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Introduction

The idea to accelerate particles by high gradient fields,
uéing longitudinal wake waves in plasma, excited by moving
electron bunches, was initially introduced by Y.B.Fainberg in
1956 [1]1.

Later on some experimental results were obtained by the
Kharkov group [2,3], where a considerable améunt of electrons
with energy up to 24 MeV was detected, when electrons with ini-
tial energy 20 MeV passed the plasma column with the density

No = 1012-10"Ten™3, A

In 1984-85 the interest to plasma wake field acceleration
(PWFA) was renewed as an alternative to the plasma best wave
acceleration-PBWA [4] in a series of works carried out at SLAC
and UCIA[5-13,15]. It was shown [8] , in particular, that for
a given accelerating gradient, the plasﬁa wake field accelera-
tor has a higher efficiency and a lower total energy for the
driving beam, compared to PBWA,

There is a considerable amount of publications devoted to
accelerator physics issues, such as the transformation ratio,
effic%ency, energy sp;ead, focusing etc.[7-15].. It was shown,

in particular, that by a specialized shaping of the driving
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beams charge disiribution, one can increase the transformation
ratio and the efficiency, and decrease the energy spread.

Plasma wake'field acceleration will be stadied experimen-
tally at Argonne National Laborator? [16-18] in collaboration
with the University of Wisconsin team, using the existing in-
tense heam (1010e/pulse) of the short pulse (10-100ps), elec-
tron linac (energy 22 MeV)., At a specially constructed new
facility the secondary driven beam with lower intensity and
energy ( 15 MeV) will be obtained and then accelerated in a
10-20 ¢cm long plasma column, with plasma electron density
ne~102em™

The plssma wake field acceleration scheme is more or less
completely reviewed in a series of excellent papers [19-23,81],

Nevertheless, it is necessary to mention that in almost
all the previously cited calculations and computer simulations
the estimates have been obtained in the linear approximatdon
when the plasma density perturbations caused by the driving
beam are small {An|<< No , or Ng<«< M, , where Ng is the den-
sity of the driving beam. Starting from 1977 some attempts to
take into account nonlinear effects of wake field generation
by electron bunches have been taken by the Yerevan group[24-28].
Later on in [7] the model of an infinitely thin, charged plane
moving in plasma was also considered ( CP[24]) in nonlinear
approximation. In publication [24-28] the problem of the ex-
citation of nonlinear longitudinal stationary waves in plasma
by a charged plane and electron bunches with the infinite trans-
verse dimensions and finite thickness has been considered, and

it has been shown that for certain conditions, namely, when
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the electron density ng in the bunch approaches the half of
the plasma electron density, MNo/2, the excited longitudinal
wake field appears to be proportional to the square root of
bunch's Y -factor and may provide a sufficiently high accele
ration ratae.

o0 the qualitative and quantitative importance of the non-
linear treatment of PNFA was demonstrated. However, it was
carried out within a model which needs some improvements.

In [25-28] it has beer assumed thet the electric field in-
gide the Qunch is equal to zero, i.e. that a complete charge
and current neutralization of the bunch is established.

In present work the interaction of an electron bunch with
plasme is considered without the above mentioned assumption.
The expressions for the longitudinal fields imnside and behind
the particle bunch are obtained for different conditions. These
expressions may be used in planning the experiments on plasma

wake field acceleration (see, for exp. [16-18]).

Exact Nonlinear Analytical

Solution of the MNodel Problem

Let us consider a monoenergetic bunch with constant elec-
iron density ng, finite length d and relativistic velocity
U, woving along the Z axis in a cold, homogeneous, collision-
less plasme with motionlese ions. It is assumed that the transe-
verse dimensions of the buﬁch are infinite.

We shall further consider longitudinal waves(E;=EH=o,Ez$O)

and look for stationary solutions when all the unknown quantiti

es are functions of a single variable §=Z‘Ui,t, were Y, equal to the
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phase velocity of the excited wave., Then the complete system
of hydrodynamical and Maxwell's equations describing the inter-
action of the bunch with plasma reduces to an egquation for the
# -component of the dimensionless momentum gidi/nw of plasma
electrons [26]. :

2
Wp P2

d? -
FECIL A R A )* c* (e J1rpZ " - 92)

+

(1)
2
+ 2 [G@) - T (E-d)]=0,

where B=10/C, a)ﬁ:l,.ﬂezno/rn, w;:#.ﬁ'ezne/m and V" is the
Heaviside's step function. The dimensionless momentum ~?z is
related to the longitudinal field Ez through the equation of
motion

= dPs = _9_5_%__

(p- - =
Jisg; " /dz - me? (2)

