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The aim of the present paper is to develop the Lagrangien
>f the ten-dimensionel chiral supergravity N = 2b. It has been
discovered in the works by Schwarz and Green to be the zero
slope limit (o¢'~>=0 ) of the II-B type superstring theory [1,2],
i.e. the supermultiplet of this supergravity constitute zero-
-mags particles of the mentioned supersatring theory. The consi-
dered supergravity has an extended supersymmetry, the both super-
charges being Majorana-Weyl spinors of the seme chirality. The
latter property differing it from the other ten-~dimensional
supergravity of N = 2a where two Majorana-Weyl supercharges
have different chirality. This theory, which is the limit of
o'—0 of the II-A type superstring theory, appears to be a
trivial reduction of the eleven-dimensional N = 1 supergravity
to a ten-dimensional one, while the N = 2b supergraviiy can not
be derived from the reduction of any other supergravity.

No Lagrangian invariant under the known symmetries of the
theory is known up to now for the N = 2b supergravity. Symmet-
ries and covariant equations of motidn are obtained in a compo-
nent approach in an approximation linear over the Fermi fields
in the works by West and Schwarz [3] and Schwarz [4], and in g
the superfield approach ~ in the work by West and Howe [5] .

To the development of the Lagrangian obstructs the real
antisymmetric tensor of fourth rank in the theory, the equation
of motion of which in linear approximation is fho condition of
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self-duality of its stréngth tensor, This gquation can not be
obtained from the quedratic over the fields invarient Lagran-
gien without introduction of additional physical degrees of
freedom [6] . The same situation is also in the two-dimensional
analogue of the theory under consideration - in the heterotic
string, where there also are chiral boson and fermion fields-~
-coordinates,

In Ref.[7] by Ziegel is shown that the difficulty can be
overcome in both theories by introduction of a Lagrangian mul-
siplier with a noaquadratic Lagrangiean.

In the present work we use Ziegel's method to derive the
Lagrangian of the ten~dimensional N = 2b supergravity, using
the known equation of moiion , in the component approach up to
terms bilinear over the fermions, inclusively, the Qupersym-
metry transformations being obtained precisely.

The basic problem on our way is that about the sSupersymmetry
of our Lagrangian. Generally, the action giving the equation of
motion with a certain symmeiry does not owe to be invariant
under this symmetry off the mass shell. It has been required
to find such a transformation of the supersymmetry of fields
iﬁvolved in the Lagrangian, which would be reduced to the known
ones on mess shell and relative to which the Lagrangien would
be invariant already off the mass shell.

It turned out, that it is possible to find such transforma-
tion, if the Lagrangian multiplier O4g proposed by Ziegel
is substituted‘by Gq‘n‘assl...Bs which -plays the same role,
and adequately choose its supersymmetry transformations.,

A very interesting consequence of the appearance of addi-
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tional field @q,..asb; ... B is the fact that now the com-
mutator of two transformations of the supersymmetry gives a
combination of gauge symmetries of the theory plus terms pro-
portional to eguations of motion of only fermion fields, like
it is in all the other supergravities. The fact is , as is showu
in Ref.[4], that the considered supergravity is the only one
where the gauge symmetry algebra is closed by using the boson-
-field equations of motion - the earlier mentioned equation of
self-duality. Now the algebra is closed with?ut the use of thir
equation and this takes place due to the appearance, together
with Ga,u-asﬁ,u-gs y of the new gauge symmetry, the gauge
field of which is the very Lagrangian multiplier 6gq,..d56,...85
This symmetfy is a nonphysical one, which nontrivielly acts
only on the fields off the mass shell.

As the considered supergravity is the o' —0 1limit of
thé II B type string theory, then one can naturally assume that
in the corresponding superstring~field theory an important role
will play the generalization of that gauge symmetry. The dis-
cussion of this and other aspects, together with a brief for-
mulation of the results of the work eare presented in the Con-
clusion, In the first section the Lagrangian for the self-dua-
lity equation is developed and its symmeiries are found. In
the second section the full supermultiplet is introduced and
new transformations of the supersymmetry are presented, and
also their commutator calculated. In the third section the
supergravity Lagrangian is obtained. In the Appendix the pro-

perties of (anti)self-dual tensors are given.




