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Рассматривается возможность использования для ускорения

заряженных частиц нелинейной кильватерной волны, возбуждаемой

в плазме электронным сгустком. Получены выражения для полей и

джин волн внутри и за сгустком. Показано, что когда плотность

электронов сгустка приближается к половине равновесной плот-

ности электронов плазмы, максимальная напряженность поля нели-

нейной кильватерной волны в плазме зависит от у - фактора

электронного сгустка, что может быть использовано для ускоре-

нок заряженных частиц.
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Introduction

The idea to accelerate particles by high gradient fields,

using longitudinal wake waves in plasma, excited by moving

electron bunches, was initially introduced by Y.B.Fainberg in

1956 Ц ] .

Later on some experimental results were obtained by the

Kharkov group [2,3], where a considerable amuunt of electrons

with energy up to 24 MeV was detected, when electrons with ini-

tial energy 20 MeV passed the plasma column with the density

По = 1O
1 5
-1O

1 7
cm"

3
.

In 1984-85 the interest to plasma wake field acceleration

(PWFA) was renewed as an alternative to the plasma beat wave

acceleration-PBWA [4] in a series of works carried out at SLAC

and UCLA[5-13,15]. It was shown [8] , in particular, that for

a given accelerating gradient, the plasma wake field accelera-

tor has a higher efficiency and a lower total energy for the

driving beam, compared to РВ'ЛГА.

There is a considerable amount of publications devoted to

accelerator physics issues, such as the transformation ratio,

efficiency, energy spread, focusing etc.[7-15].. It was shown,

in particular, that by a specialized shaping of the.driving



beams charge distribution, one can increase the transformation

ratio and the efficiency, and decrease the energy spread.

Plasma wake field acceleration will be stadied experimen-

tally at Argonne National Laboratory [16-18] in collaboration

with the University of Wisconsin team, using the existing in-

tense beam (10 e/pulse) of the short pulse (10-100ps), elec-

tron linac (energy 22 MeV). At a specially constructed new

facility the secondary driven beam with lower intensity and

energy ( 15 MeV) will be obtained and then accelerated in a

10-20 cm long plasma column, with plasma electron density

The plasma wake field acceleration scheme is more or less

completely reviewed in a series of excellent papers [19-23,8J,

Nevertheless, it is necessary to mention that in almost

all the previously cited calculations and computer simulations

the estimates have been obtained in the linear approximation

when the plasma density perturbations caused by the driving

beam are small \АП\ « П
о
 , or n g « n

0
 » where rig is the den-

sity of the driving beam. Starting from 1977 some attempts to

take into account nonlinear effects of wake field generation

by electron bunches have been taken by the Yerevan group[24-28] .

Later on in [7] the model of an infinitely thin, charged plane

moving in plasma was also considered ( cp[24]) in nonlinear

approximation. In publication [24-28] the problem of the ex-

citation of nonlinear longitudinal stationary waves in plasma

by a charged plane and electron bunches with the infinite trans-

verse dimensions and finite thickness has been considered, and

it has been shown that for certain conditions, namely, when
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Che electron density rig in. the bunch approaches the half of

the plasma electron density, По/2, the excited longitudinal

wake field appears to be proportional to the square root of

bunch's у -factor and may provide a sufficiently high aceele.

ration rate.

Jo the qualitative and quantitative importance of the non-

linear treatment of P*/J?A was demonstrated. However, it was

carried out within a model which needs some improvements.

In [25-28] it has been assumed that the electric field in-

side the bunch is equal to zero, i
o
e. that a complete charge

and current neutralization of the bunch is established.

In present work the interaction of an electron bunch with

plasma is considered without the above mentioned assumption.

The expressions for the longitudinal fields inside and behind

the particle bunch are obtained for different conditions. These

expressions may be used in planning the experiments on plasma

wake field acceleration (see, for exp. [16-18]).

Exact Nonlinear Analytical

Solution of the Model Problem

Let us consider a monoanergetic bunch with constant elec-

tron density ng , finite length d and relativiatic velocity

O"
o
 moving along the 2 axis in a cold, homogeneous, collision-

less plasma with motionless ions. It is assumed that the trans-

verse dimensions of the bunch are infinite.

