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1. Introduction.

The system of analytical calculaticns, REDULE-2 {1] was successfully usec
by us {n the celculation of widths of radiative transitions between different
levéls of quarkonium - the particie consisting of heavy quarks,

The physical essence of the problem as well as results obtained are pre-
sented in Ref. [2] , while here we describe the computer algebra abilities.
Qur aim was to calculate contributions to the process amplitude from the set
of Feynman graphs that describe the interactfon of quarks with external glu-
onic field {see Fig.1). Recipes for such kind of caiculations are cited in

manuals of quantum electrodynamics. The obstacle encountered here {s that at
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intermediate steps of calculations cne has to deal with h1§h1y extended ex-
f pressions, the hand-made calculation taking too much time and being frauoht
with errors. Therefore we have made use of the REDUCE-2 system - the most

powerful and universal of those avaflable at our disposal,
2. Calculation Steps.

The calculation of contribution of the Fig.l diagrams to the process am-

plitude comes to the calculation of several integrals over 4-dimensional
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momentum 'space as follows:

SP v..-(P'Kye)
4 a2 .
I= gd P T 1)

whefe p and K are external momenta; P=(p-3)z—mz, K =(Kk+€)*-m?
L=8%*-m? are denominators of fermion propagators entering the ampiitude;

.M {s the quark mass, ad Sp,, . (p,k,t) s a trace of product of 12

k - "“mre ¥ -matrices {with respect to total angular momentum of decaying

>

"b'u-"tlicle.).
a The c'a'lcu'l.avfinon of tra'ces is done in a standard way using the high energy
physicé package bufilt in the REDUCE. It should be noted that the calculation
of traces of the form of SP{X)-' (ﬁi-m)... Kv('ﬁn* m)] with further
substitution 1;=K+E,... r=p-E 1s performed more quickly than the
direct calculation of traces Sp{x}, (IQ + E"'m) X? ({5 - e"‘rn)]. .

A1l possible scalar products of the 4-vectors are expressed through in-
variants mz, s,=(|<+p)2 , SZ’-'PI, K,L,P - using the LET substitution
ability.

In order to cancel K , L , P arisen in numerator and those in deno-
minator we switch on the DIV flag. The resultant integrand in (1) comes out
as 2 sum of great number (100 ¢+ 300) of terms:

_ D;
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L

where coefficients Di are constructed from t'l't2 s S¢ , Sz and components
of 4-vectors P , K , B . Note that some of 4; , B; , C; may be zero.
Further, in order to carry out integration over _d.“e » one should first
realize Feynman parametrization of integrand. Since the denominator's terms
each having three factors Pdi R Kgi . Lc‘ ,» are parametrized otherwise
against those with two factors, the whole sum is to be divided into groups




which subsequently are to be transformed separately. Such division can readfly

-1 1 1
be done by equalizing P , K and L to zero one by one, this being

PR

possible at the RAT flag switched on.
| The REDUCE-2 system does not allow direct substitutions XYZ —F |
- and especially X"lY_s ZC*F(G,B,C); therefore, for the realization of

formulae
Sf c-1

1 (a+B+c-0! }, F (-2 (- y)
= dx H vé+c ’

POKELS ~ (a-1)I(B=)!(c-N) [P(1- a:)+K(=r 9)+L33°

. . -~ 0 o -

¢ qare-01 ¢ (oM

- g ,:

PAKE T (a-1(B-)! IP(1-®¢)+ K«xJ‘"‘ L R

° .
\ - aspecial pragram is written. This program, via successive use .of P —F(a)
‘ 'eype suiistttu‘tiius. ﬂfomrthﬁe transformations, -then makes a. nieﬁntm
:p%agolmm mabig £ and fismily comries out mmm

23 ﬂ.i?‘fw 2w =' e g gl
over 4-momentum space according to the formula:

g __ment (2)
S (Ez~2‘)“ (n_ﬂ(n_a)&a(n-z)

_Here account #s- taken of the fact that integrals containing odd power of £
in numerator are zero; while those with even powers of £ are expressed
througﬁ (2).

\, After integration over d“f one should extract from the amplitude the

kinematica) factors constructed from the external momenta components, the
metric tensor g}‘ N and antisymmetric tensor B’N,,‘p . In the pseudoscalar
case 1t s P, Kg€uyap » 1n the scalar case Que ond Pu Ky/(KP) »
while in the axial case §,=Ky€upve » S2= Pabuper and. S3=
PuPyuKpEapra/(Kp) - Each of them should be factorized. It 1s. known
that in virtue of gradient invariance the amplitude must be proportional to




g}w- BHK"/( Kp) 1in the scalar case, while in the axial case there
exist two independent structures: S, and S; - S . The mutual equaiity
of the expressions standing before the relevant structures serves as a good

criterion for correctness of the pragrem run.

