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ON QUARK-GLUON SYSTEMS FRAGMENTATION FUNCTIONS

A statistical approach to the question of "soft" fragmentation of miark-

gluonic system S to hadron h Is considered. Expressions for the fraqmn-

tation function J )
s
 (X) of the process S ^ h are obtained. The ouark-to-

hadron fragmentation functions are in particular defined. A comparison of the

prediction for the considered statistical approach with experimental data 1s

carried out with respect to 51*/31~(Я~/Я
+
) -mesons yields In deeo-1nelast1c

scattering of neutrino (ant1neutrino) on the nucieon.
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Препржнт Е»И-923(74)-66

Р.Г.БДДШН

О ФУНКЦИЯХ ФРА1МШАЩМ КВАРК-ГЛЮОННЫХ

СИСТБЫ

Рассматривается статистический подход к вопросу "мягкой"

фрагментации кварк-глюонной системы S в адрон Ь . Получе-

ны выражения для функции фрагментации Eg (x) процесса S-^h.

В частности, определены функции фрагментации кварка в адрон.

Приводится сравнение предсказания рассматриваемого статастжче-

ского подхода с экспериментальными л
яист

т
м
1т но отношению выхо-

дов жуя" (Я"/я
+
) - мезонов в глубоко-неупругсм рассеянии ней-

трино - (антинейтрино) на нуклоне.

Ереванский физический институт

Ереван 1966

I

I

I
h

. . .. - "- :-•' - V ; ••srf-.-
1



1. Introduction

In order to define Inclusive spectra of hadrons In deeo-1nelast1c lenton-

hadron collisions, spectra of hadrons with high transverse momenta P
T
 1n

hadron-nadron Interactions as well as hadron distribution 1n e*e" -annihila-

tion, usually there are Introduced fragmentation functions D - (x) o*

quark o, to hadron h [1,2] , where X Is a ratio of longitudinal

(relative to momentum direction of Initial quark a ) momentum of h hadron

to momentum of Q, quark. Various phenomenoiogical fragmentation models

[3-5] also operate by quark (diquarfc)-to-hadron fragmentation functions 1n

order to describe Inclusive spectra of secondary hadrons with low P
T
 1n

hadron-hadron collis1ons.

In the mentioned processes with high momentum transfers at the process

| Initial stage, there occurs a "knock-out" cf the quark (anticniark) with

large effective mass from the hadron and takes place radiation of hard

gluons and quark-antiquark pairs. This stage can be described quantitatively

Щ within the theoretico-perturbative quantum chromodynamics (QCD). AccoHinn

|: to the modern representations, the knocked-out quark 1s assumed to lose Its

| momentum (high virtuality) via the emission of gluons which 1n turn may

'§: transform Into quark-antiquark pairs. The Initial staoe of such trens^orma-

у .•
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. t1on of quark Into quark-giuoRic system can be described 1n the framework of

' ; evolutionary equations of Altareiii-PaHsi [2, 6-9] , since at the Initial

; stage the quark-giuon Interaction constant 1s still small due to the quark

: high virtuality. With decreasing quark and gluon virtuality the quark-giuon

I Interaction constant Increases, hence the^ problem ceases to be theoretico-

. perturbative already. A second stage the present work Is devoted to, namely

the fragmentation of the produced compound quark-gluonic system to hadrons,

1s a "soft" process. The determination of the function of soft fragmentatiot

of such a system to hadrons 1s essentially not a theoretico-perturbative

J. problem and Its solution within QCO 1s somewhat complicated due to quark and

V gluon confinement effects. However, due to strong coupling between quarks

and giuons, one may expect that a statistical equilibrium takes place In

•*! quark-gluonic system prior to its fragmentation to hadrons. In the light of

the above-said, the application of the statistical consideration to the

question of soft fragmentation of quark-gluonic system to hadron seems

reasonable, since the mentioned problem 1s essentially mult!-particle.

