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1. Introduction 

The problem of stability of cosmological solutions being 

principal for investigation of evolution of the Universe, is 

a stability problem in Wheeler-De Witt superspace with pseudo­

-Riemannian (Lorentzian) metric (1]. Therefore t he question 

of investigation of the stability of Hamiltonian systems via 

the study of global geometrical properties of those· spaces 

(another example is the real space-time possessing Lorentzian ·-
signature as well) is arised. The ·approach used by us is based 

on the consideration of close geosedics' behaviour onto dis­

tinct metrical manifold being the configurational space of a 

Hamiltonian system [2) ~ The use of the method of geodesics 

is principal for our problem: it differs from simple analyses 

of a perturbated , solution of differential equation so far as 

allows to follow the true deviation of close trajectories and 

not only by their distinct points. Thus, it is not difficult 

to see that in our problem two points ·On close geodesics can 

~un away from each other, while the geodesics themselves can 

not deviate (cf. [3) ). 
The first step on this way is the representation of the 

~odel of the Universe filled by scalar field as a Hamiltonian 

system with given Hamiltonian. One can do this using the Hil-
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bert variationary principle in modified form of Arnowitt-Deser­

-Mi sner (ADM) ( (4] , see also [5,6) ). 
As an i mportant example we have considered in detail the 

oehaviour of inflationary solutions, hoped t o solve several 

~ey problems of Cosmology (1-101 • Our analysis being in some 

sense the continuation of papers ·(11] enables to find also the 
' laws of stability (decreasing of fluctuations) for diff~rent 

scalar fields. 

2. The Arnowitt-Deser-M.isner Principle 

It is known that Einstein equations can be derived from 

the principle of least action 

~ ( I~~ 1.,,_ l -= o 

where I""' and 1 d are the actions of the matter and gra­

vitation field, respectively (4,5) : 

1 c; -= ~ { \ ol 4x i/" 'R ;. 2 ( J.\ h"'i K 1 . c 1 > 
~ \6ir (l. M ) j 

,., 'llM 

In eq. ( 1) R is "'te scalar curvature, K is the trace 

of the second fundamental form of the edge, h is the metric 

induced on it, 'd/V\ is the compact space-like manifold, 

<a: \J1it ~ ... ( \ (a system of units when i = c = 1 is used). 

While considering the geometry dynamics in Arnowitt-Deser-Mis­

ner formulation [4] , the 3-geometries of the initial and final 

space-like hypersurfaces are considered to be given. The inter­

val of action is extremal t o the space-time choice between 

thes e hypersurfaces. Thus, t he space-time is stratified into .a 
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one-parametric family of space-like hypersurfaces (compact 

•ones, as mentioned above) • Then one can choose the surface S 

Nith coordinates )(i(i = 1 ,2 , 3) i n accord with condition of 

t = o. The metric of the space- time (3+1) mani fold can be wr i t­

ten as: 

J.s'\ q J x c..J) = _-(N'- Xt )( \.H:'I.~ '2.X ,..tx; .At+ h\j J.x'~J / 
c::ro.e 

where N i s t he s o-called lapse func tion , allowing to calcu-

late the internal time between t wo surfaces of constant t ; 

')( i is the shift vector describing the divergence of a curve 

with constants from the normal one to s. 
In thi ~ case the ADM gravitat ional action will l ook l i ke 

1 ~ ~) L •s'dh,· {()l1 t T::- J-t Jx 1T --1..-Ndf-X · J + s .. 1 
'\6itG- ~t l 

(3) 

where 

d-e = G;. K" 1T'i 1T~e _ "'"1z. lR 
J < I 

G - 1/ ( ~ ~ h I \' ) .. = 1 1. • • • • - I'\ '· I'\ 
lJ ... e 2 h ~'~ H+ Lt l(J 'J I(' , (4) 

a--. ij 'Y = -2-rr lj 
h::::: 1 e.th·· - ""' 'J , 

'R 
fl \ " 

is the scalar curvature of the manifold S; the s ymbol 

indicates the covariant· differentiation with respect to 

the metric hij • The expression (3) is var ied for independent 

ij x 
hij ' \r • N' i • 

Below we shall consider locally isotropic and homogeneous 

cosmological models with scalar fields, i . e . wh~n the metric 

on the compact 3-manif old S ftepends on the s i ngle parameter · 

Ov 
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,...., 

h\j = S't 0.: h i'j J 

where 

[ 
"''\ J ~j 

~ ,_ = 4~ G- ~ o\°\ h I J 
"' ,..., 
h =Jeth' · - IJ 

~ 
Curvature of the metric h i is equal to (see also Ref.[16)) 

3 1<_ .. = k (~. ~. -l. h. \ 
')'"-!? dit H '.t JI<.) 

