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WHAT TOPOLOGY COULD THE UNIVERSE BE CREATED WITH?

In the framework of Hawking quantum cosmoclogy the topolo-
gical and geometricel properties of the created Universe witi.:
cosmological constant are considered. Probabilities for the
Universe creation with different topologies (includiﬁg torus,
sphere, hyperbolic space) are calculated. These topologies
turned out to be equally probable for the case of inflationary
Universe. For a considered toy model the probability for the

quantum change of topology during the Universe evolution is

calculated.
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1. Introduction

The subject of non~trivial topology of the Universe became
nore actual form the beginning of 60-ies after Wheeler's work:
on geometrodynamics involving the concepts on foam-like struc-
ture of space-time [1)}. Due to the recent development of the
ideas on gquantum origin of the Universe (see, e.g., refs.[2-4])
this question has been somewhat changed: what topology is the
creation of the Universe possible with and with what probabi-
lity [5]? However, as Zeldovich and Starobinsky had noted,
difficulties arise already in the formulation of this question,
particularly "it is not clear what the probability of creating
of.a closed Universe is and how to normalize that probability".

Quite encouraging is the discussion of the originating
Universe topology in the framework of the quantum cosmology
developed by Hawking'and coauthors [6-8]. Based on this appro-
ach to the determination and interpretation of the wave func~
tion of the Universe, several rather important probleﬁE con- .
cerning the cosmological constant, initial perturbations, in-
flationary stage, CPT-theorem, etc, had already been conside-
red [9~13].

In the framework of the Buclidean formulation of the func-
tional integral, the conception of probability as well as &
natural condition of the wave function normelization is defined.

The possibility for direct calculations in guasiclassical
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approximation, in particular, the calculation of amplitudes of
3-geometries with non-trivial topology is another important
advantage (especially in the context of this work) pointed out
by Hewking and Hartle [7]. In rer. [7] also the topological
igpects of ti: Universe origination were discussed, including
:he properties of the 4-manifold, the edge of wnich is the
siven 3-manifold (bordant to zero).Thesge aspects were in-more
details considered by Mkrtchyan [14,15] who succeeded, for par-
ticular cases, in obtaining limitations on the properties of
the Universe with matter. In this commection It should be noted
that accordiiag to the cobordisu theoysy any two closed 3-mani-
toids are cobordent (Rokhlin theorem), i.e. there are no limi-
tations on the topology of the 3-manifold bordant to zero [16].
When the geometry of 3-manifold is adopted, as is well known,
it can be smoothly continued onto the 4-manifold (if the con-
dition of paracompactness is satisfied).

In tn:  -:sent paper we shall try to investigate both topo-
logicel and geometrical proper:i: s of the criginating Universe
in the fremework of an approach by Hawking and coauthors.

The problem is as follows: in the quasiclassical approximation
to estimate the probability for the birth of the Universe with
different tonologies in the superspace. It appeared, that the
consideration of this problem requires the estimation of the
solutions of Einstein's equations for the given value of the

cosmological constant A and spaces without matter:

RQ% = /\Saﬁ ’

in the case with homogeneous, isotropic metrics.




Among these solutions are both compact gravitational inszan-
tons (see refs. [17,18]) and complex solutions contributing,

as is shown, to the wave function sought for. The latters we

call pseudoinstantons.

Having the necessary solutions, we afterwards calculate
the Euclidean gravitation action which enters the functional
integral of the wave function. Then by the stieepest-descents
method the wave function integrels for spaces with different
topology and hence the relative probabilities of their birth
are calculated., Thus, for spaces able to inflate after their
birth, these topologies appear to be equally probable.

Accounting the possibility of quantum changing of tne
topology of the created Universe, the probability amplitudes
of some transitions are calculated Zor a concrete example {at

A = 0). Tt turned out that sphere~torus transition is prac-
tically impossible with respect to sphere-sphere transitinn

{i.e. without change of topology).

