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1. Introduction

The properties of Z{Q)-symmetric models are of certain Interest for the

elementary particle physics. The Z(Q) group, being a centre of the SU(Q)

group, plays a crucial role In quark confinement [1-3] . In addition, while

models with global Z(Q)-symmetry are equivalent to the random-walk models and

determine the quantum properties of point-like objects, the gauge (local)

Z(Q)-symmetr1c models are connected with the random surface theory [4] . Sucl-

models have been intensively studying In the recent years because of their

relationship to the string quantization [5-7] ,

The present work deals with the Z(2)-gauge model (Isinq) on Inifinite-

dimensionai lattice. The "pure" gauge Isinq model 1s shown to have the I order

phase transition and have no higher-order ones. However, the continuous field

theory Is known to correspond to lattice models only near the point of the

I I order phase transition, since just in this region the correlation length

is much larger than the lattice space, so all effects connected with the d1s

crete lattice are wiped out.

The same difficulty arises 1n the Z(Q) globally symmetric (spin) models
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at Q> 2 In higher dimensions. The I order phase transition takes place at

zero external field, and the II order one Is achieved only by Introducing

external field [ 8 ] . Similarly, the consideration of the gauge-matter Inter-

action In gauge models allows one to obtain, 1n principle, the II-order

phase transition.

In Sect. 2, we formulate the model as well as derive recursion relations.

In Sect. 3, we determine the gauge-Invariant thermodynamic quantities: free

and Internal energies, as well as consider trie model critical behavior. Ana-

lytical and numerical results are presented In Sect. 4. In Conclusion we dis-

cuss some extension of the Z(2) gauge model in Infinite dimensions.

2. Formulation of the Model and Recursion Relations

The model 1s determined on a special lattice - 2-d1mens1onal generaliza-

tion of the Cayley tree (F1g. 1). The lattice 1s built up by successive

glueing of shells. As a O-th shell we take one plaquette (a primitive two-

dimensional square). Glueing )J new plaquettes to each of Its links, we

form the 1-st shell. The 2-nd shell 1s constructed by glueing у plaquettef

to each free link of the first shell. Proceeding with this process, we obtain

a two-dimensional Infinitely branching surface whose Hausdorff dimension 1s

<Ан = ° ° » this being proved 1n the same way as In the case of the Bethe

lattice [ 9 ] .

The 1(2) lattice gauge model Is defined by the action:

S = fEu,U a U

•/here U, are gauge variables taking the values ±1 on the links;

Ц, и
г
и

3
 LI4. Is their product round the plaquette; the sum 1s taken
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over a l l piaquettes of the l a t t i c e ; 0 Is a t«per«ture-reverse quantity,

f • J/КТ . Rewrite the action 1n the form:

S = p S I S u . U j U , ^ , , (2.2)

which comes out from the previous one via replacement of JJ by 2j3 and

level shift. The partition function will be written as:

The boundary conditions are chosen in the simplest way: the variables on al '

boundary links take the same value, e.g. ±1 (the change of boundary condi-

tions from +1 to - 1 , as we shall see, Is equivalent to gauge transformation

and cannot therefore affect the f i n a l results).

The advantage of the la t t ice Introduced 1s that for models formulated on

1t the exact recursion relations can be derived. Consider the above-defined

lat t ice with П shells. I f we cut 1t in the sites of the central plaquette,

I t w i l l f a l l Into 4 disconnected parts. Each part, 1n turn, represents

separate branches connected by the common I n i t i a l l ink. Respectively, the

part i t ion function can be written as

Z = £exp(f *«?ususi448«("?>] V ^

where the first exponent is a contribution of the central plaquette (of the

0-th shell), and Q n ( U ° ) 1s a contribution of every branch starting from

the i-th link ( L » 1,2,3,4, Index П means that a given branch has n

shells). Comparing this expression with the Initial one, we find:

(2.5'

