Preprint IPU-936(87)-86

EPGIGLE  SPOPYUBP  bPLUShSARS
EPEBAHCKHH ®H3HYECKHA HHCTHTYT

A.R. KAVALOV, A.G. SEDRAKYAN

ON THE THREE ~DIMENSIONAL ISING
MODEL

_ | ll.HH Haromuudopm
EPEBAH-1986

LT A NG W gt -



T P
T R . e

£
s

S AL VT

Vwpuwnhy EOU-936(87)-86

h2hu%h LAU2L® UNMGLR UUUhY

U, vl UL M, U.9,UBF HUSUY

Spwd t hqpugh btnwpwp dnphph dhwlibpynidp npybu dhpdhelwpt
hwnnogdwdpm] Jwlbplin jBubpp whunctfljut: Yuuduwd qrpdnnnip jut wi-
pUnSun uwSduwup npndmd b bplgwd Juljbphne Jph pw vwSdwudud Hhpw-

L qnpbnanprJp:

Bphwtls dhghljwyp puunhwnum
LGphwly 1986

© LienTpaanibf HAYMHO-NCCACAOBSTEABCKHA HHCTHTYT HHGOPMAUMN
H TEXHNKO-SKOHOMNWECKNX NCCACAOBANHA no atomuuh Hayxe

u Texnuxe  (LHMHeromndopmd |985r.




oA T T S T
o : :

T

-
T

ST

it 2
G

3

AL

[TpenpuaT BH-936(67)-66

A.P.KABAJIOB, A.T.CEIPARTH

0 TPEXMEPHO? MOIRMA M3IHTA -

HalineHa $opMyaZpOBKS TpexmepHO# momend W3uHra Kax TeopEd
[OBEPXHOCTeH ¢ PepMmOHHOE CTDYKTypoll HA HUX.HeUPepuBHHY mpe-
Iesi HallIeHHOTO NEeHCTRUA OnperiadseTcd MHAYIMPOBAHHHM HA ABYX-

mephHoil moBepxHocTn pmeficTeuem Iupaxa.

EpeBaHCkAll QU3MYECKUI HHCTUTYT
Epepan 986



.

Preprint [D1-936(87:-86

AR, KAVALOV, 4.G.

ON THEZ THREE~DILENIIONAL ISING MCI

The threewdiﬁensional Ising gauge model isg reformulatad
as the theory of surfaces with fermionle structure on then. In
the naive contipuum Limit the action of the resuliing string
theory is defined by the Dirsc action inducad on two-dimensio-

nal surface.
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It is well known that two-dimensional Ising model may be
reduced to the two-dimensionasl fermion theory (a standard majo-
rana feimion action is obtained near the critical point) [1].
Fof the three-dimensional Ising model (3&»4) the analogous des-
cribtion, using the fermions in three-dimensional space, seems
not to exist., However, the threc~dimensional Ising model is
dual to three-dimensional Ising gauge model. A.lM.Polyakov and
V.S.Dotsenko have shown [2] that for the latter the problem re-
duces to the problem of summing over the surfaces with some fer-
mionic structure on them (i.e. to a fermionic string theory).

A hypothesis has been made sbout the equivalence of 3d|M near
the critical point to Neveu-Schwarz-Ramond string theory (3].

In the present work the lattice fermionic string theory is
formulated, which is equivalent (at'arbitrary temperature) to
the 3diM . In the naive continuum 1limit which corresponds
to the critical temperature the action of reduces to the sum
o number actlon and the Dirac action of thiee-dimensional fer-
miors induced on the world surface.

The psrtition function of 3diM may be=repreeented'as the

sum over closed surfaces on the lattice [2,4,51
|
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z~ AR (1)

where A is the area of the surface measured in the units of
lattice spacing, A=th -,f—T- , T is the temperature. In (1)
one may pass to summing over parametrized surfaces, In this
case the contribution each surface must be provided by the
gsign factor (-1)E'in order to avoid the overcoming. Here £

is the number of links of selfintersection of the gnrface[2,4]

z~3>= A7 (-1t
&y el (2)

The sign factor (-1)8 is analogous to Kac- #ard factor of Two-
dimensional ising model. Its presence in the partition func-‘

- tion showq that the string must have some fermionic structure
on it [2] . It admits the following expression in terms of
the geometry of the surface [5] . Let us draw two parallel
lines connecting the middles of neighbouring links on each pla-

juette of the surface, These are two ways of drawing this lines
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on each plaquette (see Fig.1)

/

The whole surface will get covered ({in one of 2R possible

 Pig.1

ways) by some number of closed non-selfintersecting contours
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crossing once each link of the surface. On each part of the
contour the unit tangent vectors of t'he surface —é.u and '-e..n.
and the normal vector M are defined, We choose 8, to be
tangent to the contour, 'e’_L normal to the contour. Consider the
matrix S'L,F.H rotating (in spinor representation) the basis
in point L to the basis in point L[+1{ , Then (5]

(-1)¢ = n Plc) = n(’%*f‘ NS;,ie4) (3

over the contours over the countours

s,

‘We shall defiz:ke now the fermionic structure producing the
described family of contours and providing each contours by the
trace of ordered product of rotation operators. Let us describe
the unfolded surface by the poligon with appropriate identifica-
tions on the boundary. 1In the middle of each link of the sur-
face we define a pair of two-dimensional vectors 'Li (%)

(the index a=1,2 numerates the vectors ol=1,2 1is the vec-
tor index, s“ are the coordinates of the point on the surface).