(5) 

with k = +1 (when S is a 3-sphere and 3-sphere factorized 

over a discrete group), k = o* ( S is a 3-torus or another 

two-dimensional space), k = -1 ( S is a 3-hyperbolic space 

factorized over a discrete group). 

Close to S the 4-metric has the form 

I 't "I. 1. I I \ t .) 
</\ s =- - N Jt ~ ~: j d\ )l ""x . (6) 

Taking into consideration that the scalar field Lagrangian 

l =- - - "A r .A.. ) ... e + \I c <P ') J t . ~ L l,c.. 1,f. ~ 

th~ action 

I-= Id~ I+ 
::ail be written i·n the form (see Ref. ·l_11) ) 

. · ""' 

I ~ ~ \>oL J.o1 4 y;?. rA /( - N }e Ai>r-'I J-t ] (7) 

where 

* At k = 0 we require the condition J x. \,, Ii.:. i S 
> "'" to be 

satisfied. ~ 
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-~ , o Q [ T) ,_ 'l.1 3o( r k -l.o( l 
cT\ A!> M =- Z - r oL + \=>'A + ~ l U (>t) - z e. J 

(8) 

cX -= ~Vi o.. ~ '"' ~ .-l \J (") : 4 n- G cs i. \f c ~ '\ 
I T I . :. Tl I 

and the varia tion is per formed for ol. 1 'X 1 "Pot , 'P ?I and N • 
Variation over N leads to 

Jt' -::ca. 
A'PM (9) 

3. Reduction of Hamiltonian System to Geodesical 

Flow on Pseudo-Riemannian Space 

Thus, we came to a Hamiltonian system with Hamiltonian 

\D 1' c..e ( ( ) 
d'\ = 2~ 'Po.? + 'I -t. 

( 10) 

and coupling equation 'Je = o. 
The motion of this system takes place over the extrema of 

the action 

1=~\'c..~ "" ')(. ~ (fr ,cl .,h: 

~ 
under tpe condition of 'J..e = o. 

Let 

where 

us int roduce some notations , ... . .... e 
v"' ~ ~o... = _"'-.,c_ = '? ~ 

ol<"C "' 
{ 

'?a.. = ~.q '\J 

d- 0.. ~c: 
"'e o 

= b c 
c.. 
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(up to now S is an arbitrary parameter). 

Let us also notate regions on the hypersurface: 

. \N+ t)( \\IC;) ?o ~ I \N - \ )( \ \J ()() < 0 ) 

e.nd also 

e,.:-l 1 = a ~JC-I: 1 

nhere 

I\! C() )=CJ. 
e"\: 

'1hen one has 

<>x-\c1\~e;l\1' • .t<"\ =•x-1:)-a./},;"'\ 1 < (13) 

~::.O Jf:.o t ~(~ V J(J:\J 

where 
-Pe.::: ';\O.t\J C, ( I 

1Z ( q \JC..} I )() = ..!__ ~ Vo..) + \j (x) = a 
o ... e 2 °'l 

(14) 

;,ssuming tha t ~ is a Riemann metric in the region of 

'~j- . one can write 

q "' e oa.~"' \J -: ;_ 2-Y 

(~ · 1.1 "' · '-' R. ~"lz. 
J.."t :: G\ ~ J. s 

- 2\/ 

?O 
( 15) 

anu usinc (13) 

ext I :ext [-2v a~ Jds=ext,/Zl(-Va uaug/2 ds"" I ) ( ~ u°' ug )1/z 
l:f=O 2V ~ dci& 

=ext ~(Ga~Lfu6 )112 ds , 
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where G-o.(-"~"'t is a Riemann metric too. 

Choose S in order to sati11fy [ 2] 

\\uf·= G-c..tu"ut = 1., 

0.. t ... t ( J~ \' 'l ( J.tt \ 'Z. 

G-Cl." u u = - v ~ll t" " G\ s} -:: 2 \J °' s ) ' 
( 16) 

whence 

Js = f;. (-Y} .:l"t , (17) 

~xtrema of the action I 

( ( ~ t)1' ( " t Q)(t) G-c.~u. \l ~.:As= e.Kt 1,-) G-c.lu 1.1 Js , 

are reduced to geodesics in the region of 'VIJ : 

-w·= iC::-'-n 1'> V <~ \ G- :.-Vq Js~ ~(-v\h,\\u\I\ 11. c1a) 
2 <J r a. re -to l <l t do. t 1 j . 