1. Lagrangian for the Self-Duality Equation

In the 4k + 2 dimensional Minkovski space the little co-
-group of magsgless representation of the Poincare group is the
group S0(4k) having an irreduc%ble unitary representation in thp
space of real antisymmetric self-dual tensors of rank 2k. In
terms of field equations this representation of Poincare group
can be described by means of antisymmetric tensor field.qﬂv"}hn
satisfying the self-duslity equation of its strength Fu, ... us..,
(further k = 2) ' .

Fuyiops =0

Basepts = 5 Fppe Apaneopay ]
Notations see in the Appendix. This equation is equivalent to
the equations of moiion of the following Lagrangian, where we
have introduced for generality also the externel gravitation
field with orthogonal frame €y :
I=e (thﬂsF-,ﬂf"-}'s +

.Clyeee -B¢...8
+ 6@,.-v asg' XX gs F a' as F ! §

M Hs
Fa ,a5= en' LI eqs F/‘!"'}‘S

Here 8,, .a.8,...8; 18 the Lagrangian multiplier which can be

g

thought to be arbiirary, but it is more convenient to apply to
it the conditions of symmetry:
Ba,...asb, . Bs=O¢a,...as1CE, - Bs]

Gu,._. asB,...gs =65‘...85a1...as
It is also convenient to held it to be self-duel over iwoc .-

of five 1 -dices




++
€a,...a;8,.-85 = Bq,...as8,- Bs
ea,“.asg,".gs will satisfy all these conditions further
in this work.

Equations.of motion of the considered Lagrangian

§&  __aye-dg -BrBs _
G _ v
bA =D (F\}ﬂq My +ZS\’F1 "'}“0-)= 0

_ -8,..-B
S}l,...}]s‘ 6}41...}:58'...85’: g 5

Dy = Dy(w(e))
are not independent - the second one follows from the first
one from which the self-duality equation results. The dependency
of equations leads to invariance of the Lagrangian under the
gauge transformations with vector parameter c(j’ » the analogue

of which is pointed out in Ref.[7] :
- V(B -
8'(°c)nﬂ/1,.‘.).q,r— ol (F}h R 5}4,...};4‘,)

6(ct) 6a,...as, - 85 ={-5D(a, %) Ga 8. - Ja, b *

e ,d)

+dﬂDJ_, Ga,... 0561---85 + 5D o eCKt”' K‘i-at"'as ed.Kv"Kq. G.... 85-

= 5[6a,...a58; 8¢ CQBsdDEcde +(a “—’B)J}H
This of -~symmetry (as we shall call it further) or more exactly
its supercovariant generalization, will be preserved also .n
the full Lagrangian of supefgravity and play an important role
in the closure of the supertransformations commutator on boson
fields. When checking the above (below) given formulae, it is
necessary to widely use the special properties of self-dual

tensors presented in the Appendix-
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2. Fields and Symmetries of d = 10, N = 2b
Supergravity

We shall use indications and agreements of Ref.[4]t The
boson fields of theory except for the orthogonal frame ej‘
include two antisymmetric tensors - the real -H/u‘___)_,,’ and
the complex -ﬂ;,, ( o = 1,2)ones with the condition(ﬂ},)‘:ﬂj’
and also scalar fields which parametrize the coset space SU(1,1‘[/
/U(1). It is convenient to describe them by 2 x 2 matrices

V;‘ , which belong to the group SU(1,1), and the factori-
zation over U(1) will effectively teke place due to local
U(1)=-invariance of the theory. Besides, we have also the ten-
sor Gav,,asg‘mgs which does not carry physicel degrees of
freedom. The fermion fields are Weyl's complex spinors "P). and

A - with opposite chirality: ¥, ¥.=-Wu, ¥,A= 4.