We shall further consider longitudinal waves (E
x
=Ey

=
0, Eaftf)

and look for stationary solutions when all the unknown quantiti

es are functions of a single variable Z-Z-U*
e
t, were V

o
 equal to the
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phase velocity of the excited wave. Then the complete system

of hydrodynamice.1 and Maxwell's equations describing the inter-

action of the bunch with plasma reduces to an equation for the

2 -component of the dimensionless momentum о =f^/mc of plasma

electrons [26}. '

where ̂ =15о/С
7
 й>р=45Ге

г
По/т, cd\=if.Же

г
П%/т and & is the

Heaviside's step function. The dimensionless momentum p is

related to the longitudinal field S
z
 through the equation of

motion

The plasma electron density n(2) satisfies the contin-

uity equation

d
dz

First let us obtain the solution of the pi-oblem inside the

bunch assuming continuity of the H -components of momentum

p (I) and the field E
2
(Z) on the front boundary of the bunch

2 = d (further the index Z. will be omitted). Since there is

no plasma excitation in front of the bunch the boundary condi-

tions take the form: E(d) = O
7
 ?С^)-0,

 n
i&) ~ По These

conditions ensure the zero solution of the pr^ хеш in the re ~

gion 2 > d • in front of +«-"* bunch. Inte ating equation (1)
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with the same boundary conditions we obtain the fujlov/ing ex-

pressions forp(I), E
g
(i) and ГЦ Z) inside the bunch:

(4)

where C U 2 < d
;
 ~5>

с
<?(Н)<0 and <p

o
 is the maximuiu allowed

value of the absolute magnitude of .momentum inside the bunch,

equal to

where
ng/Пв , ng

<1, ^ . In (3) and (4) it is necessary

to take the positive sign if j?(2) grows with the increase of

Z , otherwise the negative sign must be chosen. The inte -

gration of (3) leads to the following implicit dependence of

the longitudinal momentum о on 2 inside the bunch:

С1-гг
в
/По)Уг

where T = (A-ot)/2, A = F
 end E

are the elliptic integrals of the first and second kinds res-

Аз it is

and

pectively and К = (2 >/1-а*р
г
 /(1 + V1-

звеп from (4) the field E(2) becomes zero for p(2) = 0

Y



= - o and reaches an extremum value equal to

at

aj3

J t - a f o ' " (9)
If one chooses the bunch such that 9(2) is equal to - p0

or-£m on the rear boundary (2 = 0) then the bunch length will

be determined by the following expressions:

for f(g=o;=-5» (

f o r ^ ( a - o ) - ^ d o b ) -

where H^ = 2 I ( l j ) e l ) and ^! and г г are posit.'.ve integers be-

ginning from zero and one, respectively. For rig ̂ no}Z{Oi— 1)

the bunch length depends on the у - factor since in t h i s

case in (10a) and (10B) z j ~№Щг/сйр Д ( |р„,1) =

POT n g / n e « 1 one has z j = 2Яг^/»р and I{\

The maximum f ie ld inside the bunch i s iE^. l )(j «• fUCOpC/e and
g . таЗрС fie , , ,
Q l« —= — fпт» п.&п./э and rig/no«f respectively.

In order to obtain the f ie ld E(E_) behind the electron

bunch ^ 2 ^ 0 ) i t i s necessary to integrate equation (1) fcr

rig-0 . One obtains the following expression for the f ie ld

(ID



v;hev? the constant -fi i s determined from the c o n t i n u i t y con-

d i t i o n for momentum <̂  and f i e l d E at the r e a r boun-

dary of fch-i ounch ±-Q , ivb.ils ~ -JJlz~i 4 P ^ N , - # C " 1 *

The values р - ± ч / Я г ~ 1 зга extremal, and the f i e l d becomes

equal to zero for thase values,. The f i e l d amplitude achieves

i t s maximum value at £> =0 . The wave length of the s t a t i ona ry

o s c i l l a t i o n s exc i ted by ths bunch i s determined by the expras-

f • j О jl ,

•iJli-1 __,

( 1 2 )

( f , K) - " ^ F ( f ' «)'

where К — ч/ (Я~ О/(^ + 1) . The electron density behind the

bunch is determined by eq. (5)*

In the cases when the rear boundary of the bunch is at a

place where p has values ~ ^
o
( E ^ = 0 ) and - ^

the constant В is given by the following expressions

~ ± E

а

^

the conditions

1<<
^

г<<
 nsci-гп./п.)