. Within the parton approach, the hadron (proton, 5Г or К -meson) with

high momentum Is presented as a compound quark-gluonic system which Is cht>
.j
! racterized by Its valent composition and distribution functions of valent

}•}•• quarks and sea partons 1n Feynman variable X . Information about distribu»

I tion functions of partons In hadrons 1s given by processes of deep-Inelastic

% scattering of leptons on nucieons, and also by processes of Dreli-Yan lepton

Ш pair production In hadron-hadron Interactions [10] . Apparently, 1t reens
$¥'••

Щ Impossible to derive (via studying hard processes with participation of

Щ/ leptons} distribution functions of valent (leading) quarks and sea partons

In the quark-gluonic system So or. S D ^ to which quark o, or diquarfc

fy <^
z
 (the baryon remainder produced after knock1ng-out one valent quark

| || from the latter) respectively transforms. However one may expect that the

Ш
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: fragmentation function of quark Q, (diquark fy <J£ ) to hadron h 1s de-
:: termined via distribution functions of multiparton subsystems with valent

composition of hadron h In quark-gluonic system Sa ( S a f t J , just

;; as It Is the case for fragmentation of Initial hadron H to the final had-

; ron h with low P T In hadron-hadron Interactions [11-14] . In the latter

case the distribution function (Inclusive spectrum) of final hadron In the

fragmentation region of Initial Ъ^ (x) = 1/6
i n
 d6/dx ( H - * h ) 1s an ana-

log of fragmentation function of quark to hadron Б » (x) ( d1quark to had-

ron D a a (*) )• It seems possible that quark-gluonic systems (proton,

f 5Г- and К -mesons as well as systems Sej, and $({,<{
z
 ). In which a sta-

- tistical equilibrium 1s set up, fragmentize to final hadronic states similar-

: ly. The present work deals with a statistical approach to the question of

| soft hadronization of equilibrium quark-gluonic systems, since this problem,

I is mentioned, Is essentially mult1-particle.

и In Sect.Z, a general scheme of construction of tnultiparton subsystems

distribution 1n quark-gluonic systems 1s described. Multipbrton distributions

I In & -meson are constructed. Sect.3 1s devoted to definition of fragmenta-

I tion function of quark-gluonic system to hadron. Quark-to-hadron fragmenta-

tion functions are obtained.

I

2. Distribution of Partons and Multiparton Subsystems 1n

к Quark-Gluonic Systems.

I
„ In the Infinite inomentum frame the quark-gluonic system S Is charac-

i teHzed by Its valent composition о ..., Q - ( <\ 1s valent quark, N
v
 Is

& a total number of valent quarks 1n system S ) and distribution functions of

К valsnt quarks and sea partons 1n Feynman yariable X , The,number of sea



partons In system 5 1s not fixed and may vary from zaro to Infinity *K

In cast of (anti)baryon N¥ • 3, for mson and diqmrfc N v • 2. «Ml* for

mark N v • 1 . To describe such system, on» my apply the Kut1-He1sskonf

*ode1 [15] . The distribution density of ( N v • N s )-parton configuration

of system S' (. N5 Is number of sea partons In the considered confioura-

tion) 1s determined by the expression **J [15] :

П *** n <" ft ^
I • 77?Г7Г • • TcTTTI I ./«i.^i 1 (1)

The quark-gluonic system S 1s defined as a sun of a l l possible

)-parton configurations:

dS - V TL dSfi, W
M0

In expressions (1) and (2) X 1s the Feynman variable» a • U , d ,

S Ц > c t , S , . . . , & stands for the kind of sea narton, No Is

number of partons of the a sort, Ы 8

Я E N a . XT

 = / l / P * »Леге

ju 1s the effective transverse mass of parton, P 1s momentum of оиагк-

giuonic system S (P » j " ) . Z Is statistical weinht (normalization

*) Energy restrictions to the number of sea partons are not considered,

since the mean transverse mass of parton y U « P , where P 1s the system

momentum.

**) If there are May Identical particles between vaient quarks, then -the

corresponding factor In (1) should be multiplied by 1/(ЬЦу) !



factor). Square module of matrix element of transition of system S to

( N v + N s )-parton configuration Tf5vj^s(X,;...,Xgjv j X a 1 , - , Х а й в )

is assumed factorized over longitudinal momenta of valent quarks and sea

partons [15-17] :

where functions Vn{X) and SaW are so-called noncorrelated (fnnut or

primitive) distribution functions (those without account of the lonaitucHna'i

momentum conservation law) respectively for va'ient quarks and sea partons.

