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The three-dimensional Ising gauge modal is reformulated

as the theory of surfaces with fsrmionie structure on them,. In

the naive continuum limit the action of the resulting string

theory is defined by ths Dirac action induced on tv-'O-dimansio™

rial surface 0
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It is well known that two-dimensional Ising model may be

reduced to the two-dimensional fermion theory (a standard majo-

• rana feimion action is obtained near the critical point) [1].

Fof the three-dimensional Ising model (3dlM) the analogous des-

cribtion, using the fermions in three-dimensional space, seems

not to exist» However, the three-dimensional Ising model is

•N dual to three-dimensional Ising gauge model. A.M.Polyakov and

V.S.Dotsenko have shown [2] that for the latter the problem re-

ducee to the problem of summing over the surfaces with some fer-

mionic structure on them (i.e. to a fermionic string theory).

i A hypothesis has been made about the equivalence of 3d|!H near

\ the critical point to Neveu-Schwarz-Ramond string theory [3].

In the present work the lattice fermionic string theory is

l formulated, which is equivalent (at arbitrary temperature) to

% the Зс1Щ . In the naive continuum limit which corresponds

| to the critical temperature the action of reduces to the sum

i§ of number action and the Dirac action of three-dimensional fer-

Щ
;•;• miocs induced on the world surface с
-W

|; The partition function of 3d IM may be, represented as the

щ: sum over closed surfaces on the lattice 12,4*51



~ ИХ (1)

where Я is the area of the surface measured in the units of
j

lattice spacing, .A^th'^y ,T is the temperature. In (1)

one may pass .to summing over parametrized surfaces. In this

case the contribution each surface must be provided by the

sign factor (-1Г in order to avoid the overcoming. Here I

is the number of links of self intersection of the sjjrface [2,4]

(2)

The sign factor (-1) ie analogous to Kac- tfard factor of Two-

dimensional Ising model. Its presence in the partition func-

tion shows that the string must have some fermionic structure

on it [2j . It admits the following expression in terms of

the geometry of the surface [5] . Let us draw two parallel

lines connecting the middles of neighbouring links on each pla-

luette of the surface. These are two ways of drawing this lines

on each plaquette (see Pig.1)

Pig.1 •

The whole surface will get covered (in one of 2
fl
 possible

ways) by some number of closed non-selfintersecting contours



crossing once each link of the surface. On each part of the

contour the unit tangent vectors of the surface 1Гц and ^1

and the normal vector rT are defined. We choose ^ to be

tangent to the contour, e
x
 normal to the contour. Consider the

matrix Si.,1 + 1 rotating (in spinor representation) the basis

in point L to the basis in point i +1 . Then [5]

(-1)
e
 = П Ф(с) = n(-j>tr flSi

 L + 1
) (3)

/
 over the contours over the countours

We shall define now the fermionic structure producing the

described family of contours and providing each contours by the

trace of ordered product of rotation operators. Let us describe

the unfolded surface by the poligon with appropriate identifica-

tions on the boundary. In the middle of each link of the sur-

face we define a pair of two-dimensional vectors 1д (fe)

(the index a= 1,2 numerates the vectors ot=f,2 is the vec-

tor index, £* are the coordinates of the point on the surface).

The vectors %
л
 form a "chess-like" structure (Pig.2)

Pig.

5



They are equal to the distance in parameter apace between thf

neighbouring points of the lattice surface

where о,
л
 is the induced metric of the surface, 6 is the

. lattice spacing. In conformal gauge Q _ = p 5ccfi , so that

Each pair of the vectore Та шву be used to choose one of the

two plaquettes containing the corresponding link. Now let us

define a chiral fermion field in the middle point of each link

of the surface; we nut the left-handed fermions in the even

points and right-handed fermions in the odd points*. The chi-

rality is defined locally with respect to a normal vector of

the surface, taken on the plaquette chosen by the corresponding

victors la • &п the boundary of the poligon define the follow-

ing identification rule: if the identified links are both even

or o.>th' odd the fields are considered equal if the parties

of links are different the fields are connected by the equation

Hl^ej.^R /.here e
x
-

e &

?
 б are i?auly matsices, el Is

unit tanjent vector of the surface which is normal to the iden- ,.

^ified links -?nd h&£ the direction corresponding to that chosen

.;,•/ vo с tors Та on the identified links. The action of the

ял analogous idea leading to a hipothesis of topologically

Invariant formulation of tiie sign factor has been considered by

... ori'<ov. The ferromagnetic-antiferromagnetic structure in

': M M :ч;з oeen also considered by A.M.Polyakov and V.S.Dorenko.



model reads S-Si+Sa , where 5j is the area of the surface

(Nambu action) and Sg is given by

55 ̂ OV»<ba(w*wwV^*
w
W (6)

Here the operator ^ C ^ ^ + Tat^)) rotates the basic unit tangent

vectors of the surface -j=r- % ? - (Ы»|,2,^ are Pauly matrices)

taken in the point к to those taken in the point § +• ^a
x

The vectors

are defined through the finite differencie3 between the points

lying on the plaquette chosen by the vectors Z
a
 . iVhen perform-

ing the integration over fermion fields in the partition func -

fion

one obtains the contours described above. The integration mea-

sure in (7) is defined by the equations

where PL>R = " g ^ ± П О ) are the chiral projectors. For
A

each contour one obtains the factor ttPul^fle,, (1)Л.^{,
 +
 < ,

л •
 l

 "

where 6,,(l) is the unit tangent vector of the contour between

the point I and 1+1 . This factor may be shown to coinside

with the factor Ф (C) (3). The partirion function thus

takes the form (2)-and coinsides with the partition function

of 3d IM .

In the zero-lattice-spacing limit the action (6) takes the

form
 S a

= Ljd
f
$JJ Ф Г^Эы i-ST* 9 ^ ) ^ , (9)

where St. is the operator rotating the local coordinate basis



of the surface into some fixed basis of ^-matrices: "Jp
r
Ĉ ')

 =

= ^I~ (|)б"о£ SL(£). Let us make the field redefinition

tf-*-p'*lf . Such rescoling is necessary for the restoration

of reparametrization symmetry. In terms of the new fields the

action Sz coinsides with the induced Dirac action

1 £oty a
T 1f~ e

taken in the«conformal gauge. The problem of investigation of

the critical behaviour of the 3dlM is thus reduced to the prob-

lem of investigation of the properties of Dirac operator in-

duces on two dimensional surface, having singularities (the

ends of the lines of selfintersection). For nonsingular sur-

faces such an operator is investigated in the work [б].

The authors express their gratitude to A.M.Polyakov for

numerous discussions of this work and for critical comments

and to S.A. Matinyan and V.S.Dotsenko for the discussions.
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