 ; n
e ^ f

are fulfilled, from (6), (9) and (13) follows that



1-г% + н»*)Й .

я

Then the field behind the bunch will depend on the У -factor

and is equal to

(15)
. mcopC

and

(17)

e-g ДуУг for £(£ = 0>-pm

Note that with the increase of ̂  the condition П§/П
о
 * 1/2

must be fulfilled with increasing accuracy, (1/2-ng/rie)« 1/8^
г
-

The wave length behind the bunch is determined as:

f 0 r

O)=-p
m
 (18b)

Note also that tae value ng=n
o
/2 for the bunch electron

density is critical, and for this value a turnover of the wave

and "break" of its amplitude takes place. This is also seen

from Pig. 1,2 a), b), c) in which the schematic graphs of the

10



relative magnitudes of $>(!), еВ(2)/та>
р
С , n(Z)/n

0

and N(2)/n
0
 are shown ( N (£) is the total charge equal to

N(2) = no-ri(i)-ng inside the bunch and N (I) = П
О
-П(Ъ)

outside the bunch) for the case when on the rear boundary

£>(Z=0)=-& Г P
m
 and n

g
 = no/2 , JT=fO

2
 . It is ne-

cessary to note that the plasma electron density inside the

bunch varies considerably only at the front of the bunch and

then remains practically constant П(£) *» По/2 as it is seen

from Pigs 1,2 с)* This corresponds to the above made assump -

tion on the constancy of the bunch electron density rig . Let

us also note that the electric field inside the bunch is rela-

tively low which confirms in some extent the z _-amption made

in ref-s [25-28] that the field inside the bunch is equal to

zero»

For П§/По^1 the field is independent of the ^ - factor

and its maximum value is given by the expressions:

for
(19)

for

In both cases the wave length i s equal to Z^ZK'&o/cbp As

i t i s seen from (19) Етахя?2Я1/г(тсгп6)
Уг(Пе/По/гягО|96-Югаег(Пе/пв)

Уг

and i f ng/ne*O,1 , Emax*K>MV/m a»d E m a x « iQV/m

for rig=10 cm"
3
 , and n§

B
10

1
-cnf

3
 respectively. This means

that in this case the production of high accelerating fields re

quires also a dense bunch and not only dense plasma as it is be

lieved usually. Let us also note that if one chooses the buna'

length equal to(l=tZ
x
, where Z are positive integers be-

11



ginning from one, then no wake field behind the bunch is exci-

ted for zero boundary conditions at the rear boundary of the

bunch, i.e. E(£)= E(Z=q)=O and p(Z) = f (1 = 0) = О . The

solutions for the longitudinal waves obtained in the present

consideration are stable with respect to the longitudinal fluc-

tuations. This may be shown using the techniques of generali-

zed variables used in [29j.

Numerical Examples and some

Accelerator Physics Issues

As it follows from the considerations given above a sta-

tionary state with an equilibrium between the bunch, wake and

proper fields of the bunch emerges as a result of the inter -

action between the electron bunch and the plasma. The minimum

equilibrium bunch length is equal to d
o

=
l(fp

o
i) for fv

Z;=o
)

=
~5o

and do = I(l f
m
 I) for £(2 ~0)--$>m . when the conditions

(14) are fulfilled the wake field amplitude caches high va -

lues, which may provide a high particle acceleration rate.For

instance, when 2f"lg~no~i0 crn
3
7 ay» Oto'V*

an^ Jf~^ the maxi-

mum value of the wake field and the acceleration rate are E,nCJ^

= 5.8,101°V/m and eE m a x« f>8 GeV/m, respectively, for the case

(Э (E)r-y
o
 However, in this case the bunch length d

0
 is equal

to 141ra. Ixx the case when P{£~O) = ~£m on the rear boundary,
Q

Emc>l- 4 .1 .10 V/m, the a c c e l e r a t i o n r a t e i s eEm a j {=4.1 GeV/ir.»