They determine asymptotics of correlated distribution functions (or, simntv,

distribution functions) respectively for valent quarks a(X) and sea per-

tons U S ( X ) at X-*" 0 . General expressions for Vo(X) end S a t * )

are as follows [11-17] :

(4.)

С I? The form of ЧлСх) and >a(X) functions as well as values oi

jjft в and Qa can be determined from the comparison of results obtained

|. Щ for distribution functions of P,(x) and СХс(х) with exoerimental Hsta.

| Щ Using multiparton distribution (l)-(4) one can determine one-narton *nc

Ш: arbitrary ( Ну* Ng )-parton distributions in ouark-oluonic system 5

( N v is number of valer.t quarks 0 4 Nv < Nv ). Such distribution i-

...ftS obtained after ( N v

+ N 5 - N v - N s )-multiple inteoration of c i S ^ s =?г
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summation over N s from N3 to Infinity *' ( N$« Ns< ° ° ). For example»

for the distribution of the К -th valent quark f N v - 1, N s * 0) and sea

partons ( N v = 0, N s - 1) we have **) (denote CJ,K= <j, ) [11,12] :

» В ( Я 0 « " > «-*> (5а)

С»)

H e r e * = £ 9 a ' B N O ; X ) - C N ( 1 ; X ) / C N ¥ U ; 1 ) .For function

CN(u>;x) .where 0 < N < N y . 7 O<O)< 1 (the physical neanino

of parameter CD will be explained b-jlow), one can obtain various reoresen-

tations depending on the region the Integration over X; and Xaj ŝ carried

out 1n expression (1). While 1nteqrs'-1ni7 In (1) over variables X; and Xaj

from zero to X » for function Сщ(й)^Х) , we have the follwrlno exnres-

s1on [11,12] :

&• *) The account of correlation between the numbers of sen quarks anrf ant1nu*rk«
•¥>
$ of a certain type does not change the final expressions fcr one-narton and
•v
I ( N v

 + N s }-parton distribution functions [17,18] ,
4-
f **) A prine at the sun (product) symbol denotes that the term with \~ К
I •
.
;;
: is not taken into account 1n the sum (product).



i ,

If in expression (1) Integration over Xj and Xaj 1s carried out from

:ero to infinity, then for function B
N
(1jX) we find B N O >

X
) *

=
 ' S ' N ^ / ^ ^ / ' ^ N ( J H ) '

 wnere
 ® N (^j * ) *

s
 determined by the

expression:

x ex

; Expressions analogous to (5) one can obtain from the arbitrary ( N v
 +
 Ns

 >l
-

;•;•: parton distribution function.

j" Up to here we considered only distributions of multiparton subsystems.

in which number of particles 1s fixed (one-parton, ( Nv"* N s )-parton).

However the multiparton distribution (l)-(4) allows one to determine also

••;. X -distributions of arbitrary multiparton subsystem with a variable number

af particles [11-14] .A particular case of such system 1s valon containiria

") эпе valent quark and on the average the VV
5 5
 i/Nv fraction of sea oartons

i of the Initial quark-gluonic system S (a probability for some sea parton

of system S to belong to the valon Is W
=
 у N y ).

| I To determine the distribution function of valon containing the К -th
•3;

W . valent quark of system S > one should make replacement 1n expression (I)

§
 for

 ^
S
N

S
 [H-14] :

Ш Nv ^
a
 -

£-"/• . .

%'r "
а
 N v i Wa""

|S
'«

a



where N
a
 Is number of sea partons of type Q belonging to the valon,

С Is the valon momentum. Cn* are binwiial coefficients. The
Ne-Na N<*
Z Z Xaj <s formal being a definition of addition to the sum 4—

up to a total sum Z Z x
a
; • The distribution density of the K-th valon

results from (l)-{4) with account of (8) after Integration over longitudinal

momenta of all partons and summation over N
6
 from H$ to Infinity

( N
5
* N

s

<
 °° ) a»*

1
 «•* N

s
= U N a f»w zero to Infinity [11-14] :

wBiCW,1-W;x,1-x) (9)

where are Introduced notations Q = 0, and
Г К I

&(1-coi-cu
2
)S(1-x,-x

a
)

or

(ID

|; Functions C
N
( C O ' X ) and C N(<£;X) are determined by expressions

| (6) and (7). The first argument of function C NC<»;X) ( C N (O>; x) )

