h 

'."1!1ere I i·;riotes :..rP.ns .. ·o:lie i ~:::i.t:-ix e.nd 

-l.·d¥ M)-t'( (N .... ~ 4 ) +·h h,,.,M)tY (N (~\ ·~-= 
' At!. ·-01 l' 

- ~ h ( ¥1\~. M J -1: .... ( '{1 N) , 

( 
-1 -1 ) 

~ +_.,. ~ '6,g ~ N -
\-. 

'cf r MCl~A Nl :: 2- {y (MN') + 2- l~ M • -t,. N - ~ h ( ~ M ~ 1 NJ ~ 
'/l. o'g I 2 2 'r\ 

Jsi..n;~ t:1is f0r··:11lJ?e ·1·.; o~tain 

A i) -- ( ~ ()~ .. "Q e ()- A~-::. -t_,,. \. ~'<:> '( ~ <()°t . 1 ,1 .. ~r G Gee~ - .,,_ I> 
Al!. - c A 

E 

l 
") 

-=- ~ c.. + G - G 1 = _!_ - _ - _ ~ +2. J ( 
- - - '\ ( '\ ( '\ -1 \ -1 

r.._~c - 2 AC
1

1!. t.c,A II.~ ,c 2 tr ~tc. '{ \A~ ~'I> 1 ~~ l°,~ ~B~ · 

f c. = G c. bf - 1 1: I ( _, ~ -1 2 ye~""\ 
A~ - At!.J>- Z '<l )',Al~,~- 1 1!.~ ~'A-+ n,AB)~J 

- l> r 'D 'R. =- \ 
A!l.c - l!.c 

1 
A 

fl> fE 1> -£-D 
AC 

1
g + 1!,c r;..I: - lAc lBE :: 

_ " -t r ( -1 ( _, _, ) ( - 1 _, \ _, \ .,~ l> 

1 - 4 \' l ~,c\ o,I\ b °6,B- 'ri",e. ~ '(I\ - 01A~ ¥,B-'f,~~ °¥,A) ~ ~,C J;;:; 

" - fi( -1 -1 -1 _, )(-' -1 _, -1 )l 
'RABc~ l<..A Be G c'J)== ~ t..... L 4 ~'b ~ d',c- ~ ~.c ~ ~'!> ~ G',11! ~,,-) t,i~ ~~ : 

- c R =='R __ YI c; 
A~ - CAI!. - 4 All. 

'°R =:-k_ (;.AB_ 'nl. 

AB - - 4 

R = ~ -~ r F ~ r F _ i r- "_ 'k r F ,,.() • 
A Bel> i E Al!.Cl> 

1 
£ I' Bc1> A E - Afcl> IH AHl> c ~ A BC I= l>~ 

.=n 't'\ ::. '2. :17. ·1:)ve 

- ~An= - i:- G Ai!. 

i . e . t:ie sy:tcc \fJ i0 co!'!f Jri:: to t;1:.--:t of .... J:)2.C.1evsr<y . It is 

int.er·..: jtin,~t t.::at in :· i..:; :·1..;e tiie ·3>::;lici t fo::--::-. of cetric GA~ 

i:> ;10,Jsiole to finU if u.:Jir. · t•1e foLLJ:1in.~; C J•)riinat~s 

'6 ,'j :: e x1' [ '< + Lj 
·::here 

s 1·-. + \ 
- CoS 4' ) I 

O~'f~2Tr. -t :: ( u.s + 
s.;.4 I-~ o, 

lt j_J ~Ruy to SS~ .. ~~ 

ex? Lr- t> ~ ::: c \... Y + <f s~ r 
'J.ild 

G -l. ( -1 _, y \ - 2 
n- " Ll",°'t )'/ \' ~ 01 y }- I 

<;.H:: ·h ( ~ ' ~.t '( o,.p) =. '2. s~\- I 

G ..L ( -1 "-1 , \ \"t ::. LI" 't b ,\" l) ~Ji>) :: (l I 



·hence 

G : 'l (ch-'"+ sl \. ol.\,1·) . 

l<' >r this !.'!etric ~~-~ J jUf1t as it ··1'1 3 c>X .' eCL<:! ·i. 
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