Each of expressions obtained is now a sum of large numbsr of singie and

double Integrals over Feynman parameters:
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where &%= m-s,(1-x)(x-Y-S,(x-y)y , @z mios (-ayx , @l
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mz—s,(1-ac)zc , r}f; = m?' . and di, and dgﬁg contain m""“ » 9y and
8, only.
One can, 1n orinciple, subject this expressicn to numerical integration
at various values of 5, and Sz and thus cbtain sclution of the problem.
Another approach is to calculate aii derivatives over S; and S, from
(3) at some point; 1n particular, we considered derivatives at §,= S, =0
The differentiaticn and integration being exchanged for convenience, the
result can be obtained in the analytical form.
In order to differentiate the integrands in {3) N times with respect to
S; and K times with respect to S, and then to put S$,=S,=0 , we
have introduced a new operator that possesses all properties of the usual
differentiation operator, Evidently, the DF operator built in the REDUCE
doés not suit, for 1t cannot help with calculation of N-thorder derivative
until N gets a definite integer value.

Such an operator
1 aN kK X .
D(N,K,X) = NYK! Qg asf 8;=8,%0

possessing necessary lihearity properties is introduced by a set of substitu-
6
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tion rules of the type:

FORALL N, K, X, ¥  LET  D(M,K,X+¥) = D{N,K,X) + D{N.K,Y},
D(N,K,51% X} = D{N-1,K,X)

and so on. Note that in the versions of the REDUCE-3 system [3] this can be
realized far more easily by using the DEPEND declaration.
Due to the action of D{N,K,X) operator on (3), the integrands acquire

the form:

S d; (1-x) i g
3

§&'i(1—x)¢t‘dpi(x_y)si and i

3=

where oq,ﬁi,gi,e?j; ) f.’;ji are sums of N , K and integers; d; and d;i
are numerical multipliers { M to the appropriate power is already factored
out).

It 1s left to make use of the known formulae: .

1 x ol .5 d!ﬁ' X!
deSdg (-=) yPrz-y) = @rpry-)
(-] o]

: p ol pl!

Sda‘.xd'(‘l':l:) =m(d-+f5"1)5

but their realization within the REDUCE system encounters some troubles.
For example, the expression x.m-a is written by the REDUCE as XN * )(a s
i.2. it separates symbolic and rumerical exponents, this being caused by
intrinsic representation o expressions n the system. Therefore the sub-
stitution X"— N! brings to a wrong result when X N¥2 g replaced by
N' 2!  ftnstead of (N+2) . '

This difficulty is managed to avoid by transforming all numerical expo-

. 2 :
nents to symbolic ones via the replacement X% xF¢ ) with a fictiticus



operator F , and only at the very end replacing F(2) by 2.
This way requires iarge memory and time resources; therefore we used in
the particular ceses other, more economic though iess generalized ways.
To our mind, the solution of the problem of “non-separation' of symbelic
and numerical exponents would enrich and beautify the REDUCE system.
After integration over Fey;man parameters, the transformed expressions
acquire a form of a sum of still large number of fractions constructed of
factorials (N+i)!, (K+ i)t (MeK+ i)t {(2N+ 2K+ i} where
ihauS,u are integers. Note that while N and K have no d2finite integer
value, the factorial is not defined being perceived by the system as a func-
tion without any properties, Having equipped this function with the property
(N+M)!=NI(N+1)(N+2) ... (N+M) using the FORALL M LET ... substitution,
one can attain some cancellations in numerators and denoﬁinators of the

, fractions., The final result ts obtained by reduction of fractions to a2 common

\ denominator with the GCD flag switched on. Although the system had to divide

| by each other high-power polynomials of two variables, it coped with this
successfully, so in all cases under consideration fhere came out rather

compact expressions of the form:

(N+ K (N+Krip!
(2N + 2K+ L2)!

P(N,K)

i

]

J where 5.1.2 are integers, and P(N,K) is a polynomial over N and K
of power not higher than four with integer coefficients. These formulae are

Just a solution of the problem stated.

3. Conclusion.

Our designed program complex for the REDUCE system 1s intended for the

calculation of Feynman diagrams that describe the interaction of the quarks




#ith the gluonic cendensate. The programs of this complex not only allow one
to escape from cumbersome calculations at some steps, but also automatize
the whole process from the beginning to the end ensuring us from errors and
give an answer in the form of a compact formula.

The complex possesses certain universality in the sense that with its
heip the diagrams for particles with various quantum numbers can be calcuiated
1mmed1atg1y. As a test we have reproduced the results of Refs. [4,5 ] where
similar calculations were carried out without a computer. At present, these
programs are used to calculate processes with tensor and hybr:.d states.

The experience accumulated during creation and exploitation of the cited
programs allows us to make the following remark: when processing very cumber-
some expressions we often encountered the computer storage deficiency. This
problem can be avoided via artificfal diviston of the cumbersome expressions
into pieces. If one considers these pleces as elements of array A{1) and,
introducing some substitution rule by means of the LET operator, then requires
scanning of the array's elements by the instruction FOR I: = M:N DO A(1): =
= A(I) , the substitution will not be performed; whereas, by the explicit
instruction A(1):=A(1); A(2):wA(2);etc. the subgtitution is performed.

In conclusion the author would 1ike to express his gratitude to A.Yu.
Khodjamirian and A.G. Oganessian for co-operation in the physical aspect,
to G.N. Khachatryan for assistance in computations, and also to V.P. Gerdt

and V.A. Rostovtsev for consultations on the REDUCE system.
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¥ Fig. 1. Set of graphs describing the interaction of quarks
: with external gluonic fleld.
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