Щ Is determined by quantity W , I.e. by a probability for the sea parton of

I system S to belong to the extracted multiparton substatc with variable

;f number of particles, 1n the given case to valon. In other words, W charac-

'; in
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I

I
I

terizes the system S sea average fraction which belongs to valon. Note

that at W - * 0 expression (9) for the К -th valon distribution transforms

Co expression for the К -th valent quark distribution (5a) [11 ] .

Thus, following from distribution (1) for the quark-gluonic system

(m1crocanon1cal distribution) one can determine one-parton and arbitrary

( N
v

 +
 N $ )-parton distributions of quark-gluonic subsystems with a fixed

number of particles (canonical distribution) as well as the distribution of

compound quark-gluonic subsystems with variable number of particles 1n them

{big canonical distribution). In particular valons.

The way of dividing the quark-gluonic system S Into two parts

(vaion + "remainder") determined by transformation (8) directly refers to the

case of dividing the system S Into an arbitrary number of m > 2 oarts:

N
V ili N! Mia

(12)
Htv N « Mrnv

I I j E a j ) ^

Expressions Z I X J and 2_Xaj denote sums over lonqitudinal momen-

ta of all valent quarks and sea partons, respectively» entering the substates

under number K ( 1 « K « m ) . Using distribution (l)-{4) with account of

к* the division rule (12) for the distribution function of "complete division"

of quark-gluonic system S 'Into ГП muttiparton subsystems

II
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(IV

where the notation ( N V > N 5 } m ) 1s Introduced for the set

( N t v , N i s ) '"'у Nrnvj Nms ). Each multiparton substate S K contains

N K V valent quarks of system S , N K s s e a quarks (antiquarks) of

a definite type and arbitrary number of sea partons of the quark-qluonic

system S which belong to substate S K with a probability WK • A total

longitudinal momentum of multiparton substate S K equals E K . Functions

n*(<*>t,...,©„,- Xi,"*)Xm) a r e determined via CN(cojX) or

) by analogy with expressions (10) or (11), respectively:

(14)

EK)(-rx
K
)ff(Nv-z:N

W
)

KH '
 V

 K=1 ' •«-» '

or analogous expression with the replacement См(со^х) -•

The valon distribution function Q ( x ) 1s connected with the complete division

functions by the following relations:

12
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where

(15b)

j Nsv,N2ej««. j Nmv>Nms) . In exnression

Expressions (15a) and (15b) determine the vaion distribution function

via functions of complete division of the quark-oluonic system S Into

m > 2 multiparton subsystems. The fact that both these expressions q1ve

one and the same result follows from the Identity ( VV= Wt , Nv*Ntv

, X-Zi ):

N N I W

en

>
--- Nme

zi
Her»* (Na)!

J L Nv

(16)



The relation (16) points out also that one-parton ( Q ( x ) , CX5 C*) )>

arbitrary ( N v

+ N s )-parton and multiparton distributions with variable

number of particles are normalized 1n a proper way. For example,

^Q (x)ctx = Nay 5 where Nay Is the number of valent quarks Q, 1n
о

the quark-gluonic system S .

To be concrete, consider a distribution of multinarton subsystems 1n

the Jt -meson. For the valent quarks of the pion, the parameters L
d
i

characterizing structural functions behaviour at X—"O equal [19] $щ,ц\
 ж

- 0.5 : The value of Jfgj Is determined [14] from data on Orell-Yan lenton

pair production In interactions 3fp [lO] #ji = 1.6 (F1o.l).

Thus, 1n 5l -meson the distribution of multiparton subsystem, which

contains one of valent quarks of meson and on the averaoe a fraction W

of sea partons, is determined by the expression

(17)

! Д

tb.

Functions £l(^)W) and X < ^ ( X ) W ) at various values of parameter W

are presented 1n F1g.2. At W « 0 expression (17) determines distribution

function of valent quark In 31 -meson (Fig.l and also curve 1 h. F1«j.2).