2., Canonical Quantum Cosmology

according to quantum-geometrodynamical formaliom soue
quantum stete ¢? the Universe is described by the wave func-
ticn \VLSJEﬁ;ntisfying the Wheeler-Tc Witt equation in tie
superspace ~ on infinite-dimensional space of all Riemann

metrics hﬁ (for the superspace properties see re¢ .[i9]),

the square of that wave functicn determiniang the v bLablility
of the Universe birth on the 3-manifoli §  ith warr: hq

{at the absence of mattzr),




The quantum state of the real Universe as Haewking and co-
authers have proposed, is determined by a wave function which

is given as

¥ (8, hy) = (d[9aglexp (-I[gaed), (1
c
where the integral is taken over all four-dimensional compact

manifolds M of Euclidean metrics 9at inducing the metric
hﬂ c<n the boundary dIM=S5S .,
The Euclidean gravitational action hes the form

R TR TPV N TR
I19es 1" ~ fgaee |4 9" (R-20) gz {dh K, @
M am

wilere

q= detgg , h=dethy ,

K is tiie trace of the second fundamental form of the edge.

Ciose toa &  “he metric gcug can be represented as

2 i i
ds® = Nidtt + hijdx dx’, (3)
then the second fundamental form i(ij is
{1 dJhy

KL; TN at
Below we shail consider the isotropic and homogeneous
closed (compact without boundaries) cosmological models with
A term without matter. In this case the metric on the
3-manifold § , i.e. at t = const, depends on the only

parameter (g




where

62 = 4alt [ Sdsx;"/zj'f

3 hidethu .

7

S
The curvature for the induced metric ’1U is [20]
3 = T 7 ST \
RLjKe k(h‘mhjﬁ hiehjk/) (5)

at K=+1, when S is a Bjsphere 53 or a 3-sphere fac-
torized over a descreté group { § -topologies); at k = O*,
when § 1is a 3-torus T3=5'§"%5"  or another flat space
{ T -topologies); at k = -1, when S is a 3-hyperbolic
space H? factorized over a descrete group ( H ~topologies).
The space of metrics (3-5) determines the minisuperspece.

The action (2) for the metric (5) has the form

T, (o= (ot (5)(-(5) -kat+ 2a®), 6)
ﬁhere 4 | A62
d Ea—% ) J\=“3_‘5 Hz’

In the integral of the wave function
Y, (clo) = gd [alexp(~I.lal), )

integration is made over all Q(t) which accept the value
Q, on S .
Using these expressions omne can estimate in the gquasiclas-
sical approximation the Universe creation probability with

k = 0, +1 . Pirst of all one .g to obtain those solutions

¥ ~1

At K = 0 we require the condition.gdaxF|k=1 to be fulfilled.
: s
7




of Kinstein equeations which can contribute into the wave

function.

3. Isotropic Pseudoinstantons

From the first sight, the estimation of the wave function
‘f&(qm) can be proceeded as follows. For the given value of
A one finds compact gravitational instantons for the met-
ric SQS in the form of (3). For example, it is known that
ac A>0 S* with redius (/\/3)-1/‘2 [18] is the instanton-
~-type solution with the metric (3). PFurther, if it appears
thet the metric (3-5) cannot be attributed to the instanton
found, then one may expect that in the quasiclassical approx-
imation the corresponding wave function must be equal to zero.
Actually this is not always the right procedure, so far
es while taking the integral in (7), it becomes necessary to
account for real, i.,e. Fuclidean as well as for complex solu-
tions (c.f. with the integral calculations in the steepest-
~descents approximation, when any complex extremum is taken
into account). Though the physical meaning of the latters is
not glear, nevertheless they do contribute to the wave func-
tion.
Thé extremal point for (7) is found from the Einstein
equation written for the metric (3):
(2-‘)2 + Hia? =k

N ) (8)

under condition, that there exist such t' end t, that



a(t))=0;

. (9)
a(t2)2ao. 'l:1<t?.;
The results of calculations can be rogpresented in the form:
at A=0
k=0 k= +1 k= -1
o (t) = const a(t)=*3(t) . att)=2i3(t)
$(t)=8(0)+ [daN(i)
o
1 - = - |
N-'-{_i' N=1 N L
2
att+ dart dtte s At grday
- dt? +d =d8%+da; =-de"+da}
R4 R4 H?x R
RY/r, T4 RY/T Rx(HYr)
( T is a discrete group);
at _A >0 :
k=0 | K=+ k= -1
EHE(E) | Lo
ae)=cpete’™ alt)=thsin(ne)  al-+geintie)
. 1 -}
N=-t N= {-i. N=-1t
2 etaHs 1 2 2 2 ch Ht 2
-dft + 2 e (dePesinedQf)  -dt®+ S5—dQ

x*
Noncompact solutions are also given here.