Zlexp |>5и>Хu\,i * }
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where summation goes over all variables of the branch, except U° . Each

branch, 1n turn, can be cut In sites of the initial piaquette, and It will

fall Into one link and 3 disconnected parts. Each part, again, is у sepa-

rate branches connected only by the link 1n the base; however new branches

contain already n-1 shells; therefore the expression for Q
n
( U ) can be

rewritten In the form:

g
n
(u') - Z.exp(f бц.^и-.и;.^[j^^^uS)]'[^(u;)]' (2.6)

Let us Introduce a new variable:

- _ 9n(rD

Making summation in 0 over Ц- .we'll obtain for X p the recursion

relations:

(3

where we Introduced the notation 2 = 6 . The model thermodynamical para-

meters are expressed, as we'll see, through X n . and the recursion rela-

tions enable us to study clearly the critical behavior.

3. Thermodynamical and Critical Properties of the Model

The above-introduced quantity X is not gauge-Invariant: at some gauge

transformation, Q
n
 (1) turns to Q

n
(-1), and vice versa, I.e. ОС turns

to I . A simplest invariant quantity 1s a product of variables

( U , Ц
г
 U3 С Ц ) along the contour of one plaquette. This quantity averaged

over all states we denote by S :

\



\

*
 л

The right-hand side being summed over the central piaquette variables Ц* ,

with account of (2.5) we obtain the expression for S through X :

S

To clarify the physical meaning of quantity S , recall the definition

of free energy:

«hence

Introduce the quantity £ - average free energy per one plaquette. Then,

from (3.4) we have:

a

•~a£"W) " <^и|"ги
3
и«,| > = S (3.5)

So, quantity S 1s Internal energy of one piaquette. Free energy 1s

found uy Integrating (3.5) over £ :

J»

-?f(P)«JS(f()^ + C (3.6)
о

Now return back *-o recursion relation (2.8). In the limit W~*"
CKi
 the

sequence { ^ n } reduces to the stable solution of the equation:

y ( 3 C , E ) = 3C (3.7)



If the latter exists. Here, two cases are possible:

- if at any value of parameter E (at any temperature) Eo. (3.7) has

a single solution, then the system has no phase transition.

- if there exists a bifurcation point Z
c
 In the system (3.7), then th».

»hase transition 1s possible. In this case, 1f the change of solutions 1s

step-wise l Х
г
 ф X, ), then the transition will be of the 1-st order;

1f the bifurcation 1s continuous ( X
z
 - CC, at Z

c
 point), then 1t means

a phase transition of higher order (e.g. of the 2-nd order).

In the considered model, the second case takes place: beginning with

2 = Z
c
 , Eq. (3.7) besides X ,

a
 1 has a new solution, X

2
t ! ) t 1. One

;an easily see that precisely the last solution 1s physical, I.e. a lesser

value of free energy corresponds to 1t. Indeed, the function S(ac,£) (3.2)

has a minimum at X • 1, and thus the free energy determined from (3.6) for

X , • 1 Is larger than for X2(.2)j< 1.

Hence at high temperatures T > T C С 2 < E
c
) , Eq. (3.7) has a single

solution X * 1. The internal energy respectively has the form:

S
0>
= ~J (3.8)

and free energy is defined by integral:

!

1

At T > T
c
 ( 2 < Е

с
) , some Я^гС^) j

1
 I becomes a physical solution.

Correspondingly, the internal energy Q
iZ)
 is now determined by expression

(3.2), where x should be replaced by a concrete function ЭС
г
(Д) .

The quantity

L= S
( 2 )

(E
c
)-S

U )
(Hc) (3.10)
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1s called a latent heat of transition. The fact that L is other than

zero means a 1-st order phase transition.

The free energy at T < T t can be presented in the forn:

1 *c

and since the function £ > Z c Is monotonous at X = Х ( г ) , then

The function 2 ( X ) being determined from Eq. (3.7), the free energy

Integral can be calculated analytically.