+ 
As to the region \N , it is obvious that the classical 

system can not penetrate into it. 

Let now ~ be a pseudo-Riemann metric \'lith sienature (-, 

-, •• +, +, .+). Then at )( f 'W- (cf. 2 ) 

q ... t 
<J 'I \I ::. -<-Y 'l-0 1 a. t . 

one again comes to the eq.(18). 

If >'€\tJ~ 
q c.. t 
da.e " "' = 2.Y <o 

'md one obtains 

~ ~ f - u i .fi (-u) J~, 1. l , <19> l a'( I J 

At V = U - E the obtained expression results from Maupertuis 

principle l21 • 
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,..., 
where G- ,.._ Uq' - -'\/ Q 0 with signature (+, •• -, -, •• ) , and At ~,, d°a~ 

the following notations are introduced · 

~ __ q ·
1 

U:.-V, ~:-~=-o 
ac.c - <t11e 

(a- \I"''\/' - -'2.Ll ·;>o ' -t. ~ \N-(u):.:w+ (v) = w+). 
<:r11c -

Turning now to the metri~ with previous signat~e (-, .-+, 

,+) 

G- ~ r -- G-
"( q"-C - rte 1 

one has 

Je ~· \v q ~"' "'-\; _11 . 
d'o. t l ' J (20) 

Expressions (18) and (29) •. 1 be united as follows: 

"le cf.-+ l \\/\~c.:e'ti\\l\<A"t, -s<l'-V} . . (21) 

Thus, the Hamiltonian system is represented ~a a geodesica] 

flow on pseudo-Riemann manifold. In order to study the stabili­

ty of this flow, one must proceed from Jacobi equation c(2J • 

for the case given see l12-13J ): 

.:Al~' i. :> 

.,l $~ + k j ~ :. QI ' (22) 

where the two-dimensional curvature \( J is defined as 
. . 

kl . .,, < El . l<. (1.1 t'J·) \I > 
J I I (23) 

Ei is Fermi ba sis, Z = ziEi is the deviation vector of 

geodesics ) . 

Bef ore solving t he eq. (22) , one must convert the parameter 

S into the time 't' • In vi ew of 

~ s = ri' \vi ol~ (24) 
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one can obtain 

' J. 1 

o\s'\. :::. 2 v-i ( 
.,l'l 

oh::"' 
_ ( ~ t ... \v\\ L l . 

ckt } <A't J 

Then the Jacobi equation will read 

where 

J't~ \ 
c:A."'t: '\. + 

J. ~ \ . 
'6(~) ~ T w\ ( ~) = 0 , 

171.S J 

~(t;) ~ - ~ t ... \\I\ 1 
"'-"t 

\ t \(i. .. " I 1 w j ~ '2 v j ' \ , l : 'I } • • • ' K - • 

Substituting the yariables 

2-i:A'<'-, 

the eq·. (25) can be rewritten in the form 

y \ + ' ( ~ . + l) ~ '+ l ( ~ + ' ~ ~ ~ ~ +"' ~ 1 '< j :: Q } 

or 

if 

~ i. + L ~~ - C ~ ~ "'" ~~) ~ ~ ]/ j ~ o , 

. 
A 
A:-~~ 2, I 

A = Iv l 117. • 

In particular case o~ m = 2 we have 

(25) 

(26) 

(27) 

\< 1 = < ~1 'R (\I ic \\I"> =< E'1 \< [lh1\l't1 -<u1 ~"''>\J] >=I< 11 ... 11'!. 
1 I I '1) I (28) 

and equation 

where 

.. \ ( . -g 7.\1 
'{ + l w - ~ ~ + 4 JJ y : \l ' 

~~ - ~ ~ll\ \vi 
~"t 
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In accord with above expressions for the action I, we have 

where 

"Jf <~ l G- ~"!!, t"i lvl ~ 't / - s.a"' VJ / 
I Got I k N ..t-t = d\'t: , G = e U- "i" 

\I ?.ol I le. -i..tJ v :. e U - ·2 .Q. • 

-'Z.ol I . e. , 

\'/hen k = O these formulae are still more simplified 

I 
\ \/ l ~ e.3°'- \ u ) ) G,..e6 "'\u\ 

0 ('t)-: -~ J.o1. ' ~ - 'l H - J.... Ju ;;;(;; - u ~"t - - .J u ..\'1; , 

\< ( "t l = - ..!.. a e \'\ G- ::. - -1.. ~ \\ ( e6 ol \ \J l) - - i. 0 t" l v \ 
2 G- 2 e6°' \ ul - z ecrot\u\ 

I.Al( '"t) = ?. f"" u 1. [- .1. a e ... \ u I 1 . (- u\ _ u o \ \ · 
2 ecS.c. lul J s~"' 1;_ 1 at" u .... 