9




non — compbete sk R, ¥ R?

de Sitter
' Rx§3

at A< 0

k=0 . K = +1 k = -1
1
' const Ht S g sin(Ht)
= a(t)= —sh(Ht aft)=
ae):  aelohty ol {ﬁchw
-L
N= | N =1 N = { {
$2Ht sin (Ht)
dt? +-.‘:-5 da? dit+ L shi(Hyday  ~d e sin W9 0%,
2
R4 Rxs? s x R?
R x (H3/T)

The topologies given in the table are incomplete and
correspond, strictly spesking, only to real solutions.
Let us discuss the topological and geometrical properties

of some solutions in more details, namely at A> 0, k= +1;

alt)= = erU1(Hg(tD.

When N(t) =1 and 3(0) = 0, at the + sign we have
' 1.
a(t)=rsin (Ht),

which is just the Euclidean instanton solution S%

And when N (%) =-i.7 3(0): -:g— , we have

10




a(t)= +-ch(Ht)

- de Sitter's solution which, however, does not satisfy the
condition (9).

The solution is of much interest at

Vs
4L

1) 0$+.$2H“€;
N(E) = .
“l, 5 TES t,

where 0 < € << 1 and the function N(t) is continuously

*
defined within the interval

te [ é%r"e ; g%'*'eil.

In fact, this solution describes the birth
of the Universe from '"nothing", turning
from an Buclidean half-sphere into the
stage of de Sitter expansion (at Hg, >1
just it makes the main contribution in
IP;1(C10) ).

It is interesting to note that among

the obtained solutions there are also exo-
tic ones. Thus, at N(t)= -1, g(o)= 0 (K = +1) we have

just the same 4-sphere, but with internal time

de= N(t)dt =-dt,

i.e. reversal to the coordinate time, It means that the test

E
It can be shown that such functions do exist.

! »

e R



particle at N = 1 is an antiparticle to that of N = -1,

In this connection one should remember the recent discussion
by Hawking and Page [13,21] of the key problem of time arrow
in cosmology.

Analogous golutions exist for other values of K and A.

4. Wave Functions at Different Topologies

Now let us calculate the wave functions for the solutions
presented above. First of all we calculate an action with

boundary conditions

a(t,) =0, o)
10

a(ta)=ao .

Consider the action at H®> O. Rewriting eg.(6) in the

form .
IK [do]=%gdtN“ [_(%)a—k+Haaa] ) (11)
. i,
and using (8), we have
‘ta . Qo .
l"K['ao]vlz &dt Na [-2(%_)2]= - Sdaa(%’—) (12)
x 0




As it is seen from eqs.(10) and (11), the action I,[d.]

at K= 0 takes two values

+ . HaS
I, [a]=2t 3° ’

whence it follews that the wave funoctionm

+ -
1) -1 fald Ha
Y(ay=e e =eos[Tg].

To calculate %(aO) at K £ O we proceed from the

following representation {for mors details ses ref.[?])

H 3
1 3P%
Y, (@) =§'§;‘gdPe ®.(P),
Cc
where .
1 a
=
P NH @
and C is a contour in the complex plane P which is

parallel to the imaeginary coordinate axis and lies to the

right from all other singularities of the function ¢k (P)

b, (p) = [dfalexp (-IcLal),
' (13)

T fal= 4 Pde+Iyla.].

Note the differences concerning the wave function 1"l",,‘(ao)
and the wave function in momentum representation (Pk (P . In

the first case, when desoribing the birth from "nothing", @

13




varizs irow b =0C to =0, at K=+, while the
Universe momentum reaches F when being born from differsant
states: from P, = tooat k=1 and from Po= t Loo

at K= -1.

#1rom (13) one can obtain
0 ) = [atadesp (-1 )

where

and the + sign corresponds to the sign of l% .