In case when besides valent quark of ft -meson also the fraction W * 1/?

(on the average) of sea partons of pion enters multiparton substate, function

CL ( X ; 0.5) deteimines distribution of constituent quark or valon in 51 -

meson (curve 6 (3) in Fig.2a (b)) which coincides with the valon distribution

from the analysis of (П -meson formfactor behaviour [20, ?l] .

I



3. Quark-Gluonic System Fragmentation Functions.

Using the muHiparton distribution (1)-(Л) and transformation (4) one

can construct the distribution density F t N v ( N s - j \ ( x ; w ) of multioarton

substate with a longitudinal momentum X , containing Ny valent otiarks

of quark-gluonic system S , a fixed number Ns of sea quarks of definite

type and arbitrary number of sea partons belonoing to this substate with л

orobabiHty W (longitudinal momentum X of this substate Is summed from

longitudinal momenta of a l l valent quarks and sea partons that constitute

this substate). Particular cases of this function, namely F ( 1 ) 0 ; 1j ( x ; O )

and f \ o i - i ) ( * i ^ ) represent distribution functions of valent quark ft(X)

and sea partons Cts(X) , respectively. In another particular case, at.

N v = 1, N s » 0 a n d W = 1 / N V , the function F ( t 0 ; < ) ( X ) 1/Hv)

as shown 1n Sect.2 (see also [11,12] ) , describes distribution of constituent

quark or valon In the quark-gluonic system S •

Let us define the distribution function of m multiparton subsystems

(with variable number of particles 1n each) with momenta X t »..., X m -

F ( N v ) N s . m ) ( X i , . . . , X m ' ; W i , ••», W m ) , where the subscript

t N v > N 5 ; m ) denotes the set ( N w , N i s j ••• j Nmv > Nms '• E * c h

multipart on substate S K contains N K V valent quarks of system S ,

N K S s e a quarks of definite type and arbitrary nur*er of sea partons

entering the substate S K with a probability W K . A summary Iona1tud1nal
en

momentum of substate S K equals Х к • I " the general case Z I N K V ^ N V ,
m m w KSI

2 Z W K < 1 and 2 Z Х к ^ 1 » where Ny 1s total number of va-

lent quarks 1n the quark-gluonic system S . In case Z _ N K V
 = Nv »

m m K=I

Z - W K ^ I and ZZ.XK-1 (complete division of quark-aluonic

system), function F^N N e - m ) ( ^ b - ? X m ; Wi,..., Wo») coincides with

15



the complete division function G
( N v ) N s

.
m
j(Xi

;
.-,Xm-, Wi, •••> W

m
)

af system S . In the general case, the "Incomplete division" function F

and complete division function G of system S are connected by relations

analogous to (IS):

(18a)

С1Х
 ( M b )

It follows from (16) that the definitions of function F given by expres-

sions (18a) and (18b) are self-consistent.

In the framework of statistical approach to the question of quark-gluonic

system fragmentation considered in this work, It Is assumed that the fragmen-

tation function of quark-gluonic system S to hadron h Is proportional

to a probability to find 1n system S a substate having vaient composition

of hadron h and possessing a longitudinal momentum X equal to Ionq1tud1-

nal momentum of hadron h ,.1.e. proportional to F {
N y
 N

9
4 ) ( * »

W
)

This probability depends on the number N y of valent quarks common for sys-

tem S and hadron h , on the number N s of sea quarks of system 5

which enter hadron h as valent ones and on the value of probability W

for sea parton of system S to enter the hadron h sea composition

{Nv
 +
 N s

=
N h Is number of valent quarks In''hadron h ). Further in

the considered approach there 1s used a hypothesis [21Д-*] reading that thb

16
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transition of extracted substate to hadron h is preceded by formation of

constituent objects - valons Vi
?
-.

}
 V ^ which respectively carry frac-

tions Xt/*
7
...