and the bunch length d -35 cm ( 1 . 1 n s ) , The maximum energy W

acquired by an acce le ra t ed bunch with densi ty flj i s equal to

W =• nieEm a > ( L , where Ernax i s the maximum a c c e l e r a t i n g f i e l d i f

12



the wake wave and L is the acceleration length. Due to the

stationary of the solutions one may use formulae obtainea above

when the energy acquired by the ассеЪзrated bunch is less than

the energy of the accelerating bunch and the energy of the wake

field i.e.

f г £*-« nun vmc yng , -

Therefore the acceleration length

Л, n
f
«n

gJ
7

,/hen the conditions (14) are fulfilled the acceleration length

£>P K"!
 and L<

respectively. In the case r\%/no«\ the acceleration length

J<< Wp П1 • ^
t
 -̂

S
 necessary to note that the acceleration

length is also limited by the condition[30,31] of absence of
С 2 . 2.по

 Ч
1/з

the satelite nonstability L^ ZX !f~{'К^') *

One has to take into account also the fact that in the result

of acceleration the particles of the accelerated bunch may es-

cape from the acceleration phase of the wake wave. However,

c_
 г

such dephasing takes place at a length L^o^p^ (see the esti-

mates in [13])which are significantly larger than that at which

the bunch begins to break down due to the development of sate-

lite nonstability in the system.

The luminosity determined by the total number of the par-

ticles Ni-f^V vvtjere V is the volume of the bunch is another

important characteristics for particle acceleration by plasma

wake wave. One can estimate this number from the constraint on

'13



the acceleration bunch field which must be much less than the

wake field of the accelerating bunch. Therefore the field of

the accelerated bunch may be obtained from the linearized ays-

tem of equations of motion and Maxwell's equations (1) (compare,

for instance, with [13?), which corresponds to the case

П1/П0« 1. According to (19) the field amplitude in such case

is equal to
 cLnub

f
c
. JlL , where oC~1 and the particle den-

С По

sity П
1
 of the accelerated beam» therefore, must be much less

than the particle density ng pf the accelerating bunch п,«п^

In the case when eqs (17) and (18b) are valid, the condition

on Пу is

•— « n, « По * гп
ъ

Conclusion

It is shown that the nonlinear treatment of the wake waves

in plasma gives qualitatively and quantitatively new possibili-

ties for the acceleration of particles by plasma wake fields.

Especially interesting for laboratory experiments seems the

case when the driving beam density

and the bunch length d * jr^ ̂  . Then the maximum longi-

tudinal electric field behind the bunch is E
m a x

 = — g J ,

wake wave length 2- = — м * Jf , transforma-

p л ***p

tion ratio R g • "• =^?y'
fe
 acceleration length

L
a
 « 1J" ̂31 у and the density of the driven beam to

satisfy the condition ~pg « П1 -«̂  n
e
 « 2 ^ 6 .

If for Hg -*• -y the length of the driving bunch

14



could be chosen as ^ ~ cjyjf У then eq. (16) for the maxi-

mum electric field is valid and more drastic increase in acce-

leration rate will be provided. However, this case, due to

the large value of d , may have, as it seems to us, only astro-

physical applications, connected with the mechanisms of the

acceleration of Cosmic Rays in a relatively dense plasma of

various astrophysical objects. Perhaps, one should take into

account the presented nonlinear mechanisms of acceleration of

charged particles for explaining the origin of high and ultra-

high energy Cosmic Ray particles (see [32] ).

The simple model which we have considered has an exact

analytical solution, which was essential in finding the above

mentioned new nonlinear effects. At the same time the simpli-

city of the model has the obvious drawbacks which, it is neces-

sary to overcome by taking into account, for example the finite

transverse dimensions of the driving beam, shaping the charge

distribution inside the bunch and seeking for nonstationary

solutions.

15
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