( 0 = --a + -o,_~ ' u i = ~ J . 
~ol ~ '<> " ~ )( 

-= U"-~i . 
LI J 

4. The Inflationary Stage 

(JO) 

(31) 

(32) 

How let us turn to the investigation of the stability of 

"inflationary" solutions. A_ssuming that k .. ·o, we proceed from 

the fac.t, that this stage quickly flattens the Uni verse even 

·proceeded from the initial value k ~ o. 

As it is sh own in Ref. (11] the inflationary stage can 

realize at rather general initial conditions. The 

conditions are satisfied on this ~tage( [9 
1 

-t4)) 

• 2 • 2 I " I H« HI x. «U, x «H 

x » 1 a t o<. - - oo 
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following 

(JJ) 

According to [9] a large varie t y of s cal ar potentials (poly­

nomial, etc . ) l ead to t he i nfl ati onary stage . 

Le t us cons i der t he sca l ar potent i al in a general form 

u :: 'A 'XI\ 
h 

rhen, using the eqs.(32) one has 

whence 

~ =-3\-1-v-l ,..,_ 3.H, 
/( 

{,.,) - h \_I -- -
IP 

~ =-~H , 
'\ • ... 2 :I i. 
-'6+~""-14• 
2. 4 - 4 ' 

the Jacobi equation reading : 

. . f h\.J ( 1.l 
Y-L-~+ ~H)JY=O 

From Ei nst ein equa tion 
• 'l.. 

\-\ * '3:.\-\ = 6U 

(34) 

(35 ) 

(3 6) 

(37) 

(38 ) 

and t he condi t ion H << Il for the Hubble cons t ant, one has 

If 

~hen 

VI l1 -")('l. 

'2 

\-\ "' 2- u . 

A/. >:> ( 2:,1'1 yh 7 

"' "' tt"'" 
2-x'-

-<< 3 
4 

\-\ 'l. • 

Consequently , e q. 07) will reduce t o 

13 
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v -C !ol.Y'f-==c 
9.Ild at ol~-~ , has a solution 

y'::! ±..!oo! 
c ..... s+ e 2. 

or 

:Z-±~ io1 \ l 1/1. 1: ± .!. ol 12~ U ~s e. 'Z- • 
I 

~+ ~ c.oi..st \ ll \"I z.. 
l \ \ 11-z. ?.ol'. ~- ~ c.oi..n: U e 

Finally, for Z one obtains (assuming that Z << z+ 

~=ct =t+ + c_ ~- ~ c.:.1.d: \ u )"1-i. 

whence 

' I \.1
1 

' 
r --2 ~1-i. 1< 

Using the relation (15) 

. u 
')( :::: C.011\~t - u 'lfi. 

one has from (44) (for more details see Ref.(12) ) 

',41) 

(42) 

(43) 

(44) 

't ,_ 'l. . 14 " ,...}"'--4 
?; -= :t- + i ~<...."'st \J-\- c.o1.s-\: ~ ,... eo1.st ')( -tc.o\'l.s-l /\ • (45) u 2. -

The scalar field potential decreases during expan3ion 

(H :;::. O), i.e. "j. decreases at any n ~ 2, and therefore, one 

~an say that the consid~red inflationary solutions are stable 

by Lyapunov. Moreover, the formula (45) allows one to find the 

law of decreasing of perturbations for each particular potential. 

I . e. in the frequently discussed simplest case 

u -= 'A'X'Z. 
2- } 
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n = 2, i.e. at 

(46) 

one has 

~~rx~-t L i---i 
<:-- \ 'I. • i \ 1/-z. t 
cc*~ ~- . (47) 

In this case the inflationary solutions are linearly stable 

.:by Lyapunov' s criterion. 

At n = 4, as it is easily seen, perturbations decrease 

exponentially; the larger n, the more stable are the solutions~ 

Thus, an approach to the investigation of Hamiltonian sys­

tems on pseudo-Riemannian manifolds is developed. By means of 

ADM principle the Wheeler~De Wi~t superspace is investigated. 

The exponential-inflationary solutions describing the dynami~s 

of the Universe filled with massive scalar field, are analyz~d 

in detail. The laws of depreasing of fluctuations are found 

for fields with different potentials. Together with earlier 

results (a,11] it convinces the ideas on inflationary stage 

of the Universe evolution. 

We express deep gratitude to L.P. Grishchuk, A.D. Dolgov, 

&.D. Linde and S . G. Matinyan· for fruitful discussions. 
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