;
 Х ц

ь
/ х of longitudinal momentum of this substate

( X = 2 Z X
K
 ). Such hypothesis allows one to Introduce the recombina-

t1on function [23] of vaions V»
?
..., V ^ Into hadron h -

Rh(*t/X> ••• > * N
h
/ x ) . which, following Refs. [21,22] , can be related

to the hadron h complete division function determined, as was shown above,

by Its structure:

Here Яц 1s a coefficient Independent of Hnematical variables, which 1n

the general case may be different for hadrons belonqinq to different rtiulti-

plets [13,14] .

Then the fragmentation function D
s
 (x) of quark-gluonic system

to hadron h can be defined by the following formula ' :

r

\
J

max

\
 S

 I

I
I

*) Summation 1n (20) over N
v
 implies that to the S-~h frapmentation

contribute the processes 1n which from S to h there transfer from

N y * 0 to N y ^ N ™ valent quarks, where N^"* 1s a max1»nal1y

possible number of valent quarks common for quark-giuonic system 5 and

h
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f

Note that functions F and R that enter the expression (20) for the

fragmentation function D g (x) are determined via the complete division

functions of the quark-gluonic system S and hadron h • respectively,

which, In turn, are determined by multiparton distributions in systems S

and h •

In case when the quark-gluonic system S 1s hadron H , the expres-

sion (20) determines the hadron h Inclusive spectrum with low P
T
 1n the

fragmentation region of Initial hadron H In hadron-hadron Interactions

In the framework of muHIparton recombination model (MRM) [11-14] . Inclusive

spectra of meson and baryon resonances 1n fragmentation repions of proton,

p1on and kaon within the MRM are determined In Refs. [13,14] . Experimental

data on Inclusive spectra of hadron resonances 1n the fragmentation regions

of proton, 3t and К-mesons In p p . ,Sl-P- , K * p - Interactions are

described satisfactorily by expression (20) [13,14] .

Turn now to the case when the quark-gluonic system S 1s formed due

to quark evolution. With the help of expression (20), 1n Ref. [24] are con-

structed f ragntentation functions of U -quark (quark-qluonic system S
u

the U -quark transforms to) Into 31 * -mesons:

13



«here e ^ = -1 + fa/2 + £ f ( d ) , У»» 1 , 6 ; £ *
А )

 = 0,5 [14].

£=0,5 . W-0 and ^ f c -

where 14$. Is number of kinds of quarks [24] . For relation f|(X) *

! " 3)ц C x ) / D u Cx) »*e find:

(22)

where ^(
o
';N

f
) = 0,38(N

f
+1)r(ir + 0,5)/r(o'+O . Г(х) is

the Euler gamma function. The values of coefficient A(X', N $ ) at N ^ * 2

( U , d -quarks), Hf* 3 ( U , d , S «quarks) and at different

values of у { 0.2 < ^ < 2.0) are listed 1n the Table. F1g.3 presents

a comparison of function f|(x) for the value A {fy Щ ) » 1.5 with

experimental data on deep-Inelastic neutrino (antineutrino) production of

Л--mesons.

m
Ш »



Table

0,2

0.4

0.6

0.8

1.0

1.5

2.0

N $ « 2

1.62

1.38

1.22

1.10

1.01

0.86

0.76

Nf« 3

2.15

1.84

1.62

1.47

1.35

1.15

1.01

л.
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Fig.l. Valent quark distribution function in 5Г -meson determined
Ь
У ^

+
/*~ -P

a<llr
 production In Я р -Interactions:

• - NA3, 200 GeV/c; О - CIP, 225 GeV/c;

Д - GOLIATH, 175 GeV/c [ ю ] . The curve 1s calculated

by formula (17) at W " 0.
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Fig.2. Mult1paгчим subsystems distributions in Si -meson:

a) fy(xjW) distribution. Curve 1 - W * 0,

2 - W • 0.1 , 3 - W « 0.2, 4 - W • O.i,

5 . VV * 0.4, 6 - W • 0.5.

b) XC|,(x;W) distribution. Curve 1 - W * 0,

2 - W - 0.3, 3 - W * 0.5, 4 - W • 0.7,

S - W - 1.
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F1g.3. Ratio of Inciusivt production Я у я " (ЗГ-/ЗГ+).

In dtep-1nelast1c Interaction of neutrino (antineutrino)

with proton. Experimental points are taken from Ref. [ l ]

The curve refers to the value Д( Y',Hf) • 1.5 .
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