Then the wave function can be rewritten as
4] q3
1 SPD + -
LR I E LN EMRENULE
C

Por each of integrals in this expression, after integra-

tion in the steepest~descents approximation (c.f. [7]), we

obtain

(1—H’af)%

-—ggT
) e M ' Ha. <1,

Hpms e —e
1 gdpegp% MLepT
2mi - 242 _n%
c (H Qg “') _ 51'] . >

, cos[ 3Rt A ,Ho’,

14




3 L
: Ypte” smreay (Mgl R
1 (d ea LA ~ COS[ (H dzs"") + ol i
——— = s ’ ?
aai | OPT TR 4
C

| (-rrad)k A ,%J;%%‘;@i’i
Y TR 3H
V@ e M 4e e
, _ U-Haly
AR 3H?
~ g3 .o , Hao, <1 .

hinelogously, at HQy > 1 we have

(H*al-1)"
COS[ 3H®

1

He

w

FPE
) VUS|

WH (a°) = €

Now it becomes clear why at }{2 >0 and K= 1 the
probability of having the Uriverse with Qg such that
Hae > 1, is not equal to zero despite that S“ . with ra-
dgius H~™! cennot include S® with redius Co . The

probability is non-zero sc far as a complex solution~pseudo~-

ingtanton exists. Finally, we have:

W, (o) % cos [ B2 ]

(1- H2a2)¥2

e . e T, Has<1
%1(a0)= ._1._ (Hza3_1)3/2 T
esHl COS[ 312 I ] ; Ha, >1

15
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: (Hale)¥e @ .
\{{1((1@) o~ cos('s—ﬁi)cos[ —-———3;a———— + 7 ] (14)
At "Ha,p>» 1 the wave functions have the form
Hob
%(ao) = c0S5 ("‘"—3 )
3%-,-_ ’ HCI-?: (15)
Yii(@oy = € eos (37 /,
3
1 Hae
Y. (ae) = °°s(3H2) cos( 3 ) )
whence the probability ratios are found
q L
2 2, 2 . TNy g3t
RASELANIL A cos(st).i L e
or
2 2 2
Wol® < [l < %, (16)

i.e. the probability of having a sphere is the highest. This
inequality remains unchangeé: at HQ, «< 1, H:s 1 .

The probabilify of birth of an inflationary Universe can
elso be estimeted . s it is known, [4] , one of the neces-
gary conditions for inflation is the large value of messgive
acalar field m’«ye > 1 . 8o far as during this stage
the field evolves slowly - ‘:P/ Y «<H and, 'consequently, the ~

-
Neglecting the quantum creation of matter [22].

16




role of H?® plays nngya , the following can be obtained
at Hz» 1s

KA AL AL L SRR R

i.e. birth of the Universe with & , T , H -topologies

is equally probable.

5. The Probability of Changing of the Universe
Topology

Thus, we determine the probability of the Universe quan-
tum creation with different topologies from "nothing", i.e.
transition from aA=0 to dp . Can one hence make unam-
biguous conclusion on topology of the modérn Universe? Certain-
ly not, since the Universe topology could have been changed
during its evolution. The classical theory forbids transitions
with changing of topology [23] , but there are no restrictions
within the quantum theory.

Now we shall find the probability for s quahtum variation
of topology for a "toy" model. To do this one must expand the
above used minisuperspace representation,

Let us consider the case when HZm= O, Then in quesiclas-
sicel approximation the main contributiom to the wave funciion
(1) will give the Buciidean 4-torus T4 = Sﬂ*sﬂx gfx gl gin

metric




where |, is & uwamensionless constant much greater than
unity.
L
This torus can contain any 3-sphere of radius R< 2 (in

JE?FQ units) in the vicinity of which the metric reads as
ols? = 8E?LE[dR® + R*[dd] +sine, (dotf +sinzdety)]],
R = const < —{2‘* ’
The same 4-torus can confain a 3-torus with metric
ds? = 8ae2 L2 [dx’-+ x%dy? + d6f +dej ],
x=1, 0<9<1.

Since we are considering spaces without matter and Ha= 0,
only the last term will contribute into the action (2) (T4

is an instanton at Hz= 0):

La 12
=~ gag | SOHK
aMm

where oM with account of the torus' and sphere's orien-

tation 1is equal to .
T aMmM=T3-8% .
Then, using the relation

2 1
{e?x W™K = 8q {d2xh",
s S '
where Nt is unity normal vector to § , one can calculate

the réquired action:

18




12 © L2
1="gne §d3eh Kt gaee Sdae""k'(
T3 83

== 123, [x gdlfdezde,] + 128 [R® de,ddzdcg sirfd, sindl,]
T3 §? : '