The vectors 7, form & ‘“chess-like" structure (Fig.2)
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They are equal to the distance 1in parameter space between the

neighbouring points of the lattice surface

By B
g.tp(’g).z‘: (¥) g (§) =72 6“8’ (4)
where 84? islthe induced metric of thé surface, € is the

.lattice spacing. In conformal gauge 9«@ =p Sﬁﬁ , so that

‘zd. ,Ld- = _gi ..._1__ Oab
a ‘6 2 P ’ (5)
Each pair of the vectors Ta wmay be used to choose one of the
two plaquettes containing the Qorresponding link. Now let us
define g chiral fermion field in the middle point of each link
of the surface; we put the left-handed fermions in the even
points and right-handed fermions in the odd points®*. The chi-
rality is defined locally with respect to a normal vector of
the surface, taken on the plaquette chosen by the corresponding
vectors g . Un the boundary of the poligon define the follow-
ing jdentification rule: if the identified links are both even
or outh' odd the fields are considered equal if the parties
of linxs are different the fields are connected by the equation
Y. = é-LLPR where é_,_= Eg, & are Pauly matsices, -é:_ is
urnit tansent vector of the surface which is normal to the iden- |
tified links =nd has the direction corresponding to that chosen

57 veotors lq on the identified links. The action of the

>

*an analogous idea leading to a hipothesis of topologically
invariant formulation of the sign factor has been considered by
«.. orizov, The ferromagnetic-antiferromagnetic sjructure in
Z'{M a3 been also considered by A.ii.Polyakov and V.S.Dorenko.



model reads S =354+ Sz , where 5;1is the area of the surface

(Nambu action) and S, is given by

2 - .
Se=1 % ZIp(E)Y a2 Yu(h, 5+ alt) o (b 2al])  (6)
Here the operator K.(%§,§+%a(§)) rotates the basic unit tangent
¥ Xu& -
vectors of the surface E e (et 1,2,'6' are Paul,?' mgtrices)
taken in the point g to those taken in the point §+ a
4 %, -
T';"(E)Q(E;E*‘zu(k)) =ﬂ[§>§+za(§»'j%'('§+?a(§)) . The vectors X
are defined through the finite differencies between the points
lying on the plaquette chosen by the vectors %g . ‘ when perform-
ing the integration over fermion fields in the partition func -
tion '
: o S
2= 2_ (Mid¥Ydve - (
- 7)
{Fpo}
one obtains -the contours described above. The integration mea-

sure in (7) is defined by the equations

- - 1
de‘-»ﬂ d't"L,R "Pl_,g k|"l.,R = -Fr' PL,R ) (8)
where P,_,R=‘1§_'('i + R E) are thé chiral projectors. For

each contour one obtains the factor t% P._U)[:‘é.. (LDSg,ivt,
where é"(i.) is the unit tapgenf vector of the contour between
the point i and L+{ ., This factor may be shown to coinside
with the factor SP(C) (3). The partirion function thus
takes the form {2) and coinsides with the partition function
of 3dIM .
In the zero-lattice-spacing limit the action (6) takes the

form SZ=L§d,Z§J§ "T)_Xd'(ad"'g-—’ .SV, (39)

where L is the 0perafor rotating the local coordinete- basis

~



. of the surface into some fixed basis of'Giﬁatrices: %%%(§)=
';=§E4(§)6Q SL(§). Let us make the field redefinition
‘P*-th‘P « ‘Such rescoling is necessary for the restoration
of reparametrization symmetry. In terms of the new fields the

action S, coinsides with the induced Dirac action
' s 2 ap - ..-.i'_.
So= 1[G 9" P ru(dpragp gy,
‘ 10

' 1 g4 g

taken in the:conformal gauge. The problem of investigation of
the critical behaviour of the 3dIM is thus reduced to the prob-
lem of investigation of the pfdperties of Dirac operator in-
duces on two dimensional surface, having singularities (the
ends of the lines of selfintersection). For nonsingular sur-
faces such an operator 1s investigated in the work [6].

The authors express their gratitude fo A.M.Polyakov for
numeroﬁs discussions of this work and for critical comments

and to S.A. Matinyan and V.S.Dotsenko for the discussions,
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