Beside the obvious general covariance and the local Lorent”-
-inveriaence, the theory also has the following symmetries [1-5]}
The global SU(1,1) symmetry, the small~transformation parameter
of which is the 2 x 2 matrix rn;

< Ly, o .
me=\a*, -ty * ¥ =8

“The metrics- rl“g.-. (+ ==..=) » Dirac matrices in Majorana
representation: {X“’ b’-‘} = 2'1,“‘) Yo =¥ - 8,
 REET S RN P U RET CU R o

(xi)*" (‘Xi)r=’xl; (¢21,-,9), X:‘ X:q = ¥n



and the action on the fields looks:
o d # o o
8V1=mPVI,SH}N=mP.HFV
The local U(1) symmetry with a parameter X (X) and action
& . o + 3
S(Z)Vy = £iZVy, S(D)Yh=2EY, B(D)A=LzEA
It is convenient to use SU(1,1)=-invarient combinations
. o P _ v
transforming like the U(1) gauge field, and &=+E¢PV, Su Vs ’
S(Z)eu =2iZ P, its U(1) charge being two.
The theory is invariant also under the local symmetry with

a paramefer A yva and action on the fields

S(A‘u)-ﬂ}]1,../u4= 48[}‘1A}‘1}‘3}'§J
and under the local symmetry with a parameter of /\: (o =

« 1,2) and action on the fields

i < P
6 (A, )fﬂ;‘v = zacy Av1, S(A.).Fl),,_..},‘= "% K Eup N Buapy e

The corresponding strengths, invariant under the last two

transformations, have the following form:

4 - o
F;«y.)us = 36[}11 Hﬁz}{s]

i S ikeg ALy EF
5., g © Z aC)"'Hﬂa---/‘s] tgr E‘.P nﬁfhﬂa F)"'/"#/“&'J

The SU(1,1)-invariant combination is introduced in a standard
way
= = odp
Guoa = ~ Eap Vi Fuvp

with its charge being unity.
Before turning to transformations of the supesymmetry and

ol -~symmetry, we shall present formulae for the supercova-
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riant strenguhs and connection:

A - A — —
B = Bam K A, Guup = Guyp ™8Ry, gy ~ Bk ¥, %0
A —
F}J1.--}15= E"v'--ﬂs 5K LP[JJ, Kﬁz}h}'q. MHs] 15 K &“1 /"SA
_ Ve Vs O
S/‘1---)'5 B e/"i"'/'s ' F"f etV ) .

Wuvp = Wyyp(€) + k*Im (CP\’ M Yo+ q;s' Sp'tp t “-P)‘ & \P,?)

ok
Transformations of the supersymmetry of the fields e,.f‘ 5 Vs,

TRt

H;,’H),gfa, A are the same as before [4]:

§(eyey = -2xkIm(Ey*Y,)
SV = kVIE®FA, 6@V = KVFE A

S(e) Ay = Vi EF g A" + VB Yo A+

+ai(VE B, Wi VD ER Y N),

S(t-:)ﬁ).gﬂ'= 2Re (e Xc,mf‘l’u‘%i'“ edPHE‘N SH;;]) A
Seya= ¢ ﬂs*él’%; Lyt SG},.;P

fhe superiransformation of gravitino ‘iju 1necludes additional
as compared with Ref.[4], terms proporticnal to 6“1'" asb. - 65
end to the equation of motion of the field ﬂ;:vm . The

latter has the following form in tie full theory:

=0

Foneee g



Due to this circumstance it is obvious that the equations

of motion [4] are invariant under the new transformation of

\FP , which reads:
1 A A Vevg A A
S(E)‘P}, = T{D}l (w)€e* 450 LY Jys(Fh...os NS 05)+
+ (AYe, ade - [41])
A {1 A ab 1 .
Du(@)E = (8u* % u Yag ~ 7 bOu)E

Finally, the transformation of the supersymmetry of

ea‘...asg,..\gs has the form:

5 m _9n
8(8) ea,...ass,... 8s = [- A 9‘11--- Qg Ky Kem 6&---85 Ko K4neﬂ ew’ 8(6)3}“:;
5
+ _2- rla151 e r’,u;‘,s,‘_ d;s EES 8(_8)2}”*' 5(9}4@2 ...ass',_,gs 8(5) ei: + (aog)).,
PL ++
8 Ouantorts 80, 50 g + (=)