4. Analytical Solution of Recursion Relations and

Numerical Results

Eq. (3.7) can be solved for £. :

X 3 5 - З ж
г у + 1

 + 3 I
5
 - Я

At a critical point X
c
 the function 1E(,3C) has a minimum:

\ = 0

Since all observable quantities do not change under transformation of X

to 1/x (they are gauge-Invariant), it is enough to consider the region

of X from "0" to "I
й
. Eq. (4.2) via the variable replacement X~ e

a

reduces to:



Using the properties of hyperbolic functions, we can obtain exact values

of X
c
 for small Y (from 1 to 7), e.g.:

at X = 2

(4.4)

У = 3 and so on.

For the rest of X , the equation can be solved with a computer. £ c 1s

found by substituting X c to (4.1). The latent heat can be found from for-

pxla (3.10),. Table 1 l i s ts data for various Y . F1g. 2 presents Z c as

a function of Y . With increasing Y , Tc increases ( Z c decreases).

and in the l imi t У —~ •=« T c turns to i n f i n i t y ( Z c —• 1 )• Fig. 3

shows the Y dependence of latent heat of transition L . With increasing

К the latent heat increases tending to a certain l i m i t . This l i m i t can be

fojnd numerically. For that, we expand quantity X c near 1 restrictinci to

the f i r s t order at large Y :

Xc « 1 - Y (4.5)

Substituting this to Eq. (4.3), we obtain the equation for coefficient a :

e
a
~ e~

a
 t 6 a = o (4.6)

Its solution is a = 2.839. Using (4.5), from formula (4.1) we find the be-

havior of 2
C
 at large Y :

г я -| + — where oC = a I — '— & A 03L (4.7)
С Л \ & (Xr _ j I ~)

\ \r \ f

and from fornwla (3.10) the upper limit for latent heat:

\
10
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These results can be compared to those obtained by the mesn field method and

1/d-expansion [10] . For that, we determine the quantity:

in the limit Х " "
0 0 t h e

 Quantity ф* has a finite limit f* - <* *

- 4,034. Here one can observe the 1-st order phase transition, just like h;

«
the case of mean field and l/d-expans1on. However the value of ^

c
 1s

somewhat different (with account of the recalculated coefficient 1/2 the

•esult of Ref. 1С is ^
c
 • 5.01), this presumably being due to the choSce

of lattice.

5. Conclusion

So, In the limit of higher dimensions of a lattice, the "pure" (we mean

only gauge variables introduced on links) 2(2)-oauge models have the nhase

transition of the 1-st order only. Analogously we can prove the existence or

the 1-st order phase transition 1n the "pure" Z{Q)-symmetric Potts models

as well. A more detailed description of Z{Q)-symmetric models we will pub-

lish elsewhere.

As was mentioned in Introduction, the 2-nd order phase transition, necessa-

ry to obtain continuous theory, can be attained via the introduction of matter

fields into the action:

S - So + S
m q

= - в Z-Opdii 1 ~ К Z-us.ff.jsi
1
,, (5.1)

3 3
 л

 p
e

 J
'

where Si are the matter fields determined In the sites. In the partition

function, the action (5.1) can be reduced by gauge fixing (matter field

"freezing") to the ronn:

11
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P
e

(5.2)

The latter corresponds to the action of the "pure" gauge model 1n external

field. Recursion relations analogous to (2.9) can readily be derived

fov this model too. Just Hke in case with Z(Q) global symmetry [8] , the

Introduced external field allows us to obtain the 2-nd order phase transitiu...

So, only the Z(Q)-symmetric gauge-matter Interacting models (but neither

(-."t gauge nor pure spin models) have continuous field limit and are of in-

terest for elementary particle physics. Hence we can conclude that some

"supersymmetry" is required for the Z(Q) lattice gauge model to correspond to

continuous field theory.

The authors are thankful to S.G. Natinyan, А.П. Sedrakyan an R.K. Savvidv

тог useful discussions.
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Figure Captions

Fig. 1, Two-dimensional generalization of Cayley tree with

Jf - 2 (only the zeroth and f i r s t shells are shown).

F1g. 2. Temperature parameter Hc=e*p(J/KTc) versus J ,

where T c Is temperature of the 1-st order phase transition,

and )f + 1 1s the lattice coordinate number.

Fig. 3. The 1-st order phase transition latent heat L versus % .

With Increasing % , L tends to limiting value 0.313.
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