The plasma electron density rl(g) satisfies the contin-
uity equation

A (no-nvy=0; (U= Toia) -
az ¢ °)=0; Vitg? (?8)

Pirst let us obtain the solution of the pioblem inside the
bunch assuming continuity of the Z -components of momentum
92(2) and the field Ez(i) on the front boundary of the bunch
Z=d (further the index Z will be omitted), Since there is
no plasma excitation in front of the bunch the boundary condi-
tions take the form: E(d)=0, ¢(d)=0, n(d)=n, These
conditions ensure the zero solution of the pr- .em in the re -
gion Z 2 d - in front of *v~ bunch. Inte ating equation (1)
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with the same boundary conditions we obtain the fuilowing ex-

pressions for P(i), E_g(i) and n(E) inside the bunch:

07 (- S (pive2’-p)dp 7
) T T ) R ee] (3)
' g ne e
£%5) =+ T2eC [ R ) (- F57) - w8917 »
~ noﬁ\h-ryz
= > O
HE f e -p 79 , (5)

where 0<Z<d, ~5:°s9(i)so and @, is the maximum allowed

value of the absolute magnitude of .momentum inside the bunch,

equal to
2ag
o= 1-alg? ? (6)
nNg/n ne _ 1
-where a:T:g—é-g—/%; 1, Te § /a; In (3) and (4) it is necessary

to take the positive sign if 9(2') grows with the increase of
i » otherwise the negastive sign must be chosen. The inte -

gration of (3) leads to the following implicit dependence of

~r

the longitudinal momentum Q@ on Z inside the bunch:

d —+C\r§ ﬂ*- laaﬁa
"2(?)"‘99 (1-ng/na)¥2 (1~ atp?)

~{p(1+a)[E(ur’ctgﬂ—_%—@ W)*E( > i- Ka) (7)

sh¥ K2 _ @
--F(0J'Ctg W:W)——E-F(?:Ji-xz -

~thWw . J1-ch?¥' 1- (1+ap®) [1-Kk2chz g "} =L(-p),
where ¥ =(A-4)/2, A=arsh(-p), & =arch(i/{i-aip?), F end E
are the elliptic integrals of the first and second kinds res-
pectively and K= (2 W/U*'W))‘/a * . As it is
geen from (4) the field E(Z) becomes zero for P(i)r-o and
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9(2)=—99 and reaches an extremum value equal to

gf = M®pC - Dever, | o 1
Emax Emin™ € J?O ﬂo) [1 1,aa“32] (8
at
~ ag
PE)==$n= T ater’ (9)

If one chooses the bunch such that ?(i) is equal to - o,
or-@ = on the rear boundary (2’:0) then the bunch length will

be determined by the following expressions:

~g ~

d=(211+1)'%2"l' for ?(z:O):—‘?a (30&)

d= { lfm') ’ ‘ for P(Z:()):—Pm (10E)
2 ZE LT (19m1)

where §£=21(l9°|) and 7, and %, are positive integers be-
ginning from zero and one, respectively. For n,zn,/z (a=1)
the bunch length depends on the Y - factor since in this
case in (10a) and (10B) Z3 =16y %/wp,L(19,1)= 20aYy/®p "

For ng/no <1 one has “z'f=2mx,/wp and I(iyml)=3r\7o/2wp
The maximum field inside the bunch is lE,EL.,I ~ mwpc/€  and

mwpc ﬂ.g
IEmuxl ~

In order to obtain the field E(Z) behind the electron

for ng= no/a and Rg /No<«<{ respectively.

bunch (E@O) it is necessary to integrate equation (1) fcr
MNg=0 . One obtains the following expression for the field
E (%)

%
E(E)= t o [ﬂ f+7 1%, (1)



re the coastant A is dztermined from the continuiiy con-~

ditions Tor momentum e and field £ gt the reéar boun-
o~ g d Py o
Jary of the sunch Z=0 , while — VJA*-{ € @ X Jaz-1",

are extremal, and the figld becomes
zqual to zerc for these values. The field amplitude achisves

its maximuam value at ¢ = The wave length of the stationary

¥

bunch is determined bty the exprag-

.
o
B
ct
e
D

B vy o
ciciliiations excited

SRR ¢

\CENE e
Gap r;., g;{ ( (55\[74.9f4- “P)d@ -
—m g2 T S— e e el T =
[ fe 2 } [—TP [H'w \gf+‘|}’.)2 R ‘2
~{RT1
(12)
3_‘: f 2 / :*lr )
::+\:. [—_Q+1 iE - K)'—— F vé.n
N ! N .
where K::Jzﬂ“i)/(ﬁi‘ﬁ) . The electron density behind the