E ()G =~ 4xIm(E Y, %))

The new gauge symmetry which appeared in our approach, is
the ol -symmetry with transformations which generaslize the
formulae in the section 1: &(t)Bq,.as6,...8s Temains unchanged,

while S(d')‘ﬁ)“’fl is equal to

A A
= ¥ = -
5 (o) Auvpa = o (F;uvymf S)Nf]ﬂf)
Let us consider the commutator of two transformations of
the supersymmetry with paraucters €, and €a + General-

ly speeking, the commutator of two itransformations of the sym-
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metry of the theory gives e combination of 211 symmetries of
the theory with definite parameters plus terms proportional to

the equations of motion. In our case
[6(e.), 5(E)T= 6(%).+ 6(E)+5(E)+ B(A)+ 5(A...)+

S(Z )+ 5(eL), + (equations of motion).
Here 6(§) is general coordinate transformation, §(€) is
the Lorentz local transformation.

Our statement is, that at the action of +the commutator
on boson fields (including Og,... a.8,... Bs ) no equations
of motion appear in the right hand side. Before presenting
expressions for the transformation parameters, we shall make
a comparison with the results from Ref.[4] obtained in the
absence of o -symmetry. In this case the commutator has the
form shown above, but with the term &(ol) lacking, and in
Ref.[4] was found that when the commutator acts on boson
fields, in the right hand side appears the only equation of mo<
tion, namely the equation of motion of the field H},,fa .

In our case, instead of this equation of motion, the transforma-
tion of of -symmetry has appeared.

The right hand side transformation parameters coincide with
those from Ref.[4] in case of supersymmetry, U(1), A. , A..
and general coordinates transformations. The Lorentz parameter
of transformation is derived from that in Ref.[4] by the sub-
stitution 6‘1"'}%—’ é.,‘..),"" éj,.‘,,,},s , and the o -symmetry
parameter turna out to be equal to the parameter of coordinate

transformation:
M = -
o« = §%=2Im (g, gHee)

12
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Thus, the additional field ©g,..azg,---8¢ Plays a double
roles first, it ellows to develop a lagrangian for the coside-~
red supergravity, as will be aseen in the section 3, and second,
jpartially solves the problem arising in any theory with a su-
persymmetry - to build & set of auxiliary fields which close
the algebra of the theory symmetries. In our case, at introduc-
tion of the field 6gq,..qs8,..- Bg the commutator of the
supersymmetry transformations is closed on ell boson fields of
the theory, in particular, on the very eh1~~a581~.85 toop

Now we want to give a qualitative explanation to the fact
of the commutator closure on boson fields. First of all, in ell
theories, except for the considered one, the commutator is
closed on boson fields due to the fact that there appear only
the first derivatives from the fields, while in the equations
of motion of boson fields alwaya the second derivatives are
present, The only exception makes the self-duality equation,
the very one appearing in the considered theory before intro-
duction of additional field ea,“.¢,51...3, ' o After its
introduction all boson equations of motion turm into  though
not Second-order ones, but into those quadratic over the deri-
vatives (see sections 1 and 3), and the commutator is closed
for the above mentioned reason. Most likely, the same will
teke place in the formulation of heterotic string with the
additional field A,, [8,9] .
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3, Invariant Lagrangien of d = 10, N = 2b

Supergravity

In this section will be discussed the Lagrangian of the
mentioned supergravity with that property, that its equations
of motion are equivelent to those obtained in Refs.[3~5] .

Like in Ref.[4] , we shall restrict ourselves to the first non-
trivial order over fermion fields (though it should be noted
that transformations of the supersymmetry and other symmetries
and all the statements made in the preceding section concerning
the commutators, are valid in all the orders over the Fermi
fields).