=-(1-6a%RY)L:,

Hence, the amplitude of transition of the sphere with ra-
dius K into a torus is equal to
2
-I _ ({-6®*R§)L
Y(P+T)=e =e !

and, as is eagily seen, the corresponding amplitude of transi-

tion of the sphere with radius R, into a sphere with radius
R, is equal to

6% (Ro +RT)LE

Y(si—+sd)=e
Therefore the ratio of probabilities of these transitions

reads

2(1-6X3RILE

|¥ (83 —T9) [ [W (s~ 5% e 1

1f the sphere's redius is cnosen to have the 3-sphere

~olume equal to that of the 3-torus

2meRry = I,

19




one finds

[2-6L% :.’:ra)"f*."c2 YA
=€

|1|/(s3-—'|'3)|2:|\y(53-.53)|2ge (17

... changing of topology (sphere-torus) in the considered
Jroblem is practically improbable.

There is another possibility for a sphere-torus transition,
viz. annihilation of the initial sphere and creation of new
torus or sphere (in a 4-torus). As it is easily seen, the
final result (17) remains true, since it doeé not depend on

the initial torus radius.

In the present paper we considered the topological and
geometrical aspects of the quantum origin of the Universe. In
our opinion Jjust such narrowing of the basic problem of the
properties of the 3-manifold [7] , allowing somewhat detailed
mathematical consideration, can be of special interest. This
circumstance urged us to consider the problem of creating of
a homogeneous, isotropic Universe withot matter, but with cos-
mological constant (the presence of the latter allows, in
particular, to interprete sbme conclusions in the context of
the inflationary Universe scenario). ‘

Hawking's approach to the determination of the wave func-
tion of the Universe by an Euclidean integral over compact
metrics was the basis for the investigation carried out. As
it turned out, into the wave function have been contributing
not only gravitational instantons, i.e. real compact solutions
of Einstein's equations, but also the complex ones - "pseudo-

20




instantons". Among the found pseudoinstantons there are solu-
tiuns with interesting properties, desc%ibing continuous tran-
siticen from an Euclidean half-sphere into a stage of exponen-
tial expansion, with Jpposite directions of internal and coor-
dinste times (i.e. with & particle-antiparticle transition).
The calculation of functional integrals by the steepest-
-descents method, similar to that used by Hartle and Hawking,
allowed to find in the quasiclassical approximation the proba-
bilities for creation of the Universe (transitions from o= 0
into Q=0 J)with T , 9 , H topologies {corresponding
to k =o0, K= +1, K= -1). The results of calculations
show that the probability of having S ~topology is the
highest at HQ,>» 1, however creation of the inflationary
Universe ( H?>» 1) with those topologies is equalily probable.
In the last section the probability for transitions with
a change of topology, known to be allowed for by the guantum
theory, is obtained. It is shown that at H%= 0 the 3-sphere
-~ 3-torus transition in a four-dimensional torus is strongly
suprressed with respect to a sphere-sphere transition (with

different radii).

Kecently Hawking and Page [24,25] have proposed a somewhat
litferent approach to the determination of the probability of
juantum state of the Universe. This approach is based on the
transition from pure state of the Universe defined by the wave
function W [S,qu7¢$ ] to mixed states defined by the
density matrix @ [ s, h‘-‘j)@l ; S", h’itj ,¢"] .

It is interesting that the density matrix can be represen-

ted via a wgve function:

N
_




pLS) hy 95 8% hij, &7 1= WIS™S, hyhy ¢+ @]

"One can easgily See-that the corresponding probability

‘ P[S,h;‘;,?]'—-’?.[& hijy @5 S hy,®]

is non-zero for any § , h and Cb « Therefore, there

U
are no constraints on the'to;ology, geometry and material
fFields of the Universe Within this appfoach tas distinct from
hat of the casé of "wave function" t14,15] )e

Thus, the conéidered problem of the geometry.and topology
of the Universe being born allows one to determine the proba-
bilities of creation of one or another topology,:including the
quantum_change of the topology. It does once more show the
heuristic contgnt of Hawking's quantum cosmology, which permits

one to discuss in a scientific concept the problem of

"Creation of the Heaven".

The authors express their deep gratitude to D.V.Anosov,
A.D.Dolgov, S.G.Matinyan, R.L.Mkrtchyan and Ya2.B.Pesin for

helpful discussions.
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