bunch is determined by eg. (5).
In the cases when the rear boundary of the bunch is at a
~
place where ¢  has values ~@, (Eg =0) and P (EF ¥ E%ax)

the constant A 1is given by the following expressions

H:H1= 11—902 7

(12
_n —(q-Ne\ e [——T _ns
ﬂ"ﬂa—(i n°)+ n°\1+Pm I‘IQSBPO'\-
then the conditions
2
n
2 ] Mo
<< << —
=y ni(1-2ng/no) ° N8 (14)

are fulfilled, from (6), (9) and (13) follows that

“a
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ng .
1‘2’3{"‘(1*’@2)%—5 2
1-208 4 (1-p2)

. (15)

A %%(1-3—3+‘%:p2)+(f—'— {1-2Rrued
¢ J1-eE - o n .

Then the field behind the bunch will depend on the x -factor

and is equal to
~ mwec e
E(Z)zt‘?f——‘ﬁ[zxa'\lﬂyz ]

: (15)
l'nwpc ~
lEmaxlza e Y for p=0)=-¢,

and

~ Mwepc 1
E(Z)zi"’?e—\f?[?f"\}ﬁy" ]/z ?
(17)
mwpc

lqux"* J—.X for §(§=O)=‘j-‘m

Note that with the increase of y the condition Mg /Mo % 1/2
must be fulfilled with increasing accuracy,(i/&-ng/nc)« 1/66"2,

The wave length behind the bunch is determined as:

8o

ZA:‘:‘-EJ—;*—X ) for g(g=0)="§)o (i8a)
~ 442 o ~
ZJ\Q:*COZPI? 51/2’, for P(Z=o)=-9m (18b)

Note also that tuae value ng=ng/a for the bunch electron
density is critical, and for this value a turnover of the wave
and "break" of its amplitude takes place_. This is also seen

from Fig. 1,2 a), b), ¢) in which the schematic graphs of the
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relative magnitudes of 9(.5.'5, EE(g)/ma)PC s n(i)/n,
and N(i)/n., are shown ( N(Z) is the total charge equal to
N(§)=no-n(i)—ng inside the bunch and N(Z)=Mo-n(&)
outside the bunch) for the case when on the rear boundary
p(E=0)=-p ~ 9, and Mg=nef2 , ¥=10° . It is ne-
cessary to note that the plasma electron denaity inside tﬁe
bunch veries considerably only at the front of the bunch and
then rémaine practically conatant l‘l(z"z)'—t= no/2 as it is seen
from Fige 1,2 gjg Thie c.rresponds to the above made assump -
tion on the constancy of the bunch electron density ng . Let
us also note that the electric field inside the bunch is rela-
tively low which confirms in some extent the -~ _.umption mads
in ref-s [25-28] that the field inside the bunch is equal to
Zero.

For ng/no«1 the field is independent of the Y - factor

and its maximum value is given by the expressions:

2mwpee Ng 3
|Ern = P hig (2=0)=-§0
qxl e Mo P ) or .? (19)
MwpC Ng ~ .
| Emax| = —¢ - o g for P(2=0)=-9m

In both cases the wave length is equal to Eaz 2RV /wp  As
it is seen from (19) mezZﬁ'/a(mczng)Va(hg/n.)yazo,%'io"nza(ng/nc)v’-
and if né/nozo,i ’ qu,zIOMV/m and Egax z'lc-:—v/m
for I‘Ig=10"c.m'3 , and ng=101s~cm'3 respectively. This means
that in this case the production of high accelerating fislds re
quires also a dense bunch and xiot only dense plasma as it is be
lieved usually. Let us aléo note that if one ¢hooses the bunc!

length equal to d=7-Z£, where T are positive integers be-
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Zinning from one, then no wake field vehind the bunch is exci-
ted for zero boundary conditions at the rear boundary of the
bunch, i.e. E(Z)=E(Z=0)=0 and Q(Z)=9(E=O)=0 . The
solutions for the longitudinal waves obtained in the present
consideration are stable with respect to the longitudinal flue-
tuations., This may be shown using’the techniques of generali-

zed variables used in [29].