Our basic statement is that the Lagrangian which will fol=-
low is invarient, up to complete derivatives and terms of
higher power over Fermi-fields, with respect to all symmetries
mentioned in the preceding section. |

The Lagrangien is equal to
1 L
t=e{-daR+aP/PL+ 2By D, 9
N LI L 1 - .
+ (’L)AK‘FDPA*' ZTG G}w‘? * 30 FJM‘..ﬂS

. (.F}a,..-ﬂs + sp...~}as) - _,'\‘Xﬂxf.ﬁ‘* py -

M

K o VP LAy e d
+5'-§-!\P}‘XF fx 1 SK‘PWv(FA""AS+SA"..JS)+Q
K Ay Az Aa

KT pyhidad K o pa ¥
+ 7 APy Y G o WY ¥ AGa,a.a,
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A ARREL S S e T
Sik 1.1 . Moy Mspepiy L %pg pig Mo

Y6 4! 60 € "Mt f G G +0 (4]

Here R = R(w(®)) is scalar curvature, and the covariant

derivatives have the form

E 1 C 4
DYy = (a,u"'w; (&) Z ¥ag ~* aG),)%
é 1 . 3
Du A = (3p *03; (&) F ¥ag ~15Qp) A

The invariance is checked directly, using also the formulae

given in the Appendix.

Conclusion

In the present work the Lagrangian of the ten-~dimensional
N = 2b supergravity is developed up to four~fermion terms,
invariant under all transformations of the theory, in particu-
lar,'under the modified supersymmetry'transformations. Besides,
it is invariant undexr one more gauge transformation which
nontrivially acts only off the mass shell. The developmen® of
the Lagrangisn and also of the new gauge symmetry ( & - sym=-
metry) bLecame possible dus to introduction of the Lagrangian

multiplier g ..agb,...8¢ which serves as a gauge field




of the new symmetry and the variation over which yields equa-

tions equivalent to the self-duality one. The field 6g...ag8,..-B,
and the o -symmetry lead to the closure of the com~
mutator of supértransformations on boson fields (including
ea.u.u58,~~‘85 ) .
Let us discuss the possible directions of development of the
results of this work. First of all, tae construction of four-

~-fermion texms in the Lagrangian will not, apparently, face

gerious difficulties. Next, there is one more chiral supergra-~

e ¥

vity, eamong the equations of motion of which there is & self-

duality equation - it is the six-dimensional N = 4 supergra-

B e .

vity with its Weyl gravitinos having the same chirality [10].
It is obvious that one has the reason to think that it is pos-
gible to develop an invariant iégrangian for it.*

The potentially important direction of progress involves
the construction of the Lagrangian for the II B type super-
string field theory. We asgsume that in a covariant formulation
this Lagrangien will include string fields, in the expansion of
which there appears the analogue of the field 6g,..as6, ... Bg A
and that it will be invariant under the corresponding generali-

zation of the o -symmetry.

~

n .
This Lagrangian has been constructed by us recently.
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APPENDIX
- - & * .
Below 5,'_,,',,”@,'__’,” Fuvopg 7 Gpoooopg indicate the (anti,
self-dual parts of tensors F,,,,_',,,., Gusossg  » Su» is a
symmetric traceless tensor, Ay is an antisymmetric
tensor, The (anti)symmetrization is always cerried out with a
i : ) {
mit weight, for example Ouy = G(},v) = —2_-(9}..; +6,ﬂ) .

The following equations are valid:

£ 1 1 1 Vi.. Vs
Fureots = 2 (Futetg 25T € Epteveopts vy ws F )

- ~Miclg + LY LRRAY X
F/‘" Ms G F}% us G =0

"d"dﬁdﬂﬂ'ﬂl - - 1_ C o "f‘ZJd“"d. -
F g ds Ve V2~ 2 8(9, F dedq---cq

HMro gk o= = - Ly o#2 _uy _~MeJods---Se -
F FN..-\),,d, 6:9' 892 693 F Fﬂ«]d‘.-:d~+

+ 4§D pran eIt oo

LV vavadaldie
- toly ol - l - +d'...ds
de,...ou, G; +(A x)= 5 gxa F¢‘...¢s G

- | ~dqenoly _
Fu,---d:.Ga "(‘X-“"l)- 0

* < _ b 4 o« \3
Fd[}-""‘}h. GJ‘SJ - ( th}h---}‘lp 6/":)

t « _ (2 « \}
aCprpa Apgy ’( X TR AﬂsJ>
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