Numerical Examples and some

Accelerator Physics Issues

As it follows from the considerations given above a sta-
ticnary state with an equilibrium between the bunch, wake and
proper fields of the bunch emerges as a result of the inter -
action between the electron bunch and the plasma. The minimum
equilibrium bunch length is equal to d,sI(/g,l) for o{Z=0)=-¢
and do=I('§ml) for §(§=O)=—Pm . when the conditions
(14) are fulfilled the wake field amplitude 2sches high va -
lues, which may provide a high particle acceleration rate.ror
instance, when Zﬂg X nozloiscmﬁ, wpw.'l-loﬂsdanri. X=1Oa the maxi-
mum value of the wake field and the acceleration rate are E of
=5,8,1G1UV/m and €E ., = 52 GeV/m, respectively, for the case
53(%):—90 However, in this case the bunch length do is equal
5o 141m. In the case when §(§=CD=‘9M on the rezr boundary,
Emox= 4.1..109‘\]'/m, the acceleration rate is EE_ 4, =4.1 GeV/m,
and the bunch length dO:BS cm (1,Tng). The maximum energy w
acquired by an accelerated bunch with density n; is equal to

W=n.eE,,,L, where E 4y is the maximum accelerating field «f
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the wake wave and L is the acceleration length. Due to the

stationary of the solutions one may use formulae obtainea adove
when the energy acquired by the accelerated bunch is lese than
the energy of the accelerating bunch and the energy of the wake

field i.e,

n,eE

E °max
max y

L << min {mcaxng » TR
Therefore the acceleration length

2
L < min § 1¢ ¥ e , Emax ,  Ny<< Ng.
E max N1 8 n,P

#hen the conditions (14) are fulfilled the acceleration length

c It : c ng 1 - B
L<<2_(5P N4 and L << .JE‘COF 1 X for SJ(E:O):—Sgoa_nd 9(2_—,0):_9""
regspectively. 1In the case ng/n°<<1 the acceleration length

Yo nNg

4«~E; n, e+ It is necessary to note that the acceleration

length is also limited by the condition[30,31] of absence of

. - <L 2  2Rens o 1
the gatelite nonstability [, < ©0p X 3 ( ne ) «  where 1,

One has to take into account also the fact that in the result
of acceleration thé particles of the accelerated bunch may es-
cape from the acceleration phase of the wake wave. However,
such dephasing tékes place at a lengthiJ”é%;gz (see the esti-
mates in [13])whi§h are significantly laryser than that at which
the bunch begins to break down due to the development of sate-
lite nonstability in the systam.

The luminosity determined by the total number of the par-
ticies NV where V iz the volume of the bunch is another
important characteristics for particle acceleration by plasma

wnke wave., One can estimate this number from the constraint on

13
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the acceleration bunch field which must be much less than the
wake field of the accelerating bunch. Therefore the field of
the accelerated bunch may be obtained from the linearized sys-
tem of equations of motion and Maxwell's equations !(1) (compare,
for instance, with t13]), which corresponds to the case

n,/ne <« {. According to (19) the field amplitude in such case

admwpt N
e No

sity n4y of the accelerated beam, therefore, must be much less

, where <~1 and the particle den-

is equal to

than the particle demsity ng of the eccelerating bunch ny«xn,.
In the case when eqs (17) and (18b) are valid, the condition

on M, is
Do

X!/z < n’ << nO -~ ens

Conclusion

It is shown that the nonlinear treatment of the wake waves
in plasma gives qualitatively and quantitatively new possibili-
ties for the acceleration of particles by plasma wake fields.
Especially interesting for laboratory experiments seems the

case when the driving beam density

e, (-'a--%%)«égs ;

and the bunch length d = "’P‘ ¥ - Tl;en the maximum longi-
tudinal electric field behind the bunch is Epmqx= J——%’ﬂc— ¥
wake wave length Z,\ = 4£Pu° 1/2 transforma-
tion ratio R=2 E::; =JZy" acceleration length

L« :. ;P Xilz a:d the density of the driven beam to
satisfy the conditj'.;lc:n —8'% KN1<X<nNe 22Ng . .

If for Ng—~ 7 the length of the driving bunch

14
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could be chosen as d.=-§§? Uz then eq. (16) for the maxi-
mum electric field is valid and more drastic increase in sascce-
leration rate will be provided; However, this case, due to

the large value of d s may have, as it seems to us, only astro-
physical applications, comnnected with the mechanisms of the
acceleration of Cosmic Rays in a relatively dense plasma of
various astrophysicasl objects. Perhaps, one should take into
account the presented nonlinear mechanisme of acceleration of
charged partigles for explaining the origin of high and ultra-
high energy Cosmic Ray particles (see [32] ).

The simple model which we have considered has an exact
analytical solution, which was essential irn finding the above
mentioned new nonlinear effects. At the same time»the simpli-
city of the model has the obvious drawbacks which, it is neces-
sary to overcome by taking into account, for example the finite
transverse dimensions of the driving beam, shaping the charge
distribution inside the bunch and seeking for nonstationary

solutions,
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